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PREFACE  TO  THE  SECOND  EDITION. 

The  comparatively  rapid  sale  of  an  edition  of  over  two 
thousand  copies  of  this  volume  has  shown  that  it  has,  to 
some  extent  at  least,  filled  a  vacant  place  in  our  educational 
system.  The  letters  which  I  have  received  from  many 
parts  of  the  United  Kingdom,  and  from  America,  containing 
words  of  encouragement  and  of  useful  criticism,  have  also 
strengthened  me  in  the  hope  that  my  labour  has  not  been 
in  vain.  It  would  be  impossible  to  name  here  all  the 
friends  who  have  thus  favoured  me ;  and  I  take  this  oppor- 
tunity of  offering  them  collectively  my  warmest  thanks. 

The  present  edition  has  been  thoroughly  revised  and 
corrected.  The  first  chapter  has  been  somewhat  simplified ; 
and,  partly  owing  to  experience  with  my  own  pupils,  partly 
in  consequence  of  some  acute  criticism  sent  to  me  by  Mr. 
Levett  of  Manchester,  the  chapters  on  Indices  have  been 
recast,  and,  I  think,  greatly  improved.  In  the  verification 
and  correction  of  the  results  of  the  exercises  I  have  been 
iudehted  in  a  special  degree  to  the  Eev,  Jolm  Wilson, 
Mathematical  Tutor  in  Edinburgh. 

The  only  addition  of  any  consequence  is  a  sketch  of 
Horner's  Method,  inserted  in  chapter  xv.  I  had  originally 
intended  to  place  this  in  Part  II.;  but,  acting  on  a  sugges- 
tion of  Mr.  Hayward's,  I  have  now  added  it  to  Part  L 


VI 


PBSFAGE 


To  help  beginners,  I  have  given,  after  the  table  of 
contents,  an  index  of  the  principal  technical  terms  used  in 
the  volume.  This  index  will  enable  the  student  to  turn  up 
a  passage  where  the  "  hard  word  "  is  either  defined  or  other- 
wise made  plain. 

G.  CHEYSTAL. 


Edinburgh,  llih  October  1889. 


PREFACE  TO  THE  FIRST  EDITION. 

The  work  on  Algebra  of  which  this  volume  forms  the  first 
part,  is  so  far  elemeutary  that  it  begins  at  the  beginning  of 
the  subject.  It  is  not,  however,  intended  for  the  use  of 
absolute  beginners. 

The  teaching  of  Algebra  in  the  earlier  stages  ought  to 
consist  in  a  gradual  generalisation  of  Arithmetic ;  in  other 
words,  Algebra  ought,  in  the  first  instance,  to  be  taught  as 
Arithmctica  Universalis  in  the  strictest  sense.  I  suppose 
that  the  student  has  gone  in  this  way  the  length  of,  say,  the 
solution  of  problems  by  means  of  simple  or  perhaps  even 
quadratic  equations,  and  that  he  is  more  or  less  familiar 
with  the  construction  of  literal  formulae,  such,  for  example, 
as  that  for  the  amount  of  a  sum  of  money  during  a  given 
term  at  simple  interest. 

Then  it  becomes  necessary,  if  Algebra  is  to  be  any- 
thing more  than  a  mere  bundle  of  unconnected  rules,  to 
lay  down  generally  the  three  fundamental  laws  of  the 
subject,  and  to  proceed  deductively — in  short,  to  introduce 
the  idea  of  Algebraic  Form,  which  is  the  foundation  of  all 
the  modem  developments  of  Algebra  and  the  secret  of  analy- 
tical geometry,  the  most  beautiful  of  all  its  applications. 
Such  is  the  course  followed  from  the  beginning  in  this 
work. 
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As  mathematical  education  stands  at  present  in  this 
country,  the  first  part  might  be  used  in  the  higher  dasseB 
of  our  secondary  schools  and  in  the  lower  courses  of  our 
colleges  and  universities.  It  will  be  seen  on  looking  through 
the  pages  that  the  only  knowledge  required  outside  of 
Algebra  proper  is  familiarity  with  the  definition  of  the 
trigonometrical  functions  and  a  knowledge  of  their  funda- 
mental addition-theorem. 

The  first  object  I  have  set  before  me  is  to  develop 
Algebra  as  a  science,  and  thereby  to  increase  its  usefulness 
as  an  educational  discipline.  I  have  also  endeavoured  so 
to  lay  the  foundations  that  nothing  shall  have  to  be  un- 
learned and  as  little  as  possible  added  when  tlie  student 
comes  to  the  higher  parts  of  the  subject.  The  neglect  of 
this  consideration  I  have  found  to  be  one  of  the  most 
important  of  the  many  defects  of  the  English  text -books 
hitherto  in  vogue.  Where  immediate  practical  application 
comes  in  question,  I  have  striven  to  adapt  the  matter  to 
that  end  as  far  as  the  main  general  educational  purpose 
would  allow.  I  have  also  endeavoured,  so  far  as  possible, 
to  give  complete  information  on  every  subject  taken  up,  or, 
in  default  of  that,  to  indicate  the  proper  sources ;  so  that 
the  book  should  serve  the  student  both  as  a  manual  and 
as  a  book  of  reference.  The  introduction  here  and  there  of 
historical  notes  is  intended  partly  to  serve  the  purpose  just 
mentioned,  and  partly  to  familiarise  the  student  with  the 
great  names  of  the  science,  and  to  open  for  him  a  vista 
beyond  the  boards  of  an  elementary  text-book. 

As  examples  of  the  special  features  of  this  book,  I  may 
ask  the  attention  of  teachers  to  chapters  iv.  and  v.  With 
respect  to  the  opening  chapter,  which   the   beginner   will 


doubtless  find  the  hardest  in  the  book,  I  should  mention 
that  it  wiis  written  as  a  suggestion  to  the  teacher  how 
to  connect  the  general  laws  of  Algebra  with  the  former 
experience  of  the  pnpil.  In  writing  this  chapter  I  had  to 
remember  that  I  was  engaged  in  writing,  not  a  book  on  the 
philosophical  nature  of  the  first  principles  of  Algebra,  but 
tlie  first  chapter  of  a.  book  on  their  consequences.  Another 
peculiarity  of  the  work  is  the  large  amount  of  illustrative 
matter,  which  I  thought  necessary  to  prevent  the  vagueness 
which  dims  the  learner's  vision  of  pure  theory ;  tliia  has 
swollen  the  book  to  dimensions  and  corresponding  price 
that  require  some  apology.  The  chapters  on  the  theory  of 
the  complex  variable  and  on  the  equivalence  of  systems  of 
equations,  the  free  use  of  graphical  illustrations,  and  the 
elementary  discussion  of  problems  on  maxima  and  minima, 
although  new  features  in  an  English  text- book,  stand  so 
little  in  need  of  apology  with  the  scientific  public  that  I 
offer  none. 

The  ordor  of  the  matter,  the  character  of  the  illustra- 
tions, and  the  method  of  exposition  generally,  are  the  result 
of  some  ten  years'  experience  as  a  university  teacher.  I 
ba^'e  adopted  now  this,  now  that  deviation  from  accepted 
English  usages  solely  at  the  dictation  of  experience.  It 
was  only  after  my  own  ideas  had  been  to  a  considerable 
extent  thus  fixed  that  I  did  what  possibly  I  ought  to  have 
done  sooner,  viz.,  consulted  foreign  elementary  treatises. 
[  then  found  that  wherever  there  had  been  free  considera- 
tion of  the  subject  the  results  had  been  much  the  same. 
I  thus  derived  moral  support,  and  obtained  numberless  hints 
on  matters  of  detail,  the  exact  sources  of  which  it  would  be 
difficult  to  indicate.     I  may  mention,  however,  as  specimens 
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of  the  class  of  treatises  referred  to,  the  elementary  text- 
books of  Baltzer  in  German  and  Collin  in  French.  Among 
the  treatises  to  which  I  am  indebted  in  the  matter  of  theory 
and  logic,  I  should  mention  the  works  of  De  Morgan,  Pea- 
cock, Lipschitz,  and  Serret.  Many  of  the  exercises  have 
been  either  taken  from  my  own  class  examination  papers 
or  constructed  expressly  to  illustrate  some  theoretical  point 
discussed  in  the  text.  For  the  rest  I  am  heavily  indebted 
to  the  examination  papers  of  the  various  colleges  in  Cam- 
bridge. I  had  originally  intended  to  indicate  in  all  cases 
the  sources,  but  soon  I  found  recurrences  which  rendered 
this  difficult,  if  not  impossible. 

The  order  in  which  the  matter  is  arranged  will  doubt- 
less seem  strange  to  many  teachers,  but  a  little  reflection 
will,  I  think,  convince  them  that  it  could  easily  be  justified. 
There  is,  however,  no  necessity  that,  at  a  first  reading,  the 
order  of  the  chapters  should  be  exactly  adhered  to.  I  think 
that,  in  a  final  reading,  the  order  I  have  given  should  be 
followed,  as  it  seems  to  me  to  be  the  natural  order  into 
which  the  subjects  fall  after  they  have  been  fully  com- 
prehended in  their  relation  to  the  fundamental  laws  of 
Algebra. 

With  respect  to  the  very  large  number  of  Exercises, 
I  should  mention  that  they  have  been  given  for  the  con- 
venience of  the  teacher,  in  order  that  he  might  have,' year 
by  year,  in  using  the  book,  a  sufficient  variety  to  j)revent 
mere  rote-work  on  the  part  of  his  pupils.  I  should  much 
deprecate  the  idea  that  any  one  pupil  is  to  work  all  the 
exercises  at  the  first  or  at  any  reading.  We  do  too  much 
of  that  kind  of  work  in  this  country, 

I  have  to  acknowledge  pei*sonal  obligations  to  Professor 


Tait,  to  Dr.  Thomas  Muib,  and  to  my  aasiatant,  Mr.  B,  R 
Allabdice,  for  criticiam  and  auggestiona  regarding  tlia 
theoretical  part  of  the  work ;  to  these  gentlemen  and  to 
Messrs.  Mackay  and  A.  Y.  Fraser  for  proof  reading,  and 
for  much  assistance  in  the  tedious  work  of  verifjing  the 
answers  to  exercises.  In  this  latter  part  of  the  work  I 
am  also  indebted  to  my  pupil,  Mr.  J.  Mackenzie,  and  to 
my  old  friend  and  former  tutor,  Dr.  David  Eennet  of 
Aberdeen. 

Notwithstanding  the  kind  assistance  of  my  friends  and 
the  care  I  have  taken  myself,  there  must  remain  many 
errors  both  in  the  text  and  in  the  answers  to  the  exercises, 
notification  of  which  either  to  my  publishers  or  to  myself 
will  be  gratefully  received, 

G.  CHRYSTAK 


EoniBCBOB,  26lh  Jan*  I88R. 
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CHAPTER  I. 

The  Fundamental  Laws  and  Processes  of  Algebra 
as  exhibited  in  ordinary  Arithmetic. 

§  1.]  The  student  is  already  familiar  with  the  distinction 
between  abstract  and  concrete  arithmetic.  The  former  is  con- 
cerned with  those  laws  of,  and  operations  with,  numbers  that  are 
independent  of  the  things  numbered  j  the  latter  is  taken  up 
with  ap])licationB  of  the  former  to  the  numeration  of  various 
classes  of  things. 

Confiuing  ourselves  for  the  present  to  abstract  arithmetii^ 
let  UB  consider  the  following  series  of  equalities  -. — 
2623      1023  _  2623  n  3  +  1023  x  61 
"er  "^  "3  61  y  3 

70272      „„ 
-183   ='"■ 

The  first  step  is  merely  the  assertion  of  the  equivalence  of 
two  different  seta  of  operations  with  the  same  numbers.  The 
second  and  third  steps,  though  doubtless  based  on  certun  simple 
laws  from  which  also  the  first  is  a  consequence,  nevertheless 
require  for  their  direct  execution  the  application  of  certain  rules, 
of  a  kind  to  which  the  name  arilhmelical  is  appropriated. 

We  have  thus  shadowed  fortli  two  great  branches  of  the  higher 
mathematics: — one,  algebra,  strictly  so  called,  that  is,  the  theory  of 
<^rati<»j  with  numbers,  or,  more  generally  speaking,  with  quanti- 
ties ;  the  other,  the  higher  arithmetic,  or  theory  of  numbers.  These 
two  sciences  are  identical  as  to  their  fundamental  laws,  but  differ 
widely  in  their  derived  processes.  As  is  usual  in  elementary 
text-books,  the  elements  of  both  will  be  treated  in  this  work. 

vor.  I  B 


2  REPRESENTATIVE  OROUPS  CRAr. 

§  2.]  Ordinaty  algebra  ia  aimplf  tlie  generd  theory  of  tiiose 
operations  with  quantity  of  which  the  operations  of  ordinary 
abstract  arithmetic  are  a  particular  case. 

The  fundamental  laws  of  this  algebra  are  therefore  to  be 
sought  for  in  ordinary  arithmetic. 

Howevor  various  and  complex  tlie  operations  of  arithmetic 
may  seem,  it  appears  on  consideration  that  they  are  merely  the 
result  of  the  application  of  a  very  small  number  of  fimdamental 
principles.  To  make  this  plain  we  return  for  a  little  to  the  very 
elements  of  arithmetic 

ADDITION. 
AND  THE  GENERAL  LAWS  CONNECTED  THEREWITH. 
g  3.]  When  a  group  of  things,  no  matter  how  unlike,  is  con- 
sidered merely  with  reference  to  the  number  of  individuals  it 
contains,  it  may  be  represented  by  another  group,  the  individuals 
of  which  are  all  alike,  provided  only  there  be  as  many  individuals 
in  the  representative  as  in  the  original  group.  The  members  of 
our  representative  group  may  be  merely  marks  (I's  say)  on  a 
piece  of  paper.  The  process  of  counting  a  group  may  therefore 
be  conceived  as  the  successive  placing  of  I's  in  our  representa- 
tive group,  until  we  have  as  many  I's  as  there  are  individuals 
in  the  group  to  be  numbered.  This  process  of  adding  a  1  is 
represented  by  writing  +  1.     We  may  thus  have 

+  1,      +1  +  1,      +1  +  1  +  1,      +  1  +  1  +  1  +  1,  &c, 
as  representative  groups  or  "  numbers."     As  the  student  is  of 
course  aware,  these  symbols  in  ordinary  arithmetic  are  abbreviated 
into  1,      3,     3,      4,  &c. 

Hence  using  the  symbol  "  =  "  to  stand  for  "  the  same  as,"  or 
"replaceable  by,"  or  "equal  to,"  we  have,  as  definitions  of  1,  2, 
3,  4,  Ac, 

1  =  +1, 

2=  +1  +  1, 

3=  +1  +  1  +  1, 

4=  +1  +  1+1  +  1,  Ac. 
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And  there  is  a  further  arrangement  for  abridging  the  repre- 
Bentation  of  large  numbers,  which  the  student  is  familiar  with  as 
the  decimal  notation.  With  numerical  notation  we  are  not 
further  concerned  at  present,  but  there  is  a  view  of  the  above 
equalities  which  is  important.  After  the  group  +  1  +  1  -t- 1  has 
been  finished  it  may  be  viewed  as  representing  a  single  idea  to 
the  mind,  viz.  the  number  "  three."  In  other  words,  we  may 
look  at  +1  +  1  +  1  asa  Heriea  of  successive  additions,  or  we 
may  think  of  it  as  a  whole.  When  it  is  necess&ry  for  any 
purpose  to  emphasise  the  latter  view,  we  enclose  +1  +  1  +  1  in 
a  bracket,  thus  (  +  1  +  1  +  1) ;  and  it  will  be  observed  that  pre- 
cisely the  same  result  ia  attained  by  writing  the  symbol  3  in 
place  of  +  1  +  1  +  1,  for  in  the  symbol  3  all  trace  of  the  for- 
mation of  the  number  by  successive  addition  ia  lost.  We  might 
therefore  understand  the  equality  or  equation 
3=  +1  +  1  +  1 
to  mean  (  +  1  +  1  +  1)=  +1  +  1+1, 

and  then  the  equation  is  a  case  of  the  algebraical  Law  of 
Association. 

The  full  meaning  of  this  law  will  be  best  understood  by  con- 
sidering the  case  of  two  groups  of  individuals,  say  one  of  three 
and  another  of  four.  If  we  wish  to  find  the  number  of  a  group 
made  up  by  combining  the  two,  we  may  adopt  the  child's  process 
of  counting  through  them  in  succession,  thus, 

+  1  +  1  +  1  I   +1  +  1  +  1  +  1  =  7. 
But  by  the  law  of  association  we  may  write  tor  +1+1  +  1 

(+1  +  1  +  1), 
and  for  +1  +  1  +  1  +  1 

(+1  +  1  +  1  +  1), 
and  we  have     +(  +  1  +  1  +  1) +  (+1+1  +  1  +  1)  =  7, 
or  +3  +  4  =  7. 

It  will  be  observed  that  we  have  added  a  +  in  each  case  be- 
fore the  bracket,  and  it  may  be  asked  how  this  is  justified.  The 
answer  ia  simply  that  setting  down  a  representative  group  of 
three  indiridtials  is  an  operation  of  exactly  the  same  nature  as 
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setting  do^TO  a  group  of  one.  The  law  of  aBsooiatioD  for  addition 
worded  in  this  way  for  the  simple  case  before  ua  would  be  this  : 
To  set  down  a  representative  group  of  three  indinduala  is  the  same 
Its  to  set  down  in  succeesioB  three  representative  individiuli. 

The  principle  of  association  may  be  carried  further.  The 
representative  group  +3-1-4  may  itself  enter  eiUier  as  a  vhde 
or  by  its  parts  into  some  further  enumeration ;  thus, 

+  &  +  {*Z  +  i)=  -|.6-*-3-f4 
is  an  example  of  the  Uw  of  association  which  the  student  will 
have  no  difficulty  in  interpreting  in  the  manner  already  indi- 
cated. The  ultimate  proof  of  the  equality  may  be  regarded  am 
resting  on  a  decomposition  of  all  the  symbols  into  a  snccesnon 
of  units.  There  is,  of  course,  no  limit  to  the  complication  of 
associations.     Thus  we  have 

[(  +  9-f.8)  +  {-K6-f(  +  5-H3}|]-^;  +  6  +  (  +  3-.5)} 
=  (  -^  9  -I-  8)  -I-  [  -1-  6  -(-  ( -h  5  -f  3)1-  +  6  -f  (  +  3  +  5), 
=  +9  +  8-(-6-i-(-f5-t-3)  +  6  +  3-t.5, 
=  -h9-h84-6-h5-i-3-h6-h3-(-5. 
each  single  removal  of  a  bracket  being  nn  assertion  of  the  law 
of  association.     The  student  will  remark  the  use  of  brackets  of 
different  forms  to  indicate  clearly  the  different  associations. 

§  4.]  It  follows  from  the  definitions 

3=-i-I-fl-i-l,     2=-i-l-i-l, 
that  +3-h2=  +2  +  3; 

and  by  a  similar  proof  we  might  show  that 

-l-3-H4-f6=  +3  +  G  +  i=  +i  +  Z  +  fj,&c; 
in  other  words,  the  ordtr  in  which  a  series  of  addUions  is  arrangtd 
is  indifferent. 

This  is  the  algebraical  Law  op  Commutation,  and  it  will 
be  observed  that  its  application  is  unrestricted  in  arithmetical 
operations  where  additions  alone  are  concerned.  The  statement 
of  this  law  at  once  suggests  a  principle  of  great  importance  in 
algebra,  namely,  the  attachment  of  the  "  symbol  of  operation  "  or 
"  operator  "  to  the  number,  or,  more  generally  speaking, "  subject " 
or  "  operand,"  on  which  it  acta.     Thus  in  the  above  equations 
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the  +  before  the  3  is  eupposed  to  accompany  the  3  when  it 
is  transferred  from  one  part  of  the  chain  of  additions  to  another. 

The  operands  in  +  3,  +  i,  and  +  6  are  already  complex  ;  and 
it  may  be  shown  by  a  further  application  of  the  reasoning  nsed 
in  the  beginning  of  this  article  that  the  operand  may  be  complex 
to  any  degree  without  interfering  with  the  validity  of  the  com- 
mutative law  -  for  example, 

+  {  +  3  +  (  +  2  +  3)}  +  (  +  6  +  8) 
=  +(  +  C-t-8)  +  {  +  3  +  (  +  2  +  3)}, 
of  which  a  proof  might  also  be  given  by  first  dissociating,  then 
commutating  the  individual  terms  +6,  +8,  +Z,  &c.,  and  then 
reasaociating. 

The  Law  of  Commiilatvm,  thus  suggested  hy  arUhmetxcai  amsidera- 
tums,  is  now  laid  down  as  a  general  law  of  algeiira  ;  and  forms  a 
part  of  the  definiii&n  of  the  algebraic  symbol  +  .* 

SUBTRACTION. 

§  5.]  For  algebraical  purposes  the  most  convenient  course  is 
to  define  subtraction  as  the  inverse  of  addition ;  or,  as  is  more 
convenient  for  elementary  exposition,  we  lay  down  that  addition 
and  subtraction  are  inverse  to  each  other,  f  By  this  we  mean 
that,  whatever  the  interpretation  of  the  operation  +  b  may  be, 
the  operation  -  6  annuls  the  effect  of  +  i  ;  and  vice  versa. 

Thus,  -  is  defined  relatively  to  +  by  the  equation 

or  -^a  +  b-b=+a  (2). 

These  might  also  be  written  ft 

*  See  the  general  remarkti  in  £  27. 

+  Here  WB  virtually  aaaume  that  if  a;  +  a  =  j+o,  then  x=y.  See  Uutkel, 
Varlesungen  <1.  d.  Compltxen  ZaMea  (Leipzig,  18S7),  p.  19. 

"H"  It  may  conduce  to  clearness  io  fallowing  some  of  the  above  discossions  to 
remember  that  the  primary  view  of  a  chain  of  operatioua  written  in  any  order 
b  that  the  opetationa  are  to  bo  carried  oat  inccessively  from  left  to  right ; 
for  example,  if  we  think  merely  of  the  last  addition,  +2  +  3  +  5  +  Sin  more  fully 
expressive  Hymbola  means  (  +  2  +  3  +  6)  +  8,  that  is,  +10  +  8;  +o  +  i  +  c  means 
+  (  +  a  +  6)  +  c;  +a-i  +  i;  means  +(  +  o-6)  +  t;  and  »o  on.  We  m»y  here  re- 
mind the  reader  that,  inordinary  practice,  when +  occuri  before  the  first  member 
of  a  chain  of  additions  and  subtractions,  it  is  osdoU;  omitted  for  brevity. 
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+  (  +  a-i)  +  ».+a  (1% 

+  (  +  a  +  S)-6-+a  (2-). 

From  a  quantitative  point  of  view  we  might  put  the  matter 
thus :  the  question,  What  is  the  result  of  subtracting  6  from  a  1 
is  regarded  as  the  same  as  the  question,  What  must  be  added  to 
-f  6  to  produce  +  » 1  and  the  qniuitity  which  is  the  answer  to 
this  question  is  symbolised  by  +  a  -  6.  Starting  with  the  defini- 
tion involved  in  (1)  and  (2),  and  pulling  no  ralridion  upon  the 
operands  a  and  b,  or,  what  ia  the  same  thing  from  a  quantitative 
point  of  view,  assuming  ihat  the  quatUUy  +a~b  always  exult,  we 
may  show  that  the  Uws  of  commutation  and  association  hold  for 
chains  of  operations  whose  successive  links  are  additions  and  mb- 
tractions.  We,  of  course,  assume  the  commutative  law  for  addi- 
tion, having  already  laid  it  down  as  one  of  our  fundamental  laws. 
§  6.]  Since  +a-c  +  c=  +aby  the  definition  of  the  mutual 
relation  between  addition  and  subtraction,  we  have 

by  law  of  commutation  for  addition  ; 

.+.-«+»  (1), 

by  definition  of  subtractioiL 
Also  +a~b-c-=a'-c  +  c-!:-r, 

by  definition  ; 

l)y  case  (1 ) ; 
.«-.-(.  (2), 

1iy  definition. 

Equations  (1)  and  (•!)  may  be  regarded  as  extending  the  law 
of  commutation  to  the  sign  -  .*  We  can  now  state  this  law 
fully  as  follows  : — 

*  It  might  Im  olijooteil  liore  that  it  has  not  lieen  shown  thnt  -  e  niiiy  conn: 
into  the  iirst  place  in  tlic  tliuiti  of  a|)craCiaDS.  The  nnuwur  tu  thia  would  he 
tliat  +11  -c-b  maj'  cillier  Ire  a  conipleln  chain  in  iUclf  or  merely  the  hiller 
part  of  a  longer  chain,  say  p  +  n  -c-b.  In  the  second  case  our  proof  wonld 
show  that  p  +  a-c-b=p-c  +  a-bi  and  the  natnrc  of  algebraic  generality 


t  FOK  ADDinOS  AND  SUBTRACTION  7 

or,  in  words,  /n  any  chain  of  additions  and  saUradums  the  different 
members  mat/  be  wriilen  in  any  order,  each  with  Ui  proper  sign 
attached. 

Here  the  full  Bignificance  of  the  attachment  of  the  operator 
to  the  operand  appears.     Thus  in  the  following  instance  the 
quantities  change  places,  carrying  their  signs  of  operation  with 
them  in  accordance  with  the  commutative  law: — 
+  3-2  +  1-1=  +3  +  1-1-2, 
=  +  3  -  1  +  1  -  r, 


§  7.]  By  the  definition  of  the  mutual  relation  between  addi- 
tion and  subtraction,  we  have 


+  a  +  ( 

(  +  S- 

.)-+•  +  (  +  »-«)  +  «-«, 
=  +0  +  6-C 

Again, 

by  the  definition. 

+P  +  J- 

e  +  c- 

6=  +J>  +  i-6, 
=  +P- 

Hence 

a-\ 

[*>>- 

by  the  definition ; 

by  the  law  of  commutation  already 
established. 
§  8.]  The  results  in  last  paragraph,  taken  along  with  those  of 
§  3  above,  may  be  looked  upon  as  establishing  the  law  of  associa- 
tion for  addition  and  subtraction.     This  law  may  be  symbolised 
as  follows : — 

±(±ffl±6±c±&c.)=  ±(±a)±{±6)±(±c)±&c, 
with  the  following  law  of  signs, 

+  (+«)=+»,      -<4..).-a, 
t(-.)=-..      -(-a)-H... 

rcquirca  that  +a-c-b  should  not  have  any  property  tii  compodtioD  whloh  it 
has  not  per  x.     As  to  all  questioiu  of  this  kiud  Bee  %  27. 


&  NON-ABITHHBTICAL  CASKS  ohap. 

The  same  may  be  stated  in  words  as  follovs : — If  any  ntimAcr  of 
quanlitUs  affided  with  the  signs  +  or  -  occur  in  a  bmclcet,  the  bracket 
may  be  removed,  all  the  signs  remaining  the  same  if  +  precede  the 
bracket,  each  +  being  changed  into  ~  and  each  -  into  +  (^  -precede 
the  bracket. 

In  the  above  Bymbolical  statement  doable  sigiu  ( ± )  have 
been  med  for  compactness.  The  student  will  observe  th«t  witli 
three  letters  2x2x2x2,  that  is,  1 6,  cases  an  included.  Tbiu 
the  la  V  gives 

+  (  +  a  +  6  +  e)=  +0  +  6  +  1;, 
+  {-a  +  6  +  c)=  -a  +  b  +  c, 
-(-a  +  6  +  c)=  +0-6-6,  &C. 

g  9.]  It  will  not  have  escaped  the  student  that,  in  the  aa- 
Bumption  that  +a-b  is  a  quantity  that  always  exists,  we  have 
already  transcended  the  limits  of  ordinary  arithmetic.  He  will 
therefore  be  the  less  surprised  to  find  that  many  of  the  cases 
included  under  the  laws  of  commutation  and  association  exhibit 
operations  that  are  not  intelligible  in  the  ordinary  arithmetical 
sense. 

If  «  -  3  and  6  -  2, 

then  by  the  law  of  association  and  by  the  definition  of  sub- 


in  accordance  with  ordinary  arithmetical  notione. 
On  the  other  hand,  if 

a  -  2  and  6  =  3, 
then  by  the  laws  of  commutation  and  association  and  by  the 
definition  of  subtraction 

+  2-3=  +2-{  +  2  +  l). 


Hero  wo  have  a  question  asked  to  which  there  is  no  ordinary 
arithmetical  answer,  and  an  answer  arrived  at  whicli  has  no 
meaning  in  ordinary  arithmetic. 
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Such  an  operation  aa  -t-  2  -  3,  or  its  algebraical  equivalent, 
-  1,  ia  to  be  expected  aa  soon  as  we  begin  to  reason  about 
operations  according  to  general  laws  without  regard  to  the  apph- 
cation  or  interpretation  of  the  results  to  be  arrived  at  It  must 
be  remembered  that  the  result  of  a  series  of  operations  may  be 
looked  on  either  as  an  end  in  itself,  say  the  number  of  in- 
dividuals in  a  group,  or  it  may  be  looked  upon  merely  as  an 
operand  destined  to  take  place  in  further  operations.  In  the 
latter  case,  if  additions  and  subtractions  be  in  question,  it  must 
have  either  the  +  or  the  -  sign,  and  either  is  as  likely  to  occur 
and  is  aa  reasonably  to  be  expected  as  the  other.  Thus,  as  the 
resulte  of  any  partial  operation,  +  1  and  -  1  mean  respectively 
1  to  be  added  and  1  to  be  eubtracted. 

The  fact  that  the  operations  may  end  in  results  that  have  no 
direct  interpretation  as  ordinary  arithmetical  quantities  need  not 
disturb  the  student.  He  must  remember  that  algebra  is  the 
general  theory  of  those  operations  with  quantity  of  which  ordinary 
arithmetical  operations  are  particular  cases.  He  may  be  assured 
from  the  way  in  which  the  genera)  laws  of  algebra  are  established 
that,  when  algehrucal  results  admit  of  arithmetical  meanings, 
these  results  will  be  arithmetically  right,  even  when  some  of  the 
steps  by  which  they  have  been  arrived  at  may  not  be  arithmetic- 
ally interpretable.  On  the  other  hand,  when  the  end  results 
are  not  arithmeticaUy  intelligible,  it  is  merely  in  the  first  instance 
a  question  of  the  consistency  of  algebra  with  itself.  As  to  what 
the  application  of  such  purely  algebraical  results  may  be,  that 
is  simply  a  question  of  the  various  uses  of  algebra ;  some  of  these 
will  be  indicated  in  the  course  of  this  treatise,  and  others  will 
be  met  with  in  abundance  by  the  student  in  the  course  of  his 
mathematical  studies.  It  will  be  sufficient  at  this  stage  to  give 
one  example  of  the  advantage  that  tho  introduction  of  algebraic 
generality  gives  in  arithmetical  operations.  +a-b  asks  the  ques- 
tion what  must  be  added  to  +  6  to  g^ve  +  a.  If  a  =  3  and  6  =  2, 
the  answer  is  1 ;  if  a  =  2  and  6-3,  then,  arithmetically  speaking, 
there  is  no  answer,  because  3  is  already  greater  than  2.  But  if 
we  regard  +  a  -  6  as  asking  what  must  be  added  to  or  subtracted 
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from  +b  to  get  +  a,  then  the  evaluation  of  +  a  -  6  in  any 
by  the  laws  of  algebra  will  give  a  result  whose  sign  will  indicate 
whether  addition  or  subtraction  must  be  resorted  to,  and  to  what 
extent ;  for  example,  if  a  =  3  and  6  =  2,  the  result  is  +  1,  which 
means  that  1  must  be  added ;  if  a  =  2  and  6  =  3,  the  result  is 
-  1,  which  means  that  1  must  be  subtracted. 

§  10.]  The  application  of  the  commutative  and  associatiye 
laws  for  addition  and  subtraction  leads  us  to  a  useful  practical 
rule  for  reducing  to  its  simplest  value  an  expression  consisting 
of  a  chain  of  additions  and  subtractions. 

We  have,  for  example, 

=  +{a  +  c  +  d  +  g)-{h  +  e  +  /), 

=  +  {  +  (a  +  c  +  d  +  g)-(b  ■{-€+/)}  (1), 

=  -  {-^(b-^e+f)-{a  +  c-¥d  +  g)}  (2). 

If  a-hc  +  d  +  g  be  numerically  greater  than  b  +  c+f,  (1)  is 
the  most  convenient  form;  if  a  +  c  +  d  +  g  be  numerically  less 
than  ft  +  e  +  /,  (2)  is  the  most  convenient.  The  two  taken  to- 
gether lead  to  the  following  rule  for  evaluating  a  chain  of 
additions  and  subtractions  : — * 

Add  all  ilie  quantities  affected  mth  the  sign  + ,  also  aill  those 
affected  with  the  sign  -  ;  take  t/ie  difference  of  the  two  sums  and  affix 
the  sign  of  die  greaiei\ 

Numerical  example : — 

+  3-54-6  +  8-0-10  +  iJ 

=  +(3  +  6 +  8 +  2) -(5  +  9  + 10), 

=  +19-24, 

=  -(24 -19)= -5. 

§  11.]  The  special  case  +a-a  deserves  close  attention.  A 
special  symbol,  namely  0,  is  used  to  denote  it.  The  operational 
definition  of  0  is  therefore  given  by  the  equations 

+  a-  a=  -  a  +  a  =  0. 

In  accordance  with  this  we  have,  of  course,  the  results, 

*  Such  a  chain  is  usually  spoken  of  as  an  *'  algebraical  sum." 
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f^    .^-      "'.-    '"' 

--  6  +  O-i  =  6-0, 

and  +  0  =  -  0, 

SB  tliQ  student  may  prove  by  applying  the  laws  of  commutation 
and  association  along  with  the  definition  of  0. 

§  13.]  It  will  be  observed  that  0,  as  operationally  defined,  is 
to  this  extent  indefinite  that  the  a  used  in  the  above  definition 
may  have  any  value  whatever. 

It  remains  to  justify  the  use  of  the  0  of  the  ordinary 
numerical  notation  in  the  new  meaning.  This  is  at  once  done 
when  we  notice  that  in  a  purely  quantitative  sense  0  stands  for 
the  limit  of  the  difierence  of  two  quantities  that  have  been  made 
to  differ  by  as  little  as  we  please. 

Thus,  if  we  consider  a  +  x  and  a, 

+  {a^x)-a=  ^■a-a  +  x  =  x. 
If  we  now  cause  the  x  to  become  smaller  than  any  assignable 
quantity,  the  above  equation  becomes  an  assertion  of  the  identity 
of  the  two  meanings  of  0. 


MULTIPLICATION. 

g  13.]  The  primary  definition  of  multiplication  is  as  an  ab- 
breviation of  addition.  Thus  +  u  +  (i,  +«  +  a  +  a,  +a+a  +  (t  +  a, 
&c.,  are  abbreviated  into  +ox2,  +0x3,  +ax4,  Ac. ;  and,  in 
accordance  with  this  notation,  -i-  a  is  also  represented  by  +  a  x  1. 
a  X  3  is  called  the  product  of  it  by  2,  or  of  a  into  2  ;  »  is  also 
called  the  multiplicand  and  '1  the  multiplier.  Instead  of  the 
sign  X ,  a  dot,  or  mere  apposition,  is  often  used  where  no  am- 
biguity can  arise.  Thus  n  x  2,  «.  2,  and  u2  all  denote  the  same 
thing. 

%  14.]  So  long  as  a  and  b  represent  integral  numbers,  as  is 
supposed  in  tlio  primary  detinition  of  multiplication,  it  is  easy  to 
prove  that 

or,  adopting  thi^  principlu  uf  atb^icbmcnt  of  operator  and  operand, 
with  full  symbolism  (see  above,  g  4), 
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The  same  may  be  established  for  any  number  of  integers^  for 

example, 

X  a  X  h  X  c—  X  a  X  c  xb=  xb  x  c  x  a,  &c. 

In  other  words,  The  order  of  operaiions  in  a  chain  of  fnuUiplieaiian 
is  indifferent 

This  is  the  Commutative  Law  for  multiplication, 
§  15.]  We  may  introduce  the  use  of  brackets  and  the  idea  of 
association  in  exactly  the  same  way  as  we  followed  in  the  case 
of  addition.  Thus  in  x  a  x  (  x  6  x  c)  we  are  directed  to  multiply 
a  by  the  product  of  b  by  c.  The  Law  of  Association  asserts 
that  this  is  the  same  as  multiplying  a  by  b,  and  then  multiplying 
this  product  by  c.     Thus 

xrtx(x5xc)=  X  a  X  b  X  c. 

The  like  holds  for  a  bracket  containing  any  number  of  factors. 
In  the  case  where  a,  i,  c,  &c.,  are  integers,  a  proof  of  the  truth 
of  this  law  might  be  given  resting  on  the  definition  of  multi- 
plication and  on  the  laws  of  commutation  and  association  for 
addition. 

§  16.]  Even  in  arithmetic  the  operation  of  multiplication  is 
extended  to  cases  which  cannot  by  any  stretch  of  language  be 
brought  under  the  original  definition,  and  it  becomes  important 
to  inquire  what  is  common  to  the  different  operations  thus  com- 
prehended under  one  symbol.  The  answer  to  this  question, 
which  has  at  different  times  greatly  perplexed  inquirers  into  the 
first  principles  of  algebra,  is  simply  that  what  is  common  is  the 
formal  laws  of  operation  which  we  are  now  establishing,  namely, 
the  commutative  and  associative  laws,  and  another  presently  to  be 
mentioned.  These  alone  define  the  fundamentiil  operations  of 
addition,  multiplication,  and  division,  and  anything  further  that 
appears  in  any  particular  case  (for  example,  the  statement  that 
§  X  J  is  ^  of  §)  is  merely  a  matter  of  some  interpretation, 
arithmetical  or  other,  that  is  given  to  a  syml)olical  result  demon- 
strably in  accordance  with  the  laws  of  symbolical  operation. 

Acting  on  this  principle  we  now  lay  down  the  laws  of  com- 
mutation and  association  as  holding  for  the  operation  of  multi- 
plication, and,  indeed,  as  in  part  defining  it. 
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g  17.]  The  consideration  of  composite  multipliers  or  com- 
posite multiplicands  introduces  the  last  of  the  three  great  laws 
of  algebra. 

It  is  easy  enough,  if  we  conGne  ourselves  to  the  primary 
definition  of  multiplication,  to  prove  that 

These  suggest  the  following,  which  is  called  the  Distributivb 
Law: — 

The  product  of  two  expressions,  eacit  of  which  consists  of  a  chain 
of  additions  and  stibtracUons,  is  equal  lo  the  chain  of  additions  and 
siibiradions  obtained  by  multiplying  each  amslituent  of  the  first  txpres- 
jton  by  each  consliliient  of  the  second,  setting  down  all  tfie  partial 
products  thus  (Stained,  and  prefixing  the  -i-  sign  if  the  two  constiliietUs 
previously  had  like  signs,  the  -  sign  if  the  constituents  previouity  had 
unlike  signs. 

SjTnbolically,  thus : — 

.(±.)>(±«)  +  (±a)x(±J)t(±(,)x(±t) 
+  (±l).(±i), 
with  the  following  law  of  signs : — 

(  +  «)x(  +  c)-+«,  (+«).(-<)=-«., 

(-.)>(  +  <>.-«.,         (-a)x(-,).  +»,. 
There  are  sixteen  different  coses  included  in  the  above  equation, 
as  will  be  seen  by  taking  every  combination  of  one  or  other  of 
the  double  signs  before  each  letter. 
Thus  {  +  a-b)(  +  c  +  d) 

=  +ac  +  ad-be-bd; 

(-.-»)(-. +i) 

=  +ac-ad  +  bc~bd; 
and  so  on. 

There  may,  of  course,  be  as  many  constituents  in  each 
bracket   as  we   please.     If,  for  example,  there  be  m  in   one 
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bracket  and  n  in  the  other,  there  will  be  mn  partial  products 
and  2"*+"  diflforent  arrangements  of  the  signs. 

Thus  (  +  a-b  +  c){-d-\'e) 

=  -ad  +  bd-cd  +  ae-be  +  ce; 
and  so  on. 

The  distributive  law,  suggested,  as  we  have  seen,  by  the 
primary  definition  of  multiplication,  is  now  laid  down  as  a  law 
of  algebra.  It  forms  the  connecting  link  between  addition  and 
multiplication,  and,  along  with  the  commutative  and  associative 
laws,  completes  the  definition  of  both  these  operations. 

§  18.]  By  means  of  the  distributive  law  we  can  prove  another 
property  of  0.  For,  if  5  be  any  definite  quantity,  subject  without 
restriction  to  the  laws  of  algebra,  we  have 

•{■ba-ba=  +bx(  +  a-a)  =  {  +  a-a)x(  +  b), 
=  -5x(  +  a-a)  =  (  +  rt-(i)x(-6), 
whence     0  =  (  +  6)xO  =  Ox(  +  6)  =  (-6)xO  =  Ox(-6); 
or  briefly  b^O  =  Oxb  =  0, 

DIVISION. 

§  19.]  Division  for  the  purposes  of  algebra  is  best  defined  as 
the  inverse  operation  to  multiplication :  that  is  to  say,  the 
mutual  relation  of  the  symbols  x  and  -t-  Is  defined  by 

X  a-i-b  xb=  X  a  (1), 


or 


.« 


X  axb-r'b=  X  a  (2). 


From  a  quantitative  point  of  view,  this  amounts  to  defining 
the  quotient  of  a  by  Z>,  that  is,  a-7-b,  as  that  quantity  which, 
when  multiplied  by  6,  gives  a. 

Ina-T-b,  a  is  called  the  dividend  and  b  the  divisor.  Some- 
times a  is  called  the  antecedent  and  b  the  consequent  of  the 
quotient 

Another  notation  for  a  quotient  is  very  often  used,  namely,  -  or 

a/b.  As  this  is  the  notation  of  fractions,  and  therefore  has 
a  meaning  ah-eady  attached  to  it  in  the  case  where  a  and  b 
are  integers,  it  is  incumbent  upon  us  to  justify  its  use  in  another 

*  See  second  footnote,  p.  6. 
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meaniDg.  To  do  this  we  have  simply  to  remark  that  b  times  t, 
that  is,  b  times  a  of  the  bth  parts  of  unity,  is  evidently  a  times 
unity,  that  is,  a ;  also,  by  the  definition  of  a-i-b,  b  times  a-i-b  is  a. 
Hence  we  conclude  that  7  is  operationally  equivalent  to  a-r-b  in 
the  case  where  a  and  b  are  integers.  No  further  justification  ia 
necessary,  for  when  either  a  or  b,  or  both,  are  not  integers,  ; 
loses  its  meaning  as  primarily  defined,  and  there  is  no  obstacle 
to  regarding  it  as  an  alternative  notation  for  a-i-b. 

In  the  above  definition  we  have  not  written  the  signs  +  or  - 
before  a  and  b,  but  they  wore  omitted  simply  for  brevity,  and  one 
or  other  must  be  understood  before  each  letter.  We  shall  continue 
to  omit  them  until  the  question  as  to  their  manipulation  arises. 

§  20.]  Since  division  is  fully  defined  as  the  inverse  of  multi- 
plication, we  ought  to  be  able  to  deduce  all  its  laws  from  the 
definition  and  the  laws  of  multiplication. 

We  have  " 

by  definition ; 

by    law    of    commutation    for 
multiplication ; 
-xrt-c.6  (1), 

by  definition. 

by  definition ; 
-  »o  +  <  +  ixc-!.c 

=  .»-!-. -S  (2), 

by  definition. 
In  this  way  we  establish  the  law  of  commutation  for  division. 

'  Here  agtio  th«  remark  roatle  in  tlie  tliird  nolo  at  tha  foot  of  p.  5  applies, 
nametj,  axb-i-e  primarily  means,  if  we  think  onlj'  of  tha  last  ojieration,  the 
aune  aa((lx()-Hc;  a-i-b  xc  the  some  as  (a-i-b)  x  c  ;  and  no  on. 

As  in  the  case  of  +a,  when  x  a  comes  tint  in  a  chun  of  operations,  x  is 
in  practice  luuaUy  omitted  for  brevity. 


Again, 
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Taking  multiplication  and  division  tc^etber  and  attaching 

the  symbol  of  operation  to  the  operand,  we  may  now  give  the 
full  statement  of  this  law  as  follows  r — 

In  any  cluiin  of  mulliplkatums  and  divisions  ilie  order  of  ihe 
eonslilamU  is  indifferent,  provided  Ihe  proper  si^  be  aiiached  to  each 
consliluent  and  jnove  with  it. 

Or,  in  symbols,  for  two  constituents. 


there  being  4  cases  here  included,  for  example, 
-^rtx6=  xb-T-a, 
•r-  it-r-  b  =  -i-b~-a,  and  so  on, 
g  21.]  By  the  definition   of  the  mutual  relation  between 

multiplication  and  division,  we  have 

.x..4  +  t  (1). 

Again, 


xl>^ 


.   xpx 


:.-(«iH-.)x 
b,oue(l); 

:i.xt-i-», 
by  definition ; 

co+Sxe 


ts-b; 


(2), 
of    commutation 


by   the    law 

already  established. 
Those  are  instances  of  the  law  of  association  for  division  and 
multiplication  combined,  which  we  may  now  state  as  follows : — 
IFketi  a  bracket  eotUains  a  chain  of  muiliplications  and  divisions, 
llie  bracket  may  be  removed,  every  sign  being  unchanged  if  x  precede 
the  bracket,  and  every  sign  being  reversed  if  -^  precede  ihe  bracket. 
Or,  in  symbols,  for  two  constituents, 

J(J<s)-I(»i(:s), 
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with  the  following  law  of  signs ; — 

x(x„)=,.,>,       x(  +  «).+a, 

*(x,).+»,      +(  +  „)..„. 

In  the  above  equation  eight  cases  are  included,  for  example, 

+  (  +  ..!.)=.  x.  +  l, 

and  BO  on. 

§  22.]  Just  as  in  subtraction  we  denote  the  epecial  case 
+  a  -  o  by  a  separate  symbol  0,  so  in  division  we  denote  xa-i-a 
by  a  separate  symbol  1.  From  this  point  of  view,  1  has  a  purely 
operational  meaning,  and  we  can  prove  for  it  the  following  laws 
analogous  to  those  established  for  0  in  §  11 : — 

X  1=  -^1. 
Like  0,  1  has  both  a  quantitative  and  a  purely  operational 
meaning.  Quantitatively  we  may  look  ou  it  as  the  limit  of  the 
quotient  of  two  quantities  that  differ  from  each  other  by  a 
quantity  which  is  as  small  a  fraction  as  we  please  of  either.  For 
example,  consider  a  +  x  and  a,  then  the  equation 

becomes,  when  x  is  made  as  small  a  fraction  of  a  as  we  please, 
in  assertion  of  the  compatibility  of  the  two  meanings  of  1. 

It  should  be  noted  that,  owing  to  the  one-sidedncsa  of  the 
law  of  distribution  (that  is,  owing  to  the  fact  that  in  ordinary 
algebra  6  +  (  k  a  -^  c)  =  x  {b  +  a)  —  (h  ^  c)  is  not  a  legitimate  trans- 
formationX  there  is  no  analogue  for  1  to  the  equation 

t  X  0  -  0, 
which  is  true  in  the  cuae  of  0. 

§  23.]  If  the  student  will  now  compare  the  laws  of  commuta- 
tion and  association  for  iidtlition  and  subtraction  on  the  one  hiind 
and  for  multiplication  and  division  on  the  other,  he  will  find  them 
to  he  formally  ideiUical.     It  follows,  therefore,  that  so  far  as  these 

VOL.  I  O 
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IiiwK  ari;  cuiiC'-rned  there  is  virtually  no  diiitinction  I)et»'eeii  addi- 
tion am)  KulitRictioQ  on  the  one  hand  and  multiplication  and 
•lii'iiiioii  on  the  other,  except  the  accident  that  we  use  the  signs 
f  und  —  in  the  one  case  and  x  and  -i-  in  the  other, — a  conclusion 
at  lii'i<t  sight  a  little  startling.  This  duality  ceases  wherever  the 
law  of  distrihution  is  concerned. 

S  24.]  \Vc  have  already  been  led  to  consider  such  expressions 
itH  T  (  +  2)  and  +  (  -  2),  and  to  see  that  +  a  may,  according  t« 
tin:  value  given  to  <i,  be  made  to  stand  for  +  {  +  2),  that  is,  +  2,  or 
I  (  -  2),  thut  is,  -  2.  The  mere  fact  that  a  particular  sign,  say 
-H ,  stands  before  a  certain  letter,  indicates  nothing  as  to  its 
reduced  or  ultimate  value ;  the  sign  +  merely  indicates  what 
has  to  l)e  done  with  the  letter  when  it  enters  into  operation. 

In  what  precedes  as  to  division,  and  in  fact  in  all  our  general 
{iirmuhc,  we  may  therefore  suppose  the  letters  involved  to  stand 
for  positive  or  negative  quantities  at  pleasure,  without  affecting 
the  tnith  of  our  statement  in  the  least 

For  example,  by  the  law  of  distribution, 

(.1  -li){c  +  d)  =  ac  +  ad-lK-l/di 
here  we  may,  if  we  like,  suppose  d  to  stand  for  —  <i'. 

Wo  thus  have 

(„  -/,){,+(-  rf-)i .,«+,,(-  ,n  -  te  -  s(  -  rf'), 

wliicji  gives,  when  we  reduce  by  means  of  the  law  of  signs 
proper  to  the  case, 

(.(  -  4)  (c  -  d')  =  'ic  -  ml'  -  k  +  iff, 
wliich  is  tme,  being  in  fact  merely  another  case  of  the  law  of 
distiihution,  which  we  have  reproiluced  by  a  substitution  from 
the  former  case.  This  priiirijie  of  ttthdllaiwn  is  one  of  the  most 
important  elements  in  the  science ;  it  is  this  that  gives  to 
algebraic  calculation  its  immense  power  and  almost  endless 
capability  of  development. 

g  2-"i.]  We  have  now  to  consider  the  eftect  of  explicit  signs 
attached  to  the  constituents  of  a  quotient.  As  this  is  closely 
bound  up  with  the  ojMjrjition  of  the  distributive  law  for  division, 

ill  be  best  to  take  the  two  together. 
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The  full  BymboUcal  etatement  of  this  law  for  a  dividend 
having  two  conatitaents  is  as  follows : — 

(±«±j)+(±<)=(±»)+(±.)+(±i)-i-(±<), 

with  the  following  law  of  signs, 

(+«)+(+.)=+»+«,     (+„)-(-.)-— -t, 

(-o)-^(+«)=-»  +  c,         (-»)  +  ( -r)=+o-i-c. 
Or  briefly  in  words — 

In  divisum  tite  dividend  nuitf  be  distribtUed,  the  signs  of  thf.  partial 
quoliaiis  following  the  same  law  as  in  muUiplkaliffn. 

The  above  equation  includes  of  course  eight  cases.  It  will 
be  sufficient  to  give  the  formal  proof  of  the  correctaess  of  the 
law  for  one  of  them,  say 

By  the  law  of  distribution  for  multiplication,  we  have 
(-„^.e  +  i,  +  ,)  X  (_.)=+(.  +  ,).«- (6  +  ,)  x«; 

by  the  definition. 
Hence  (  +  a~b)~-{-c)  =  (-a^c +  b^c)  ><{~c)~(-c) ; 

^_„^c  +  i--c, 
by  the  definition. 
§  26.]  The  kw  of  distribution  has  only  a  limited  application 
to  division,  for  although,  as  just  proved,  the  dividend  may  be 
distributed,  the  same  is  not  true  of  the  divisor.     Thus  it  is  not 
true  that 

or  that  a-i-{b  —  c)  =  a-^!''-ti-^c, 

as  the  student  may  readily  satisfy  himself  in  a  variety  of  ways. 

§  27.]  As  we  have  now  completed  our  discussion  of  the 
fundamental  laws  of  ordinary  algebra,  it  may  be  well  to  insist 
once  more  upon  the  exact  position  which  they  hold  in  the 
science.  To  speak,  as  is  sometimes  done,  of  the  proof  of  these 
laws  in  all  their  generality  is  an  abuse  of  terms.  They  are 
simply  laid  down  as  the  canons  of  the  science.  The  boat  evi- 
dence that  this  is  their  real  position  is  the  fact  that  algebras  are 
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in  use  whose  fundamental  laws  differ  from  those  of  ordinary 
algebra.  In  the  algebra  of  quaternions,  for  example,  the  law 
of  commutation  for  multiplication  and  division  does  not  hold 
generally. 

What  we  have  been  mainly  concerned  with  in  the  present 
chapter  is,  1st,  to  see  that  the  laws  of  ordinary  algebra  shall  be 
self-conaiatcnt,  and,  2nd,  to  take  care  that  the  operations  they  lead 
to  shall  contain  those  of  ordinary  arithmetic  as  particular  cases. 

In  so  far  as  the  abstract  science  of  ordinary  algebra  is  con- 
cerned, the  definitions  of  the  letters  and  symbols  used  are  simply 
the  general  laws  laid  down  for  their  use.  When  we  come  to  the 
application  of  the  formulae  of  ordinary  algebra  to  any  particular 
purpose,  such  as  the  calculation  of  areas,  for  example,  we  have 
in  the  first  instance  to  see  that  the  meanings  we  attach  to  the 
symbols  are  in  accordance  with  the  fundamental  laws  above 
stated.  When  this  is  established,  the  formulte  of  algebra  become 
mere  machines  for  tlie  saving  of  mental  labour. 

g  28,]  We  now  collect,  for  the  reader's  convenience,  the 
general  laws  of  ordinary  algebra. 


Dehnitions  connecting  the  Direct  and  Inverse 
Operations. 


Addition  and  subtraction- 


Multiplication  and  division — 


Law  of  Association. 

For  addition  and  subtrac-  I       For  multiplication  and  di 
tion —  sion — 

±  ( i  o  i  (,) .  ±  ( + „)  1  ( i  I.),  !    ui-m = ;(;«);(;*), 

with  the  following  law  of  signs  : — 

The  concurrence  of  Hkc  signs  gives  the  direct  sign  ; 
The  concurrence  of  unlike  signs  the  inverse  sign. 
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-(-a)=-Ka,      -(  +  «)=-«.!    ^(-=-«)=x«,      -=-(x,7)  = 

Law  of  Commutation. 


For  addition  and  subtrac- 
tion— 


For  multiplication  and  divi- 
sion— 


Uie  operand  always  tarrying  its  own  sign  of  operation  with  it 
Froperlies  of  0  and  1. 


0=  +a-a, 
±6  +  0=  ±b-0  = 
+  0  =  -  0. 


xl=    -rl. 


Law  of  Distribution. 
For  multiplication — 
(i»±S)«<±e±i).+(±.).(±£)  +  (i«)x(±i) 
+  (*J).(*,)  +  (iS).(*i), 
with  the  following  law  of  signs : — 

If  a  partial  product  has  constituents  with  like  signs,  it  must 
have  the  sign  +  ; 

If  the   constituents  have  unlike  signs,  It  must  hare   the 


Thus— 
+  <-a)x{-c)  = 


.(-«}x(  +  .)  = 


Property  of  0, 
Oxt  =  ixO  =  0. 
For  division — 

(±o±6)  +  (±t).+(±o)*(*t)  +  (ti)  +  (*c), 
with  the  following  law  of  signs : — 
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If  the  dividend  and  divisor  of  a  partial  quotient  have  lika 
signs,  the  partial  quotient  must  hare  the  sign  + ; 

If  they  have  unlike  signs,  the  partial  quotient  must  hare  the 
sign  -. 
Thus— 

+  (+a)-=-(+c)=  +a-fc      +(  +  o)-r-(-c)=  -a-i-e, 
+  i-a)^(-c)=  +a^c,      +(-a)-r(  +  e)=  -a-i-ft 

N.B. — The  divisor  cannot  be  distributed. 

Preperty  of  0. 
0-=-ft  =  0. 
N.B. — Nothing  is  said  regarding  b-i-0.    This  case  will  be 
discussed  later  on. 


The  reader  should  here  mark  the  exact  aignification  of  the 
sign  =  as  hithorto  used.  It  meaiis  "  is  trangformablo  into  by 
applying  the  laws  of  algebra,  without  any  assumption  regarding 
the  operands  involved." 

Any  "equation"  which  is  true  in  this  sense  is  called  an 
"Identical  Equation,"  or  an  "Identity";  and  must,  in  the  first 
instance  at  least,  be  carefully  diBtinguialied  from  an  equation  the 
one  side  of  which  can  be  transformed  into  the  other  by  means  of 
the  laws  of  algebra  rm/y  wJien  tiie  operands  inrolwd  have  parlicvlaT 
valves  or  satisfy  some  particular  amdition. 

Some  writers  constantly  use  the  sign  =  for  the  former  kind 
of  equation,  and  the  sign  =  for  the  latter.  There  is  much  to 
be  said  for  this  practice,  and  teachers  will  find  it  useful  with 
beginners.  We  have,  however,  for  a  variety  of  reasons,  adhered, 
in  general,  to  the  old  usage;  and  have  only  introduced  the 
sign  =  occasionally  in  order  to  emphasise  the  distinction  in  cases 
where  confusion  might  be  feared. 


[In  norkiiig  this  set  of  eiamplee  the  student  is  expected  to  avoid  quotinf; 
derived  fonnlilie  that  he  may  happen  to  recollect,  and  to  refer  ereiy  step  to 
the  funUamantal  principles  disiiuascd  in  the  above  chapter.) 
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(!•)  Point  ont  in  nhat  sense  thp  uaual  armn^mGnt  nf  the  inu1ti[i1iciitioD 
oT  365  bf  4S2  is  Kn  instance  of  tho  taw  nf  ilistribiitiou. 

(2.)  I  have  a  multiplying  naeliino,  liut  thn  most  it  cnn  ila  at  one  time  is 
to  mnltipl;  a  nunilwr  of  10  digits  by  nnntber  number  of  10  digits.  Explain 
haw  I  can  aso  my  maehine  to  multiply  1 3683 iS 87 83231  by  4838123924^932. 

(3.)  To  divide  S004  by  13  is  the  same  aa  to  divide  5004  by  3,  auJ  then 
diTide  the  qnotient  thou  obUined  by  4.  Of  what  lai?  of  algebra  is  this  an 
iDstanca  t 

(t.)  If  the  remainder  on  diviiHug  N  by  n  be  B,  ami  the  quotient  V,  and 
if  we  divids  P  by  i  and  find  a  remundcr  S,  show  tlkat  the  rcmalDdor  ou 
dividing  N  by  nt  will  b«  oS  +  B. 

Illustrate  with  S015~12. 

(C>.)  Show  how  to  multiply  two  numbcra  of  10  digits  each  so  as  to  obtain 
merely  the  number  of  digits  itKtbe  product,  and  tho  lir»t  three  digits  on 
the  left  of  the  product. 

lUnstnte  by  Rndittg  the  number  of  digits,  ami  the  firat  three  left-hand 
digits  in  the  following : — 

let.  3S5B8934G6T893256T8  x  342973489919285 ; 
2nd.  2". 

(fl.)  Express  in  tho  simplest  form — 

-(-(-(-(  .  .  ■  (-1)  .  .  .  )))), 

lit.  Where  there  are  2n  brackets  ; 
2nd.  Where  there  are  2n  + 1  brackets  ;  it  being  any  whole  number  wbttevar, 

(7.)  Simplify  and  condense  as  much  as  possible — 

(8.)  Simplify—  __ 

1st.  3{4-E[9-7(8-9.10-il)]}, 

2nd.  iil-Hi-Kl-i-^^)]}- 
(9.)  Simplify— 

l-(2-{3-(4-.  .  .   (9-(10-n))  .  .  .  ))). 
(10.)  Distribute   the    following    products: — 1st.     {a  +  b)xia  +  b);    2nd. 
(a-6)x(o+*);  3rd.  (3a  -  8i)  x  (3a  +  6i) ;  4th.  (i«- JS)  x(ia  +  iS). 
(11.)  Simplify,  by  expanding  and  cond^nsuig  aa  much  as  possible — 
|(m  +  l>a  +  (n  +  l)ft}{(«.-l)n  +  («-l)6} 
+  {(m  +  l)a-(»  +  l)i|{(w-l)«-(«-l)iE. 
(12.)  Simplify- 

(13.)  BimpUfy— 

(-a(-D("D-(-9('-D(=-')- 

(14.)  Expand  and  condense  aa  much  aa  possible— 


24  HISTORICAL  NOTE  obap.  i 

JliiloTical  yole. — The  aepsrstion  bhiI  eliuaification  of  the  (iinduneatBl  lam 
of  nlgebra  hua  bmn  a  slow  iiroceas,  extending  over  more  thsn  2000  years.  It  it 
most  likely  ihat  the  lirat  ideaH  of  algebraic  identity  wen  of  geometrical  origin. 
In  tlie  xecond  book  oi  Euclid's  BlrmenU  (abont  300  B.C.),  for  example,  we  have  a 
smus  of  pro]iositiou9  which  may  lie  read  as  algebraical  identities,  the  opeiuids 
iKitig  lia«H  and  Kctan^en.  In  the  extant  works  of  the  great  Greek  algebraist 
Diojihautos  (350  ?)  we  Hud  what  haa  been  called  a  syncopated  algebra.  He  uses 
contractions  for  the  uaiues  of  the  [Mwers  of  the  variablea  ;  haa  a  Hymbol  if  to 
denote  subtraction  ;  aiid  ei'en  enunciatea  the  abatract  law  for  the  maltiplication 
□f  positive  and  motive  numbers  ;  but  has  no  idea  of  independent  negative  quan- 
tity. The  Araliimi  mathematicians,  aa  r^tarda  symbolism,  stand  on  much  the 
some  platform  ;  and  the  some  in  true  of  the  great  Italian  mathematicians  Feiro, 
Tartaglia,  Cunlano,  Kerrari,  whose  tune  falls  in  the  Hnt  half  of  the  sixteenth 
century.  In  |>aint  nf  methoil  the  Indian  mathematicians  Aryabhatta  (476), 
Braliniagupta  (598),  Bhaakaiu  (1114),  stand  somewhat  higher,  but  their  works 
had  BO  direct  inHueuce  on  Wealflni  science. 

Algebra  in  the  oiodem  sense  begins  to  take  shape  in  the  works  of  Begiomon- 
tunua  (1436-1476),  Rudolff  (abont  1520),  Stifel  (1487-1567),  and  more  particularly 
Vii^te  (IS40-I603)  and  Harnot  (1560-1621).  The  introdactioD  of  the  varions 
signs  of  operation  now  in  U8e  may  be  dated,  with  more  or  leas  certainty,  as 
followfi :  -  and  apposition  to  indicate  multiplication,  at  old  an  tlie  iise  of  the 
Arabic  numerals  in  Europe  ;  4-  and  -,  liudollf  1525,  and  Stiful  1544;  =, 
Recoide  1557 ;  vinculuiu,  Vi^te  ISOI  ;  hmckcta,  tirst  by  Uiranl  1629,  bat  uot 
in  familiar  use  till  the  eighteenth  century ;  <  >,  Uorriot's  Praxis,  publisheil 
1031  ;   X ,  Oughtred,  and  -^,  Pell,  about  1631. 

It  won  not  until  the  OtometTy  of  DeucaitEH  apiieared  (in  1637)  that  the  im- 
portant idea  of  using  a  single  letter  to  denote  a  quantity  which  might  be  either 
jiosilive  or  negatiife  became  furailiar  to  mathematiciana. 

The  eatabliahmeut  of  the  three  great  laws  of  operation  was  left  for  the  present 
century.  The  chief  contributors  thereto  were  Peacock,  Dc  Morgan,  D.  F.  Gregory, 
Uankvl,  and  othcra,  working  jirofesseilly  at  tlie  philoi^opliy  of  the  Amt  jirinciples  ; 
and  Hamilton,  Grassroaun,  Peirce,  and  their  followcni,  wlio  threw  a  flood  of  light 
on  the  subject  by  conceiving  algebros  whose  laws  dLli«r  from  those  of  ordinary 
algebra.  To  these  should  be  added  Argand,  Cauchy,  Gauss,  and  others,  who 
developed  the  theory  of  imaginariej  in  ordinary  algebra. 


CHAPTER    II. 
Honomiale— Laws  of  Indices— Decree. 

THEORY  OF  INDICES. 

§  1.]  The  product  of  a  number  of  letters,  or  it  may  Ije  num- 
bere,  each  being  supposed  simple,  so  that  multiplication  merely 
and  neither  addition  nor  subtraction  nor  division  occura,  ia  called 
an  inU^al  term,  or  more  fully  a  rational  inte^al  itumomial  (that 
is,  one-termed)  algebraical  function,  for  example,  ax3x6xxxa 
xixarxyxjxi. 

By  the  law  of  commutation  we  may  arrange  the  constituenta 
of  this  monomial  in  any  order  we  please.  It  is  usual  and  con- 
venient to  arrange  and  associate  together  all  the  factors  that  are 
mere  numbers  and  all  the  factors  that  consist  of  the  same  letter ; 
tbus  the  above  monomial  would  be  written 

(3x6)x(axa)x(ixi)x(^x:.x«)xy. 

3  X  6  can  of  course  be  replaced  by  1 8,  and  a  further  contrac- 
tion Ib  rendered  possible  by  the  introduction  of  indices  or  ex- 
ponents. Thus  a  X  a  is  written  »',  and  is  read  "a  square,"  or 
"a  to  the  Becond  power."  Similarly  ft  x  fi  is  replaced  by  6",  and 
ar  X  a:  X  z  by  a;',  which  is  read  "  x  cube,"  or  "  r-  to  the  third  power," 
We  are  thus  led  to  introduce  the  abbreviation  x"toTXy.xy.x-ji .  .  . 
where  there  are  n  Actors,  n  being  called  the  iWex  or  exponent,* 
while  k"  is  called  the  Mth  power  of  /,  or  a;  to  the  nth  power. 

%  2.]  It  will  be  observed  that,  in  order  that  the  above  defini- 
tion may  have  any  meaning,  the  exponent  n  must  be  a  positive 

!ua  limply  X,  and  ia 
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integral  number.      Confining  ourselves  for  the  present  to  this 
case,  we  can  deduce  the  following  "  laws  of  indicee." 

I.  (a)  a'»xa"  =  o"+». 

and  generally   a"*  >(  a"  x  aP  x  .  .  .  =  a^+»+iH-  •  ■  • 
o"      -  -  ■* 


03) 


m 


1 


if  m<n. 


a 

(a-)-.»-».(a-)-. 

m.  (.) 

{a4)"  =  o">i™, 

and  generally 

(«&. 

.  .)"  =  »"»'V-  ■  • 

(I)" 


To  prove  I.  (a),  we  have,  by  the  definition  of  an  index, 
a™xa"  =  {axaxa  .  .   .  m  factors)  x  (a  x  o  x  a  ,  .   .  n  factors), 
=  axa  xa  .  .  .  m  +  n  factors,  by  tho  law  of  association, 
_  flUi+n  by  the  definition  of  an  index. 
Having  proved  the  law  for  two  factors,  we  can  easily  extend 
it  to  the  case  of  three  or  more, 

for  o"*  X  o"  X  o^  =  (a"  x  a")  x  aP,  by  law  of  association, 

_  Qfn+n  X  ^^  ]yy  pj,gg  slrcady  proved, 
_  a(in+ni+p_  ijy  case  already  proved, 
_  gvi+n+p  . 

and  BO  on  for  any  number  of  factors. 

In  words  this  law  runs  thus :  The  product  of  any  number  of 
powers  of  one  and  the  same  letter  is  equal  to  a  power  of  that 
letter  whose  exponent  is  the  sum  of  the  exponents  of  these 
powers. 


To  prove  I.  (fi), 
a"     . 

—  =  («  X  fl  X    .     , 


n  factors)  -=-  (o  x  a  x  .  .  ,  w  factors), 

by  definition  of  an  index. 
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=  a  X  rt  X  «  .  .  .  m  factors  -e-  t  -^  n  -H  .  .  .  "  divisions, 
by  law  of  association. 
Now  if  HI  >  n  we  may  armngo  these  as  follows  : — 

^  =  (0X0'..  .  .  i;7Vifactors)x{rt-^<()'<(i-^")  -  ■  ■  "factors, 
by  laws  of  commutation  and  aRSOciation, 
=  a  X  a  X  .  .  .  m-n  factors,  by  tbe  properties  of  division. 

If  m<it,  the  rearrangement  of  the  factors  may  l>e  effected 
thus : — 

—  =  -=-(rtxax...w-m  factors)  x  (a-i-a)  x  (a-~a). .  .ui  factors 


It  ia  important  to  notice  that  L  (13)  can  be  deduced  from 
I.  (a)  without  any  further  direct  appeal  to  the  definition  of  an 
index.     Thus,  if  m  >  n,  so  that  m  -  n  is  |)ositive, 
«"'-''xa''  =  a""-"'+''  by  I.  (a), 

Hence 

Therefore,  by  the  definition  of  x  and  -^ , 

Again,  if  m< «,  so  that  w  - m  is  positive, 

«•»  X  a"-"*  =  a'-'+f-"",  by  I.  (a), 

=  a",  by  the  laws  of  +  and  - 
Hence 

a"  X  a"  ■ '" -r  fl"  "  "*  =  n" -=- re"  "  "•. 
Therefore,  by  the  definition  of  x  and  -i-, 


Hence,  by  the  laws  of  x  and  - 
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To  prove  II., 
(d")"  =  a'"  X  a"  X  ,  .  .  n  f&ctors,  by  definition, 

=  {axaii  .    .   .  m  factoiB) x(axax  .  .  .m  factors) 

>:  .  .  .,  n  sets,  hy  definition, 
=  n  X  ff  X  .  .  .  irm  fiictors,  by  Uw  of  usociataon, 
=  «"*",  by  definition. 

To  prove  III.  (o), 
(ab)'"  =  (ab)  X  (ii6)  x  .  .  .  m  fiu^rs,  by  definition, 

=  {axax  .  .   .  m  facton) x  (6  x  6 x  .  .  ,  m  factors), 

by  laws  of  commutation  and  aBSOciadon, 
=  ft^t"",  by  definition. 
Again,  {«6c)"={(aJ)c}™ 

=  (a5)"c"',  by  last  case, 
=  (a"i"')c",  by  lost  case, 
=  a"b"'d"',  and  so  on. 
Hence  the  with  power  of  the  product  of  any  number  of  letters 
is  equal  to  the  product  of  the  mth  powers  of  these  letters. 

To  prove  III.  {^), 

(a -i- b)  X  (a -^  b)  x  .  .  .  lit  factors,  by  definition, 

(tt  X  tt  X  .  .  .Hi  factors)  -i-  {hxb  x  .   .  .  m  factors), 

by  commutation  and  association, 


©" 


In  words :  The  inth  power  of  the  quotient  of  two  letters  is 
the  quotient  of  the  mth  powers  of  these  letters. 

The  second  branch  of  III.  may  be  derived  from  the  first 
without  further  use  of  the  definition  of  an  index.     Thus 

=  «"",  by  (lefinitioD  of  x  and  -i- . 
Hence  /('\"'     ,  .  , 

that  is,  /"\"'  _"'" 

[l)   -¥■■ 
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§  3.]  In  so  far  as  positive  integral  indices  are  concerned,  the 
above  laws  are  a  deduction  from  the  definition  and  from  the 
lavs  of  algebra.  The  use  of  indices  is  not  confined  to  this  case, 
however,  and  the  above  are  laid  down  as  the  laws  of  indices 
generallf.  The  laws  of  indices  regarded  in  this  way  become  in 
reality  part  of  the  general  laws  of  algebra,  and  might  have 
been  enumerated  in  the  Synoptic  Table  already  given.  In  this 
respect,  they  are  subject  to  the  remarks  in  chap,  l,  §  27.  The 
question  of  the  meaning  of  fractional  and  negative  indices  is 
deferred  till  a  later  chapter,  but  the  stndent  will  have  no  difii- 
culty  in  working  the  exercises  given  below.  All  he  has  to  do  is 
to  use  the  above  laws  whenever  it  is  necessary,  without  regard 
to  any  restriction  on  the  value  of  the  indices. 

g  4.]  The  following  examples  are  worked  to  familiarise  the 
student  with  the  meaning  and  use  of  the  laws  of  indices.  At 
first  he  should  be  careful  to  refer  each  step  to  the  proper  law, 
and  to  see  that  he  takes  no  step  which  is  not  sanctioned  by 
some  one  of  the  laws  of  indices,  or  by  one  of  the  fundamental 
laws  of  algebra. 


=  aViWdV"  ^  n*  -i-  A*  -^  c'^  by  commutation  and  assocUtion, 
=  oJt3js«cH"-f-n*-^P-^<;",  by  law  of  indices,  I.  (o), 
=  (a*+*  ^  »•)  X  {6H*  ^  JJ)  X  jcH"  -=-  c"),  by  « 

=  «*+»-«xi!H«-ixeHii-ii  hy  Uw  of  indicee,  1.  (jS), 


(■'-v=vx(„^j)* 


=llr(^W)Vl'  « -,Ssf,  li;>«'"  of  indlce..  III.  W  .nd  III.  ((1|, 
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THEORY   OF  DEQRKE. 

§  5.]  The  result  of  multiplying  or  diriding  any  Dumber  of 
letters  or  numbers  one  by  another,  addition  and  subtraction 
being  excluded,  for  example,  3  xa^xx.b-^e-T-yxd,  is  called  a 
(rational)  mmu/mial  (dgebrakal  fundvm  of  the  numbers  and  letters 
involved,  or  simply  a  term.  If  the  monomial  either  does  not 
contain  or  can  be  so  reduced  as  not  to  contain  the  operation  of 
division,  it  is  said  to  be  integral ;  if  it  cajinot  be  reduced  so  as 
to  become  entirely  free  of  division,  it  is  said  to  })e  fractumal.  In 
drawing  this  distinction,  division  by  mere  numbers  is  usually 
disregarded,  and  even  division  by  certain  specified  letters  may  be 
disrogai'ded,  as  will  be  explained  presently. 

§  6.]  The  number  of  dmes  that  any  particular  letter  occurs 
by  way  of  multiplication  in  an  integral  monomial  is  called  the 
de^ee  (or  dimension)  of  the  monomial  in  that  particular  letter ; 
and  the  degree  of  the  monomial  in  any  specified  letters  is  the 
sum  of  its  degrees  in  each  of  these  letters.  For  example,  the 
degree  of6'!ox(t)(j:x3;xa;>tyxy,  that  is,  of  6rt  Vy*,  in  re  is  2, 
in  ./:  3,  in  y  3,  and  the  degree  in  x  and  yis  5,  and  in  a,  x,  and  y  7. 

/«  otiier  words,  the,  degree  is  the  siim  of  llie  indices  of  tlie 
namtd  letters.  The  choice  of  the  letters  which  aro  to  be  taken 
into  account  in  reckoning  the  degree  is  quite  arbitrary ;  one 
choice  being  made  for  one  purpose,  another  for  anotlier.  When 
certain  letters  have  been  selected,  however,  for  this  purpose,  it 
is  usual  to  call  them  the  variables,  and  to  call  the  other  letters, 
including  mere  numbers,  constants.  The  monomial  is  usually 
arranged  so  that  all  the  constants  come  first  and  the  variables 
last  j  thus,  £  and  y  being  the  variables,  we  write  SSa'ba^y';  and 
the  part  32a'bc  is  called  the  coeffideut. 

In  considering  whether  a  monomial  is  integral  or  not,  division 
by  constants  is  not  taken  into  account. 

%  7.]  The  notion  of  degree  is  an  exceedingly  important  one, 
and  the  student  must  at  once  make  himself  perfectly  familiar 
with  it.  He  will  find  as  he  goes  on  that  it  takes  to  a  large 
extent  in  algebra  the  same  place  as  numerical  magnitude  in 
arithmetic. 
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The  following  theorems  are  particular  cases  of  more  general 
ones  to  be  proved  by  and  by. 

The  degree  of  the  product  of  two  or  more  monomials  is  the  sum 
of  their  reflective  degrees. 

If  the  quotient  of  two  mtmomials  be  integral.  Us  degree  is  the  excess 
of  the  degree  of  the  divtdetul  over  Piat  of  the  dim<»: 

For  let  A  -  affj^iP  .  .  . 

A'^c'/y-Vn"  .  .. 
where  e  and  c'  are  the  coefficients,  x,  y,z,u  .  .  .  the  variables,  and 
/,  f»,*i,^. ..,/',  m'jfi'ijj'.., .are  of  course  positive  integral  rnmbera. 
Then  the  degree,  d,  of  A  is  given  by  rf  =  /  +  ?n  +  n  +  j>  + .  .  .,  and 
the  degree,  d,  of  A'  by  d'  =  T  +  m'  +  n'  +  y  +  .  .  . 

But      A  X  A'  =  (pfy">!^P  .  .  .)  "  (c'/y's-'u''  .  .  .) 

the  degree  of  which  is  (/  + 0 +  (»'  +  "*')  +  {"  +  «')  + (p  +  i')  ■  ■  -. 
that  is,  {/  +  m  +  n  + ;  .  .  .)  +  (/'  +  m'  +  n'  +  j>'  +  .  .  , ),  that  is, 
d  -t-  d',  which  proves  the  first  proposition  for  two  factors.  The 
law  of  association  enables  us  at  once  to  extend  it  to  any  number 
of  factors. 

Again,  let  Q  =  A  -^  A',  and  let  Q  be  integral  and  its  degree  & 
Now  we  have,  by  the  definition  of  division,  Q  «  A'  =  A.  Hence, 
by  last  proposition,  the  degrees  of  A  and  A'  being  d  and  d',  as 
before,  we  have  d=-&  +  d',  and  thence  &  =  d-d'. 

As  an  example,  let  A  =  C//,  A'  =  l^if,  then  A  x  A'  = 
Ox"/,  and  A  -r  A'  =  3^'/.  The  degree  of  A  x  A'  is  24,  that  is, 
14  +  10;  that  of  A-=-A'  ia  4,  that  is,  14-  10. 

The  student  will  probably  convince  himself  most  easily  of 
the  truth  of  the  two  propositions  by  considering  particular  cases 
snch  as  these ;  but  he  should  study  the  general  proof  as  an 
exercise  in  abstract  reasoning  for  on  such  reasoning  he  will  have 
to  rely  more  and  more  as  he  goes  oil 

ExEiin.sKs  II. 
[Wherever  it  U  imssililc  iti  working  tlic  fullowitij;  I'xaniplea,  the  stuUeut 
ihould  verify  tha  laws  of  ilcgn-e,  $$  S-".] 

(1. )  SimpUiy—        B'jOa* x3^(3=  X  4--'x5)° 
(3xl5xff')» 


EXEBCISES  n 


(S.)  Which  U  greater,  (2*)^  or  2^T    Find  the  diffkrenm  between  them. 
(3.)  Simplify— 


2(W 

(4.)  Simplifj- 

SO^VAP 

81a**V 

(S.)  Express  in  ii 

ts  simplest  form- 

u 

(8.)  Siniphfj- 

Ura'S'J/  ^l,    18"(ta=fa  ^' 

(7.)  Simplify- 

(^^^^^Gf)^ 

(8.)  Simplify- 

(jy--'l'ite«?JiLl«flr 

(f=)H9HI)' 

(9.)  Siiiiplify- 

(srKr^(5r 

(10.)  Simplify-- 

n«"l^x(a.-)-J'\Vr 

01.)  Simplify- 

'---•■^(S) 

(^•xj5)=^(j-t.)= 

(12.)  Simplify— 

isrHf-w' 

(13,)  Simplify— 

{  (|i) '  ^^  (?)"}  "^  "'^'' '^  *'"*■"*'' ''"^'' "*'=''"' • 

(U,)  Prove  tliat- 

iy^ri^)"i^g)»           _  (AV--)*-*^ 

(b^' 

l;r-lp(^lj,;~l),(^,~y-ljr-     iiy,.r     ' 

(15.)  Distribnto  the  product— 

(^ 

~<-.e-  +  ^-')(^+  — +  ^j. 

(16.)  Distribnte- 

(-4)(-a' 

(ir.)  Irm=a',  >.: 

i(r»,  (i'  =  (ift'it')' ;  ahow  tliat  ^y;=l. 

CHAPTEK    III. 

Fundamental  FonnulaB  relating  to  Quotients  or 
Fractions,  with  Applications  to  Arithmetical 
Fractions  and  to  the  Theory  of  Numbers. 

OPKRATIOSS  WITH  FRACTIONS. 

g  1.]  Before  proceeding  to  cases  where  the  fundamental 
laws  are  masked  by  the  complexity  of  the  operations  involved, 
we  shall  consider  in  the  light  of  our  newly-acquired  principles 
a  few  cases  with  most  of  which  the  student  is  already  portly 
familiar.  He  is  not  in  this  chapter  to  look  so  much  for  now 
results  as  to  exercise  his  reasoning  faculty  in  tracing  the  opera- 
tion of  the  fundamental  laws  of  algebra.  It  will  be  well,  how- 
ever, that  he  should  bear  in  mind  that  the  letters  used  in  the 
following  formulte  may  denote  any  operands  subject  to  the  laws 
of  algebra ;  for  example,  mere  numbers  integral  or  fractional,  single 
letters,  or  any  functions  of  such,  however  complex. 

§  2.]  Bearing  in  mind  the  equivalence  of  the  notations  t, 
ajb,  and  a-i-b,  the  laws  of  association  and  commutation  for 
multiplication  and  division,  and  finally  the  definition  of  a 
qaotient^  we  have 


e.(j»)-(p4) 

roL.  I 

% 
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R«a4  forwards  and  backwards  this  equation  givee  us  the 
importiuit  proposition  that  tee  may  divide  or  muiUply  ihe  namendor 
and  denomimlOT  of  a  fraction  by  the  teme  quantUy  wiihout  aUermff 
its  value. 

§  3.]  Usiog  the  pnnciple  just  established,  and  the  law  of 
distribution  for  quotients,  we  have 

±*±?=±??±^ 
b     q  qb     ql/ 

_  ±qa±pb 

~'~¥~'' 

that  is,  To  add  or  sttUra^t  two  fradions,  transform  each  by  muiti^ytng 
numeraior  and  denominator  so  that  both  shaU  kane  the  same  denomi- 
nator, add  or  subtract  ike  mimerators,  and  write  undemeaih  the 
common  denominator. 

The  rule  obriouely  admits  of  extension  to  the  addition  in 
the  algebraic  sense  (that  is,  either  addition  or  subtraction)  of  any 
□umber  of  fractions  whatever. 

Take,  for  example,  the  case  of  three : — 

a     c     e  _      adf     £¥     [[^    i,    S  -i 

-  ±a^f±^f  ^  f^'^  u 


bdf 


- ,  by  law  of  distribution. 


The  following  case  shows  a  modification  of  the  process,  which 
often  leads  to  a  simpler  final  result  Suppose  b  =  lc,q  =  Ir;  then, 
taking  a  particular  case  out  of  the  four  possible  arrangements 
of  dgnj 

b    a     Ic     ir' 


_^ar-pc 

Here  the  common  denominator  Icr  is  simpler  tlian  hq,  which  is 
Per. 

The  same  result  would  of  course  be  arrived  at  by  following 
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the  process  given  above,  and  simplifying  the  reeultii^  fraction 
at  the  end  of  the  operation,  thus : — 

ff      p     air  -  vie  , 


by  using  the  law  of  distribution  in  the  numerator,  and  the  laws 
of  association  and  commutation  in  the  denominator ; 


g  4.]  The  following  are  merely  iKiiticular  cases  of  the  laws 
of  association  and  commutation  for  multiplication  and  division : — 


g)xQ=(a..).(..^A 


=■((  Kc-i-h-i-d, 
=  (ac)H-(A<0. 


or,  in  words,  To  mulliply  tim  frartidnn,  multipli/  their  Mimei'ators 
together  for  the  numerator,  and  the  denominators  together  for  the 
■  of  &e  product 


sa-j-S-i-exrf, 


=  ©-©. 


by  last  case.     In  words  :   To  diiiJc  uue  fruclion,  hij  (tiiollier,  inivrl 
the  latter  attd  then  vmUiply. 

§5.]  In  last  paragraph,   and  in  g  '1  above,  wa  ba^'s^  bn 


simplicity  omitted  nil  explicit  reference  to  sign.  In  reality  we 
have  not  thereby  restricted  the  generality  of  our  concIuHiona,  for 
by  the  principle  of  substitution  (which  is  merely  another  name 
for  the  generality  of  algebraic  formulee)  ire  may  suppose  the  p, 
for  example,  of  §  2  to  stand  for  -  at,  say,  and  we  then  have 

that  is,  taking  account  of  the  law  of  signs, 


EXEKCIBBS   III. 

(1.)  ExpreM  in 

its  wmplwt  form— 

(2.)  Exprasam 

ita  simplest  form— 

ft          I 

(3.)  Simphfy- 

P+Q    P-Q 
PVU-P—Q' 

(4.)  Simplify- 
(5.)  SimpUfy- 

1    1    1 

(«.)  Simplify—  /         *'  \     /"    .     *'  ^ 

(7.)  Simplify—  1      ,   J__    2i 

,M.,„„U„-     (,^^'(^^(,_^, 

(».)  Simplify-  (a    i\  .  /a'    1?\ 

{raJ-W-a'J- 
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<10.)  SimpUiy— 

n(a-_b)-hiaj^_ 

^ra~b 

(11.)  SimpUiy- 

1+^  +  j^    l--jr+>- 

02.)  SimplUy- 
(13.)  Simplify- 

^■^r+i    (.r+l)'-i<? 

^(14.)  Show  that 
uindt^DdntofK. 

(16.)  Simplify- 

" 

(IB.)  SimpUfy- 

1 

—  2t '-^r- 

^  (17.)  Simpli^r- 

a+b 

a  +  S  + ^—^ 

APPLICATIONS   TO   THE   THEORY   OF   NCMBERS. 

§  6.]  In  the  applicationa  that  follow,  the  student  should  look 
Bomewhat  closely  at  the  meanings  of  some  of  the  terms  employed. 
This  is  nocessary  because,  unfortunately,  some  of  these  terms, 
anch  as  integral,  factor,  dinisible,  &c,  are  used  in  algebra  generally 
ID  a  sense  very  different  from  that  which  they  bear  in  ordinary 
arithmetic  and  in  the  theory  of  numbers. 

An  integer,  unless  otherwise  stated,  means  for  the  present  a 
fOritite  (or  negative)  integral  number.  The  ordinary  notion  of 
greater  and  less  in  connection  with  such  numbers,  irrespective  of 
their  sign,  ia  assumed  as  too  simple  to  need  definition.*     When 

•  Thia  is  a  very  (iifferent  thing  from  thu  algebraicail  notian  of  greater 
mail  lem.      See  chap.  xHL,   §   I.      It  may  not  be  M^iflwivift  to  «x^U\u 
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an  integer  a  can  be  produced  by  multiplying  together  two  otbera, 
b  and  c,  b  and  c  are  called  facb^s  of  a,  and  a  is  said  to  be  exadly 
dii'isibk  by  b  and  by  c,  and  to  be  a  tnuUiple  of  &  or  of  c  Since 
the  product  of  two  integers,  neither  of  which  is  unity,  is  an 
integer  greater  than  either  of  the  two,  it  is  clear  that  no  inttger 
is  exaeily  divisible  by  another  grealer  than  itself. 

It  is  also  obvious  that  every  integer  (other  than  unity)  has 
at  least  two  divisors,  namely,  tmity  and  itaelf ;  if  it  has  more,  it 
is  called  a  c&mposite.  vdeger,  if  it  has  no  more,  a  pnme  integer. 
For  example,  1,  2,  3,  5,  7,  11,  13,  .  .  .  are  all  prime  integers, 
whereas  i,  6,  8,  9,  10,  13,  14  are  composite. 

If  an  integer  divide  each  of  two  others  it  is  said  to  be  a 
common  factor  or  common  measure  of  the  twa  If  two  integers 
have  no  common  vieasure  except  unity  they  are  sdd  to  be  prime 
to  each  other.  It  is  of  course  obvious  that  two  integers,  such  as 
6  and  35,  which  are  prime  to  eadt  other  need  not  be  themselves 
prime  integers.  We  may  also  speak  of  a  common  measure  of  more 
than  two  integers,  and  of  a  group  of  more  than  two  integers 
that  are  prime  to  each  other,  meaning,  in  the  latter  case,  a  sot 
of  integers  no  two  of  which  have  any  common  measure. 

§  7.]  If  we  consider  any  composite  integer  N,  and  take  in 
order  all  the  primes  that  are  less  than  it,  any  one  of  these  either 
will  or  will  not  divide  N,  Let  the  first  that  divides  N  be  a, 
then  N  =  aN, ,  where  N,  is  an  integer ;  if  N,  be  also  divisible  by  a 
we  have  N,  =reN,,  and  N  =  a{((N,)  =  a'N, ;  and  clearly,  finally, 
say  N  -  «*N.,  where  N,  is  either  1  or  no  longer  divisible  by  a. 
N«  (if  not  =  1)  is  now  either  prime  or  is  divisible  by  some 
prime  >rt  and  <N.,  and,  a  fortiori,  -iN,  say  6;  we  should  on 
the  last  supposition  have  N,  =  ft^N^,  where  N^<N.,  and  so  on. 
The  process  clearly  must  end  with  unity,  so  that  we  get 

N-rt-W.... 
where  a,  b,  ...  are  primes,  and  u,  /3,  .  .  .  positive  integers.    It 

hero  the  uao  of  the  inequality  symbols  +,  >,  <,  >,  <;  thoy  mean 
respectively  "is  not  equal  to,"  "b  greater  than,"  "is  less  than,"  "is  not 
greater  than,"  "is  not  leas  than." 
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is  to  be  observed  that  a',  ?^,  .  .  .  are  powers  of  primes,  and 
therefore,  as  we  shall  prove  presently,  prime  to  each  other.  /( 
if  that/ore  always  possible  to  resolve  everij  composite  inte^r  into  factors 
thai  are  powers  of  primes ;  and  we  ahall  presently  show  that  this 
resolution  can  be  effected  in  one  way  only. 

§  8.]  If  a  be  divisible  bi/  c,  thot  any  integral  multiple  of  a,  sat/  win, 
15  dJPuiUe  bff  c;  and,  if  a  and  h  be  each  divisible  by  c,  tlitn.  Hie.  algebraic 
turn  of  any  integral  imtlHpUs  of  a  and  h,  say  ma  +  n6,  w  divisible  by  c. 

For  by  hypothesis  a-M  and  b  =  /3f,  where  a  and  /3  are  in- 
tegers, hence  ma  =  mac  =  (ma)c,  where  ma  is  an  integer,  that  is,  ma 
is  divisible  by  c.  And  nw  +  «fi  =  mac  +  nfic  =  {ma  +  n/J)f,  where 
ma  +  nP  is  an  integer,  that  is,  ma  +  nb  is  divisible  by  c.  The 
stadent  should  observe  that,  by  virtue  of  the  extension  of  the 
notion  of  divisibility  by  the  introduction  of  negative  integers, 
any  of  the  numbers  in  the  above  proposition  may  be  negative. 

§  9.]  From  the  last  article  we  can  deduce  a  proposition  which 
ftt  once  gives  ue  the  means  of  finding  the  greatest  common  measure 
(rf  two  integers,  or  of  proving  that  they  are  prime  to  each  other. 

If  a  =pb  +  c,  where  a,b,  r,p  are  all  integers,  then  tlie  G.C'.M.  of 
a  and  bis  the  O.C.M.  of  l>  and  c 

To  prove  this  it  is  necessary  and  it  is  sufficient  to  show — 
Ist,  that  every  divisor  of  b  and  c  divides  a  and  b,  and,  3nd,  that 
every  divisor  of  a  and  b  divides  b  and  c. 

Since  a  =  pb  +  c,  it  follows  from  §  8  that  every  divisor  of  b 
and  e  divides  a,  that  is,  every  divisor  of  b  and  c  divides  a  and  b. 

Again,  since  a  =  pb  +  c,  it  follows  that  c~a  ~pb ;  hence,  again 
by  §  8,  every  divisor  of  a  and  b  divides  c,  that  is,  every  divisor 
of  a  and  6  divides  b  and  c.  Thus  the  two  parts  of  the  proof  are 
furnished. 

Let  BOW  a  and  b  be  two  numbers  whoso  G.C.M.  is  required ; 
they  will  not  he  equal,  for  then  the  G.C.M.  would  be  eitlipr  of 
them.  Let  b  denote  the  less,  and  divide  a  by  b,  the  quotient 
being  ;>  and  the  remainder  c,  whereof  course  p</i.'  Next  divide 
b  by  c,  the  quotient  being  q,  the  remainder  d ;  then  divide  c  by 
d,  the  quotient  being  r,  the  remainder  e,  and  so  on. 

*  For  a  format  ileBnition  urtho  rcnminiler  Kee  g  11. 
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Since  «>6,  b>c,  c>d,  d>e,  &c.,  it  is  clear  that  the  re- 
mainders must  diminiBh  down  to  zero.  We  thus  have  the 
followiug  series  of  equations  : — 

b  =  qc  +  d 


l  =  vi 


Hence  the  (r.C.M.  of  a  and  b  is  the  same  as  that  of  b  and  c,  which 
is  the  same  as  that  of  c  and  d,  that  is,  the  same  as  that  of  d  and  e, 
and  finally  the  same  as  that  of  m  and  n.  But,  since  m  =  vm,  the 
G.C31.  of  m  and  n  is  n,  for  n  is  the  greatest  divisor  of  ii  itself. 
Hence  the  G.G.M.  of  a  and  b  is  the  divisor  corrcspondiug  to  the 
remainder  0  in  the  chain  of  divisions  above  indicated. 

If  n  be  difTorcnt  from  unity,  then  a  and  b  have  a  G.C.M.  in 
the  onlinary  sense. 

If  M  be  equal  to  unity,  tlien  they  have  no  common  divisor 
except  unity,  that  is,  they  are  prime  to  each  other. 

§  10.]  It  should  be  noticed  that  the  essence  of  the  foregoing 
process  for  finding  the  G.C.M.  of  two  integers  is  the  substitution 
for  the  original  pair  of  successive  pairs  of  continually  decreasing 
integers,  each  pair  having  the  same  G.C.M.  All  that  is  necessary 
is  that  p,  q,  r,  .  .  .  he  integers,  and  that  a,  b,  f,  d,  f,  .  .  ,  he  in 
decreasing  onlor  of  magnitude. 

The  process  might  therefore  be  varied  in  several  ways. 
Taking  advantage  of  the  use  of  negative  integers,  we  may  some- 
times alibreviatc  it  by  taking  a  negative  instea<l  of  a  positive 
remainder,  when  the  former  happens  to  be  numerically  less  than 
the  latter. 

For  example,  take  n  =  4323,  i  =  lS95, 
ve  might  take  43:f3='2  x  1595  +  1133 

or  4323  =  3x1595-462; 

the  Intter  in  lo  lie  prerorreil,  becaiiae  4fl2  is  Ips.«  tlian  1133.  In  practice  Clis 
npfptivu  iii),'ii  of  482  niiiy  br  neglected  iu  tlie  rest  of  llie  ojieration,  wliich  may 
1h>  arrungml  nn  rnllon-x,  for  the  sake  of  coiiipariiiou  witli  tlio  ordioary  process 
alrcaily  laiiiiliar  to  the  student : — 
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20»)4B2(2 
418 

44)209(5 


G.C.M.=n. 

By  means  of  the  process  for  finding  tho  G.C.M.  wo  may  prove 
the  following  proposition,  of  whoso  truth  the  student  is  in  all 
probability  already  coaviticcd  by  experience : — 

If  a  and  b  be  prime  to  each  oilier,  and  h  any  integer,  llien  any 
eommon  fador  of  aJi  and  b  tnitst  dtc'uh  li  e-taetly. 
For,  since  a  and  b  are  prime,  wc  have  by  §  9, 

=jii  +  c  "^  r  ah^pbh  +cA  "^ 

=  qch   -^dh    \ 
=  Td+e  ^(1).    Hence-^  ch=rdh+th    1(2). 


tk  =rmh  +  h 


Now,  since  any  common  factor  of  nh  and  b  ii 
factor  of  oA  and  bk,  it  follows  from  the  first  of  equations  (2)  that 
snch  a  common  factor  divides  ch  exactly,  and  by  the  second  that 
it  also  divides  dh  exactly,  and  so  on ;  and,  finally,  by  the  last  of 
equations  (2),  that  any  common  factor  of  ah  and  b  divides  It 
exactly. 

In  particular,  since  i  is  a  factor  of  itself,  we  have 

Cor  1.  If  b  divide  ah  exadly  and  he  prime,  to  a,  it  viiisl  d'lddc  h 
eaadly. 

Cor.  2,  If  a'  be  prime  to  a  and  fo  b  and  to  r,  rf-e.,  then  it  is 
prime  to  their  product  abc .  . . 

For,  if  a'  had  any  factor  in  common  with  alic . . .,  that  is, 
with  a(jbc . . .),  then,  since  a'  is  prime  to  a,  that  factor,  by  the 
pn^KtatioB  above,  muat  divide  be. . .  exactly  ■,  heme,  since  «' 


,    ...o:,.^IOU..flii;sislllcfl.lloVVMlL 

A  [lartieiilnr  case  of  wliicli  is 
Cor.  4.  If  a'  be  frime  to  a  {and  in  particiilai 
tlun  ony  itUegrai  povxr  of  a'  is  prime  to  any  tniej 
g  11.]  It  13  olivious  that,  if  n  and  6  be  twi 
in  an  infinite  number  of  ways  put  a  into  the  for 
q  and  7-  are  integers,  for,  if  wo  take  q  any  integ 
find  r  80  that  a-  qb  =  r,  then  o  =  gi  +  r. 

There  are  two  important  special  cases,  thoa 
we  restrict  r  to  be  numerically  leas  than  b,  luiil  ei 
or  (2)  negative-  In  each  of  these  cases  the  rci 
always  possible  in  one  way  only.  For,  in  case 
greatest  multiple  of  b  which  does  not  exceed  a, 
wlicre  r  <  S  ;  hence  n  =  56  +  r ;  and  in  case  2,  it  J 
multiple  of  i  which  is  not  less  than  c,  then  «  -  5 
r'  <  h.  Also  the  resolution  is  unique  ;  for  supposf 
■.here  were  two  resolutions,  another  being  « =  x 
S  +  r  =  x''  +  P<  therefore  r  —  p  =  (x  -  5)6 ;  hence  r 
J  b ;  but,  r  and  p  being  each  positive,  and  each 
-  pia  numerically  less  than  h,  and  therefore  can 
J  b.  Hence  there  cannot  be  more  than  one  n 
rm  1.     Similar  reasoning  applies  to  case  " 
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The  student  will  also  provo  without  difficulty  that  if  Ike  re- 
mamders  of  a  and  of  a'  teilli  respect  to  b  be  tite  same,  tlien  a -a'  is 
dmaSiie  byh;  and  conrersely. 

Cor.  If  q  be  a  fixed  integer  (sometimes  sjMken  of  as  a  modulus), 
then  eeery  other  .integer  can  be  expressed  in  one  or  othfr  vf  Ike  forms 

63,6^+1,65  +  2,   .   .   .,  bq  +  (q-l), 
where  bis  an  integer. 

For,  as  ve  have  seen,  we  can  put  any  given  integer  a  into 
the  form  bq  +  r,  where  r;^^,  and  here  r  must  liave  one  of  the 
TalueoO,  1,  2,  .  .  .,  (q-  1). 
Eumple.    Take  9=5,  then 

0=0.6,      1  =  0.5  +  1,      2  =  0.5  +  2,       3  =  0.5  +  3,       4  =  0.5  +  1; 
6  =  1.B,      6  =  1.5  +  1,      7  =  1,6  +  2,      8  =  1.5  +  3,       9  =  1.5  +  4  ; 
10  =  2.6,     11=2.5  +  1,     12  =  2.5  +  2,     13  =  2.5  +  3,     14  =  2.5  +  4; 
•nd  loou. 

It  should  be  noticed  that,  since  bq  +  {q-l)=^(b  +  l)q-l, 
ig  +  (3  -  2)  =  (6  +  1)5-2,  Ac,  wo  might  put  every  integer  into 
one  or  other  of  the  forms 

65,  65+  1,  65  +  2,  .  .  .,  Ac 
For  uumple, 

8=2.5-2,     8  =  2.5-1,    10  =  2.6,     11=2.5  +  1,     12  =  2.5  +  2. 
The  ahove  principle,  which  may  be  called  the  periodicity  of 
the  integral  numbers  with  respect  to  a  given  modulus,  is  of  great 
importance  in  the  theory  of  numbers. 

$  12.]  'When  the  quotient  iijli  cannot  be  expressed  as  an 
integer,  it  is  said  to  be  fractional  or  essentially  fractionid ;  if  a  >  6, 
ajh  is  called  in  this  case  an  improper  fraction  ■  if  a  <  6,  a  p'oper 
fradion. 

Hence  no  true  fradion,  jiroper  or  improper,  can  be  equal  to  an 
integer. 

Every  improper  fraction  ajh  can  be  expressed  in  the  form  q  +  r/b, 
vAere  q  is  an  integer  and  rjb  a  proper  fraction.  For,  if  j-  bo  tlic 
least  positive  remainder  wbon  a  is  divided  by  b,  «  =  56  +  r,  and 
ajb  -  (56  +  r)/6  =  5  +  rjb,  where  5  and  r  are  integers  and  r  <h. 
If  two  improper  fradiona  ajb  and  iijIi  be  equal,  their  integnil 
jiarts  atid /Aeir prt^er  fractional  parts  mmt  bt  t<j}ial  seiparatelij.     For, 
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if  thin  were  not  bo,  we  should  have,  say  ajbs^q  +  rfb,  a'jh' 
^j'+r'/y,  and  q  +  TJh  =  ^  -i-r'jb' ;  whence  q-q'  =  T'f!^  -r}b  = 
{r'b  -  rb)jbb'.  Now  r'h  <  h'b  and  rb'  <bb',  hence  r'b  -  rb'  is  muneric- 
ally  < lib'.  In  other  words,  the  integer  q-q'  a  equal  to  a  proper 
fraction,  which  is  iinpossibl& 

§  13.]  We  can  now  prove  that  on  integer  can  be  resdved  into 
fachrs  Khich  are  jmvers  of  primes  in  one  roay  only. 

For,  since  the  factors  in  question  are  poweni  of  primes,  they 
are  prime  to  each  other.  Let,  if  possible,  there  be  two  such 
resolutions,  namely,  a'b'c' . . .  and  a'Vif ...  of  the  same  integer  N. 
Since  a'h'c' .  ..=  a'b'c" . . , ,  therefore  a'b'c' , . ,  ia  exactly  divisible 
by  a".  Now,  since  a"  ia  a  power  of  a  prime,  it  will  be  prime  to 
all  the  factors  a',  V,  c',  .  .  .  save  one,  say  a',  which  is  a  power  of 
the  same  prime.  Moreover,  such  a  factor  as  a'  (that  is,  a  power 
of  the  prime  of  which  a'  is  a  power)  must  occur,  for,  if  it  did 
not,  then  all  the  factors  of  a'b'c' . . .  would  be  prime  to  a",  and 
a"  could  not  be  a  factor  of  N.  It  follows,  then,  that  d'  must  be 
divisible  by  a". 

Again,  since  a'b'c'  .  .  ■  =  a'feV  .  . . ,  therefore  i^b't' is  divis- 
ible by  a',  and  it  follows  as  before  that  a'  is  divisible  by  a'. 

But,  if  two  integers  be  such  that  each  is  divisible  by  the 
other,  they  must  be  equal  (§  6)  j  hence  a"  -  a'. 

Proceeding  in  this  way  we  can  show  that  each  factor  in  tlie 
one  resolution  occurs  in  the  other. 

3  14.]  Ev€fy  remainder  in  tlte  ordinary  process  for  finding  the 
G.C.M.  of  tiooposUipe  integers  a  and  b  can  be  expressed  in  Ike  font 
±  {Aa  -  Bfi),  tehere  A  and  B  are  positive  integral  Mumiers.  The 
upper  sign  hdng  used  for  the  Isi,  3rd,  5tli,  &c.,  and  the  lower  for  the 
2nd,  4lh,  £:c.,  remainders. 

For,  by  the  equations  in  §  9,  we  have  s 


ia-pl] 

(l)i 

}..J^,(.-pl,), 

!««-(i+M)»i 

(2); 

rf, 

-pb]+r;qa-(\-*pq)h). 

!(n-!f)«-(?  +  '+Jv)'i 

<3")  ■, 
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and  BO  on.  It  it  evident  in  fikct  that,  if  t)ie  theorem  holds  for 
any  two  successive  remainders,  it  must  hold  for  the  next.  Now 
eqnatione  (1),  (2),  and  (3)  prove  it  for  the  first  three  remuinders ; 
hence  it  holds  for  the  fourth  ;  hence  for  the  fifth  ;  and  so  on. 

In  the  chapter  on  Continued  Fractions,  a  convenient  process 
will  be  given  for  calculating  the  successivo  values  of  A  and  B 
for  each  remainder.  In  the  meantime  it  is  sufficient  to  have 
established  the  existence  of  these  numbers,  and  to  have  seen  a 
straightforward  way  of  finding  them. 

Cor.  1.  Since  g,  the  G.C.M.  of  a  and^b,  is  the  last  remaiiider,  we 
can  always  express  g  in  tht  form — 

,=  ±(A.-Bi)>  (4), 

where  A  aitd  B  art  positive  integers. 

Cor.  2.  If  a  bo  prime  io}i,g=\\  hence,  If  a  aiid  b  be  ttm 
integers  prime  to  each  other,  tico  positive  integers,  A  and  B,  can 
always  be  found  such  that — 

Affl  -  B6  -  ±1  (a). 

N.B. — It  is  clear  that  A  must  be  prime  to  B.  For,  since  ajg 
and  bfg  are  integers,  /  and  in  say,  we  have,  from  (4), 

1  =  ±  (Ai  -  Bm) ; 
hence,  if  A  and  B  had  any  common  factor  it  would  divide  1  (by 
§  8  above). 

Cor.  3.  From  Cor.  1  and  S  8  we  see  that  every  commm  factor 
of  a  ami  b  mast  be  afiu-lor  in  their  G.C.M. 

A  result  which  may  be  proved  otherwise,  and  will  probably 
-be  considered  obvious. 

Cor.  4.  Hence,  Tojiiid  tlie  G.C.M.  of  more  than  ttvo  itUegnsn,  b, 
£■,(/,.  .  .,  tw  jji«s(  first  fiiul  g  llie  G.C.M.  of  n  and  b,  thfii  tf  (lie 
G.C.M.  of  gaud  e,  then  g"  the  G.C.M.  of  <f  ajid  d,  aad  so  on,  the  last 
G.C.M.  found  bang  the  G.C.M.  of  all  ilte  given  integers. 

For  every  common  factor  of  a,  b,  c  must  be  a  factor  in  a  and 
b,  that  is,  must  be  a  factor  in  g ;  hence,  to  find  the  greatest  com- 
mon factor  ia  a,  b,  c,  we  must  find  the  greatest  common  factor 
in  g  and  e ;  and  so  on. 

From  Cor.  2  we  can  also  obtain  an  elegant  proof   of  the 
ia  the  latter  part  of  §  10. 
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EXAMPLES 


Example  1.  To  express  the  O.C.H.  of  S65  and  SO  in  tlie  fonn  AG6S  -  BOO. 
■\VehaveB85  =  9x60  +  25,  60  =  2x26  +  10,  26  =  2x10  +  6,  10=2x6. 
Hence  tlic  G.C.U.  is  5,  and  wc  have  mccsBUvely 
36  =  565-8x60; 
10=60-2{5e6-9xa0! 
=  -12x866-16x60}; 
6  =  26-2x10 


We 


=  3x6-2x7. 

Hence  A=3,  B=2  ore 

Example  3.  If  a,  b,  e,  d, 
«baw  that  intsgerB  (positiv 
such  that 


I.  Sliow  that  two  integetB  A  and  B  can  be  found  m>  tbat 
6A-7B=1. 
7  =  1x5  +  2,   6=3x2  +  1;   whence    2=7 


1=6-2(7-6) 

integers  aatiafying  Uie  requiiementa  of  the 

.  .  be  a  series  of  integers  whose  O.C.H.  is  g, 
or  negative)  A,  B,  C,  D,  .  .  .  can  be  found 

+  CC  +  IW+.  .  . 


3  =  Aa  + 
(Gauss's  Diaqaimlioiicn  Arithmetics,  Th.  40). 

Find  A,  B,  C,  D,  wlieno  =  36,  4=24,  c  =  18, 4/=30. 

This  result  may  be  easily  arrived  at  by  repeated  application  of  corollariea 
1  and  4  of  this  article. 

Elxample  4.  The  proper  fraction  ploh,  where  a  is  prime  to  b,  can  be  de- 
composed, and  that  in  one  way  only,  into  the  forai 

where  a'  and  b'  are  both  positive,  o'-ca,  b' ■eh,  and  k  is  the  integral  part  of 
a'ja  +  b'/b  ;  that  is  to  say,  0  or  1,  according  to  circumstances. 

IllusCraUt  with  6/36. 

Since  a  Is  prime  to  b,  by  Cor.  2  above, 

Aa-B6=±l  ; 
multiplying  this  equation  by  i^pjah,  we  liave 


If  the  upper  ugn  has  to  be  taken,  resolve  pA  and  jiB  as  follows  (|  1 
pA=tt+i'  {V  positive  <ft), 
yB  =  nio-ii'  {o'  poutive  <a). 
Then  (1)  becomes 


);- 


Now,  since  pjaii  is  a  proper  fraction,  the  integral  pnit  on  the  riglit-haud  side 
of  (2)  must  vanisli ;  hence,  since  the  integral  part  of  a'la+Ii'jb  canuot  exceed 
1,  we  must  have  1-01=0.  or  I-m=-l. 
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If  the  lower  ugu  has  to  be  taken  iu  (1),  we  Imve  merely  to  tiUco  tlie 
nwtlQtion) 

pA  =  ?S- 6' (i' positive  <i), 
j-B  =  ««.  +  a'(o'i.oBitive<ia), 
and  then  proceed  u  before.    We  leave  the  proof  that  the  resolution  is  nuiiiue 
to  the  ingenaity  of  the  reader. 

lUnatnition.  35  =  5x7. 

Now  3xS-2x7  =  l     (seo  Example  2  above) ; 


2x7-H    SxK-a 


A'.£. — If  negative  Dumeratora  are  allowed,  it  is  obvious  that  p/ab  tan 
alwaya  be  decomposed  (sometimes  iit  more  vraya  than  one)  into  an  algebraic 
sum  of  two  filUitions  a'/a  and  b'jb,  where  a'  and  b'  are  numerically  less  than 
o  and  i  respectively.     For  e>;ample,  we  have  8/35  =  3/5-3/7  =  4/7-2/5. 

Example  5.  If  the  n  integers  a,  b,  c,  d,  .  .  .be  prime  to  each  other,  the 
proper  fraction  ji/oAcd  .  . .  may  be  resolved  in  one  way  oiUy  into  the  form 

where  a,  p,  y,  S,  .  .   .  are  all  positive,  a<a,  p<b,  7<c,  S*.i/,  .  .      and  k 
has,  according  to  rircumataucee,  one  or  other  of  the  integral  values 

0,  1,  2,  .  .  .,  11-1. 
(Onusa'a  DaqaUUioiut  Jrilhmcliex,  Tli,  310). 

This  may  be  catabliahed  by  means  of  Example  3. 

Example  S.  'Work  out  the  resolution  of  Example  5  for  the  fraction 
1072B/17017. 

§  15.]  Wo  concltide  this  chapter  with  a  proposition  which  is 
u  old  as  Euclid  (ix.  20), '^  namely — 
The  numbtr  of  prime  iitUgers  is  injiniie. 

For  1«t  a,  /?,  y,  .  .  .,  K  be  any  Beries  of  prime  integers  what- 
soever,  then  we  can  show  that  an  infinity  of  primes  can  be 
derived  from  these. 

In  fact   the  integer  fi/3y . . .  k  h  1  is  obviously  not  exactly 

*  Uoit  of  the  foregoing  pruiiositious  regarding  iutegial  numbcis  were 
kaewn  to  the  old  Greek  gcomettta. 
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divisiblo  by  any  one  of  the  primes  a,  p,  y,  .  .  .,  k.  It  must 
therefore  either  be  itself  a  prime  different  from  any  one  of  the 
series  a,  0,  y,  .  .  .,  k,  or  it  must  be  a  power  of  a  prime  or  a 
composite  integer  divisible  by  Bome  prime  not  occutring  among 
a,  fi,  y, .  .  .,  K.  We  thus  derive  from  a,  P,  y,  .  .  .,  k  ai  least 
one  more  prime,  say  X.  Then  from  <x,  ^,  y,  .  .  ^  k,  A  ire  can  in 
like  manner  derive  at  least  one  more  prime,  ft ;  and  so  on  i»I 
infinUam* 

EXEBCISKS  IV. 

(1.)  If  the  two  fnKtlons  A/B,  o/b  be  eqnal,  sod  tLe  Utter  ba  at  iu  lowert 
terms,  prove  that  A  — fio,  B=/ifi,  where  fi  is  an  integer. 

(2.)  Prove  that  the  sam  or  difference  of  two  odd  nmnbetB  is  aim;!  eren  ; 
the  Bum  or  ili^orcnce  of  an  odd  and  an  even  uaaber  alirays  odd ;  the  product 
of  any  cQtnber  of  odd  numbers  always  odd ;  the  qaotieut  of  one  odd  nnmber 
by  another  always  oild,  if  it  be  integral. 

(3.)  If  o  be  prime  to  6,  tlien — 

IsL  (n  +  J)"'and(a-i)"hflVflrtniosttlieG.C.M.  V  ; 
2nd.  a-'  +  l"  and  n"-!"  have  at  most  the  G.C.BI.  2  ; 
Sid.  a  +  i  and  a'-t-b^-oi  hare  at  moat  the  G.C.M.  3. 

(4.)  The  difference  of  the  squares  of  any  tno  odd  numbers  is  exactly 
divisible  by  8. 

(5.)  The  sum  of  the  squares  of  three  consecutive  odd  numbers  increased 
by  1  is  a  multiple  of  12. 

(6.)  If  each  of  two  fmctions  bo  at  its  lowest  t^rms,  neither  their  sum  nor 
their  difference  can  be  an  integer  unless  the  denominators  be  equal. 

(7.)  Resolve  4573S  and  297676  into  their  prime  factors. 

(8.)  Find  the  Q.C.M.  of  G1643  and  S1319,  using  negative  remainders 
whenever  it  is  of  advantage  t«  do  so. 

(G. )  Prove  that  the  L.  C.  U.  of  two  integers  ia  the  qnotieut  of  their  product 
by  the  G.C.M. 

(10.)  IfsTi,  sn,  !hbetheG.C-M.'a,  /,,  ;„  ^  the  L.C.M.'s,  of  iand  c,  «  and 
a,  a  and  (  raspectively,  O  the  G.C.H.,  and  L  the  L.C.M.,  of  the  three  a,  b, 
e,  show  that 

Isl.   1.  =  ^!!^  ; 


2nd. 


1  h^    /fwa 


(11.)  When  X  is  dividcil  by  jf,  the  quotient  is  b  and  the  rcmaimlcr  v  ; 
show  that,  when  x  and  «y  are  dividcil  by  it,  the  remainders  are  the  Banic,  and 
the  quotients  differ  by  unity. 

*  On  this  subject  see  Sylvester,  Nalurt,  vol.  ixxviii.  (1S88),  p.  261. 


CHAPTEB    IV. 

Distribution  of  Products— Multiplication  of  Rational 
Int^ral  Functions— Rraultingf  Oeneral  Principles. 

GENBBALISKD    LAW    Of   DIHTItlBUTION. 

§  1.]  We  proceed  now  to  develop  some  of  tlic  more  important 
consequences  of  the  law  of  distribution.  Tliis  law  lias  alre^y  been 
stated  in  the  most  general  manner  for  the  ca.se  of  two  factors, 
each  of  which  is  the  sum  of  a  series  of  t*mis :  namely,  we  multiply 
every  term  of  the  one  factor  by  every  term  of  tlie  other,  and  set 
down  all  the  partial  products  thus  obtained  each  with  the  sign 
before  it  which  results  from  a  certain  law  of  signs. 

Let  us  DOW  consider  the  case  of  three  factors,  say 

(a  +  j  +  c  +  .  .  .)(«'  +  //  +  .'  +  .  .  .)(,r  +  r  +  c"  +  .  .  .). 

First  of  all,  we  may  replace  the  first  two  factors  by  the  process 
just  described,  namely,  we  may  write 

(aa'  +  ab'  +  ac'  +  .  .  .  +  bti,'  +  bh'  +  lie'  +  .  .  .)  (>("  +  i"  +  e"  +  .  .   .). 
Then  we  may  repeat  the  process,  and  write 

+  al'a'  +  ab'h"  +  al'd"  +  .   .   . 


+  hn'a."  +  hah"  +  ha'c"  + .  ,  .  .tc, 
vhere  the  original  product  is  finally  replaced  by  a  sum  of 
partial  products,  each  of  throe  letters.  We  have  simplified  the 
matter  by  writing  +  before  every  term  in  the  original  factors,  but 
the  proper  application  of  the  law  of  signs  at  each  step  will  pre- 
Moat  no  diScttlty  to  the  student. 

roL.  I  « 


50  CESEEALISED  LAW  OF  DISTEIBOTION  CHAP. 

The  importint  thing  to  remark  is  that  we  might  evidently 
liavo  arrived  at  the  final  result  by  the  following  process,  which 
is  really  an  extension  of  the  originftl  rule  for  two  factors  : — 

Fm-m  ail  possihle  partiai  produeta  by  taking  a  term  front  each 
factor  (nerer  more  tfinu one  frtmi  each);  determine  the  si^  fcy(fi«  law 
of  signs  {that  is,  if  ihrre  le  an  odd  number  of  negaiite  terms  in  the 
partial  product,  take  tlie  sign  -  ;  if  an  even  twrnier  of  such  or  none, 
take  the  sign  +  ).     Set  down  all  Ihe  partial  products  thus  obtained. 

Cor.  The  mvndier  of  terms  resulting  from  the  distributum  of  a 
product  of  hrachts  ichich  contain  I,  m,  n,  .  .  .  terms  reapedieely  is 
I  xmx  ax  .  .  .  For,  taking  the  first  two  brackets  alone,  eince 
each  term  of  the  first  goes  with  each  term  of  the  second,  the 
whole  number  of  tenua  arising  from  the  distribution  of  these  is 
/  X  m.  Next,  multiplying  by  the  third  bracket,  each  of  the  I  x  m 
terms  already  obtained  must  be  taken  with  each  of  the  n  terms 
of  the  tliird.  ^Vo  thus  get  (/  x  m)  x  ji,  that  is,  ^  x  in  x  n  terms. 
By  proceeding  in  this  way  we  establish  the  general  reiiult. 

It  should  bo  noted,  however,  that  all  the  terms  are  supposed 
to  be  unlike,  and  that  no  condensation  or  reduction,  owing  to  like 
terras  occiirring  more  than  once,  or  to  terms  destroying  each 
other,  is  supposed  to  bo  made.  Cases  occur  in  j^  2  below  in 
which  the  number  of  terms  is  reduced  in  this  way. 

If  the  student  have  the  least  difficulty  in  following  the  above, 
he  will  (juickly  get  over  it  by  working  out  for  himself  the  results 
stated  below,  first  by  BuccesBive  distribution,  and  then  by  apply- 
ing the  law  just  given. 
{a  +  b){c  +  d)[t+/) 

=  rKci-acf+adc  +  mf/-t-lia:-¥lKf+bdc  +  M/ 
[2x2x2  =  S  termii), 
(«- 6)  (■:-<()(■!-/) 

=  aee-ai:/-atle  +  iulf-b<!e  +  b.f+bdt-bd/; 
(n-h)lc-d){t+/+g) 

=rux  +  aef  +  aeg  -  aile  -  at//-adg-  bee  -  Irf  -  beg  ^  hdt  -k-hlf+biJii 
(2x2x3  =  12l«tns). 

S  2.]  It  was  proved  above  that  in  the  most  general  case  of 
distribution  the  number  of  resulting  terms  is  the  product  of  the 
numbers  of  terms  in  the  different  factors  of  the  product.  An 
examination  of    the  particular  cases  where   reductions  Ttia.j  \ie 
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aftanranis  effected  will  lead  us  to  some  important  practical 
results,  Slid  will  also  bring  to  notice  certain  iinj)ort;uit  principles. 

Consider  the  product  (a  +  b)(a  +  h).  By  the  general  rule  the 
distribution  will  give  2x2  =  4  terms.  We  observe,  however, 
that  only  two  letters,  a  and  li,  occur  in  the  product,  and  that 
only  three  really  distinct  products  of  two  factors,  namely,  ax  a, 
axb,  b  X  b,  that  is,  a',  nb,  b',  can  be  formed  with  these ;  hence 
among  the  four  terms  one  at  least  must  occur  more  than  once. 
In  fact,  the  term  axb  {or  b^  tt)  occurs  twice,  and  the  result  of 
the  distribution  is,  after  collection, 

^U8  may  of  course  be  written 

(a  +  hy^a'  +  2ab  +  h'  (1). 

Similarly  («  -  i)'  =  «'  -  '2'fl.  +  //  (li). 

In  the  case      (a  +  b)  (a  -  J)  =  »"  -  /.'  (3), 

the  term  ah  occurs  twice,  once  with  the  +  and  again  with  the  - 
sign,  80  tiiat  these  two  terms  destroy  each  other  when  the  final 
result  is  reduced. 

Before  proceeding  to  another  example,  let  us  write  down  all 
the  possible  products  of  three  factors  that  can  be  made  with  two 
letters,  a  and  b.     These  are  a\  a'b,  ab',  b',  four  in  all. 

Hence  in  the  distribution  of  (a  +  b)',  that  is,  of  (n  +  b)  (a  +  b) 
(a  +  b),  which  by  the  general  rule  would  give  2x2x2  =  8  terms, 
only  four  really  distinct  terms  can  occur.  Let  us  sea  what  terms 
recur,  and  how  often  they  do  so.  a'  and  b*  evidently  occur  each 
only  once,  because  to  get  three  a'e,  or  three  b'a,  one  must  be 
taken  from  each  bracket,  and  this  can  be  done  in  one  way  only. 
ffb  may  be  got  by  taking  (  from  the  first  bracket  and  a  from 
each  of  the  others,  or  by  taking  the  b  from  the  second,  or  from 
the  third,  in  all  three  ways ;  and  the  same  holds  for  ab'.  Thus 
the  result  is 

(a  +  by  =  a'  +  3u'b  +  Sab'  +  b*  <4). 

In  a  similar  way  the  student  may  establish  for  himself  that 
(fl  -  by  =a'-  Za'b  +  Zab'  -  b'  (5), 

(a  ±  i)'  =  a'±  ia'b  +  6'(V,'  ±  4r.l,'  \  I,*  (,(i^, 
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and,  remembering  that  the  possible  binary  products  of  three 
letters,  a,  h,  e,  are  a',  b',  c*,  6c,  ca,ab,nx  ia  number,  that — 

{«  +  6  +  f)'  =  a'  +  fi'  +  c*+36e+2ca  +  2ai  (7), 

(n  +  /.  -  e)'  =  a*  +  fi*  +  e*  -  2ic  -  2ai  +  2rt6  (8), 

Ac 
The  ternary  products  of  three  letters,  a,b,  c,  are  a',  a'b,  a'c, 
ah*,  oc*,  (^,  b",  b'c,  he',  <?.  The  enumeration  is  made  more  certain 
an<l  systematic  by  first  taking  those  in  wliich  a  occurs  thiice, 
then  those  in  which  it  occurs  twice,  then  those  in  which  it  occurs 
once,  and,  lastly,  those  in  which  it  does  not  occur  at  all* 

Bearing  this  in  mind,  the  student,  by  following  the  method 
we  are  illustrating,  will  easily  show  that 

{a+b^cy^{a^b^c)(a  +  b^c)(a^b^c). 

=  a'  +  ft'  +  (^  +  3b'c  +  Site*  +  3(^a  +  Sea' 

+  3a'b  +  3i>b'  +  Gabc  (9), 

from  which  again  ho  may  derive,  by  substituting  (see  chap,  i., 
§  24)  -  c  for  c  on  both  sides,  the  exj>ansion  ot  {a  +  b- c)',  and  so 
on.  Ho  should  not  neglect  to  verify  these  results  by  successive 
distributions,  thus : — 

(a  +  b  +  cy^{a^b^cy{a^b^c) 

=  («'  +  i'  +  c"  +  26c  +  2ca  +  2ab)  (a  +  b  +  c) 
=  a'  +  a6'  +  flc*  +  2abe  +  2ca'  +  2a'b 
+  a'6  +  6'  +  ic"  +  26*e  +  2aic  +  2o6' 
+  ca'  +  b'c  +  <?  +  2b^  +  2c'a  +  2ffl6c 
=  &c. 
It  is  by  such  means  that  he  must  convince  himself  of  the 
coherency  of  algebraical  processes,  and  gain  for  himself  taste  and 
skill  in  the  choice  of  his  methods. 

*  There  is  another  way  of  cluiirying  tlie  products  of  a  givea  degree  irlijch 
is  even  more  important  and  which  the  atudont  should  notice,  namely,  accontiog 
to  type.  AU  the  terms  that  can  he  derived  from  one  another  by  interchanges 
among  the  variables  are  said  to  be  of  the  same  type.  For  example,  consider 
the  ternary  productaof  a,  6,  e.  From  n' wo  derive,  by  interchange  of  iandn,  6^; 
from  this  again,  by  interchange  of  b  and  c,  i?  :  no  more  can  be  got  in  tliis  way, 
so  that  a',  6^,  tf  form  one  ternary  type  ;  h-c,  bifl,  rn,  fn',  a'b,  alP,  form  another 
ternary  typo  ;  and  abc  a  third.  Thus  the  ternary  products  of  three  variables 
fall  into  three  types. 
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Let  UB  consider  one  more  case,  namely,  {6  +  c){c-t  a)  (a  +  b). 
Here  even  all  the  ten  permissible  ternary  prodiicts  of  a,  b,  c  cannot 
occur,  for  a',  6",  (^  are  excluded  by  the  nature  of  tlio  casp,  since 
a  occurs  in  only  two  of  the  brackets,  and  the  Siime  is  true  of  b 
and  c.  In  fact,  by  the  process  uf  eniiineration  and  counting  of 
recurrences,  we  get 
(6  +  c)  (e  +  a)  (a  +  6)  =  ic'  +  b'c  +  ea'  +  e'a  +  ah'  +  ,i'b  +  2a/iC  (10). 

Id  the  product  (b  -  c){c-  a)  {a  -  h)  the  term  nhc  occurs  twice 
with  opposite  signs,  and  there  is  a  further  reduction,  namely, 
(J  -e){c-  a)  (n  -  6)  =  6c'  -  b'c  +  ea' -  c',i  +  ab'  -  a'b  (11). 

Z  Notaiion. — InsteBil  of  writiug  out  at  length  UiE  anni  of  all  th«  terms  uf 
the  tains  type,  wy  bc  +  ca  +  ab,  tlie  aUbreviatinn  ^bc  is  often  uikiI  ;  tliitt  is  to 
Biy,  ne  write  only  ona  of  Ihu  teniis  iii  qiicstiou,  and  |ireGx  the  Greek  letter 
S,  which  ilands  for  "sum,"  or,  more  fully,  "huiq  of  all  terms  of  the  sama 
type  u."  The  exact  meaning  of  1  dc|>eii(U  on  tlic  number  of  vnrialiles  that 
■n  in  qncatioD.  For  example,  if  there  be  only  two  variables,  a  and  b,  then 
Zoi  meaiiB  simply  ab ;  if  there  be  four  vanablee,  i,  b,  c,  d,  then  Zah  tueans 
ab+ac  +  ad+bc  +  bd  +  ed.  Again,  if  tlwre  be  two  variables,  a,  b,  Zn^i  means 
4^b+aff;  if  there  be  three,  a,  b,  c,  lii'i  meaiia  a-b  +  nb'  +  a-c  +  eu-'  +  lrc  +  be'. 
Umally  the  context  shows  liow  many  variables  are  understood  ;  but,  if  this 
ii  not  so,  it  may  bo  indicated  either  by  writing  the  Tariablua  under  tlio  £, 
thus  Z«i,  or  otherwise. 

This  notation  is  much  used  iu  the  higher  mathematics,  and  will  be  fonnil 
my  naefiil  iu  saving  hbour  even  in  elementary  work.  For  example,  the 
leralls  (4),  (B),  and  (10)  above  may  be  written— 

(«  + 6 +  .;}>=  Si-' +  32(1=1  +  6n4i- ; 
(6  +  t){c  +  a)(<.+  6)-S™=64-2afc. 
By  means  of  the  ideas  explained  in  the  present  article  the  reader  shoutil 
find  no  difficulty  in  establiahing  the  following,  wiiieh  are  generalisations  of 
(l)andW.— 

(a  +  i+c+rf+   .  .  .  )-^2o'  +  2i:«6  (12), 

ia  +  b  +  c-¥d+  .  .  .  y  =  ^t'-*-31d'b  +  6^tbc  (13), 

the  number  of  variables  being  any  whatever. 

n  Kaialion. — There  is  another  abbreviative  notation,  closely  allied  to  the 
one  we  have  just  been  exjilaining,  which  is  sometimes  useful,  and  which  often 
appears  in  Contiuental  works.  If  we  have  n  product  of  terms  or  functions  of 
a  given  set  of  variables,  which  are  all  diflereut,  but  of  tliv  same  tj]>c  (that  is, 
derivable  from  caeb  other  by  intcrcbauges,  sec  p.  52),  tliia  is  contracted  by 
writing  only  one  of  the  tenos  or  functions,  and  prvfixiug  till;  Creetc  letter  II, 
which  stands  for  "  product  of  all  of  tlie  same  type  as."  Thus,  iu  the  case  of 
tbno  TMiitblta,  a,  6,  c. 


PRINCIPLE  OF  SDBSTITDTION 


We  might,  for  eiamplf,  write  (10)  above — 

U(6  +  c)  =  2Ji=c  +  2nic. 
§  3.]  Hitherto  we  have  cOBsidered  merely  factors  made  up  of 
letters  preceded  by  the  signs  +  and  -  .  The  case  whore  they  are 
affected  by  numerical  coefficients  is  of  course  at  once  provided 
for  by  the  principle  of  association.  Or,  what  comes  to  the  same 
thing,  cases  in  which  numerical  coefQcients  occur  can  be  derived 
by  subetitution  from  such  as  we  have  already  considered.  For 
example — 

(3a  +  2*)'={(3a)  +  (2i)}' 

=  (3<0'  +  3(3a)'(2S)4-3(3«){26)'  +  {26)', 
whence,  by  rules  already  established  for  monomials, 

=  27a!'  +  Sia'b  +  S6ah'  +  8b'. 
{a-2ft+5c)*  =  {(a)  +  (-26)-h(5c)i' 

=  (a)'  +  (  -  2h)'  +  (5c)'  +  2(  -  26)(5c)  +  2{5c)(a)  +  2(,r)(  -  2b) 
^  a' +  4b' +  2o<^  -  20hc  +  Wca-iab. 
The  student  will  observe  that  in  the  final  result  the  general 
form  by  means  of  which  this  result  was  obtained  has  been  lost, 
so  far  at  least  as  the  numerical  coefficionts  are  concerned. 

§  4.]  It  is  very  important  to  notice  that  the  principle  of 
substitution  may  also  be  used  to  deduce  results  for  trinomials 
from  results  already  obtained  for  binomials.   Thus  from  (a  +  b)'  = 
a'  +  Za'b  +  Ztih'  H  b',  replacing  b  throughout  by  6  +  c,  we  have 
{a  +  (J  +  c)]'  =  a'  +  3«'{6  +  c)  +  3a(i  +  c)"  +  (6  +  c)' 
=  a'+  3a'b  +  Wc 

+  3a{b'  +  2bc  +  (?) 


+  b'^e'+3Vc 


+  3^*  + 
Gak. 


By  association  of  parts  of  tlie  factors,  and  by  parUai  distri- 
bution in  the  earlier  parts  of  a  reduction,  labour  may  often  be 
saved  and  elegance  attained. 
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For  extmple — 

=  \{a-i-c)-Hb-d)\[{n  +  c)-{h-.iy,; 
={a*c)'~(b-d)'. 

by  formula  (3)  abuvt; ; 

Again, 

ia+b+t){h+c-a){c+a-b){>,+b-e) 

I>y  a  ilouble  aiiplk-atioii  of  rormuln  (3) ; 

=  {6»+2ii'  +  c=-a=}  !<i'-i^  +  24c-<r'; ; 
=  {'lbe  +  (e'  +  e'-a'))>,2bc-{l/'  +  <?-»')\; 

byrotlu»ln(3); 
=  4iV  -  (4' +  c*  +  a' +  2tV  -  2™' -  2ii=i-) ; 
=  2i'e=  +  2ir'ci'  +  2i(=6^  -  a'  -  6*  -  iH, 
■  result  which  tlie  atnileut  n'ill  mett  uitli  agaiii. 

§  5.]  There  is  an  important  general  theorem  which  follows 
BO  readily  from  the  results  establislied  in  ^  1  and  2  that  we  may 
give  it  here.  If  all  tlie  krms  iu  all  llie  fiidom  of  a  proJiicl  be 
simple  letters  viiaceompiinkd  hij  numerical  earjffideids  and  all  affected 
vnih  the  posittn  sign,  then  tlie  sum  of  the  coefficients  in  the  distrilmleJ 
value  of  Ihepralud  will  be  Ixmx  u  x  .  .  .,  irliere  I,  in,  w,  .  ,  .  are. 
the  numbers  of  the  terms  in  the  resjteeliee  faeliirs. 

This  follows  at  once  from  the  consideration  that  no  terms 
can  be  lost  since  all  aro  positive,  and  that  the  numerical  co- 
efficient of  any  term  in  the  distribution  is  simply  the  number  of 
times  that  that  term  occurs. 

Thus  in  formuhe  (4),  (6),  and  (10)  in  §  2  a1x>ve  we  have 
1+3  +  3  +  1  =2x2^  2, 

1+4  +  1)+  1+1         -2x:!x2x2, 
1  +  1  +  1  +  1+1  +  1  +  2  =  2x2x2, 
&c 
In  formnliB  (8)  and  (11)  of  g  2,  and  in  the  formula;  of  g  3, 
the  theorem  does  not  hold  on  account  of  the  apjwarance  of 
n^ative  signs  and  numerical  coutficiciits. 

The  following  more  general  theorem,  which  includes  the  one 
jurt  stated  as  a  particular  case,  will,  liowever,  always  apply  : — 
Tia  al^raie  sunt  of  Ihe  cae^dciils  m  tlm  cj-jKiiisioa  o/  aivij 
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product  may  he  ohkiined  from  the  product  itself  hy  replacing  each  of 
the  variables  hy  1  throughout  all  the  factors. 
Thus,  in  the  case  of 

{a^h  -  c)*  =  rt"  ^  h^  •\-  c'  -  2bc  -  2ai  +  2ab, 
we  have         (1  +  1  -  1)'  =  1  =  1  +  1  +  1  -  2  -  2  +  2. 

The  general  j)roof  of  the  theorem  consists  merely  in  this — 
that  any  algebraical  identity  is  established  for  all  values  of  its 
variables  :  so  that  we  may  give  each  of  the  variables  the  value  1. 
"Wlien  this  is  done,  the  expanded  side  reduces  simply  to  the 
algebraic  sum  of  its  coefficients. 

EXEKCISES  V. 
(1.)  How  many  terms  are  there  in  the   distributed  product  {a^+ct^) 
(6i  +  6a  +  y(Ci  +  Ca  +  Ca  +  C4)((£i  +  rfo  +  </3  +  d4  +  (y? 

Distribute,  condense,  and  arrange  the  following  : — 

(2. )  {X  +  y)  {X  -  y)  (^  -  r)  {j^  +  y-f, 

(3.)  (^  +  T/2)(x2-r)(;r*  +  t/). 

(4.)  {x  +  y)\x-y)\ 

(5.)  {x-\-2y)\x-2yy. 

(6.)  (6  +  c)(c  +  a)(a  +  6)(6-c)(c-rt)(«-e>). 

(7.)  (a^^  +  ^  +  l)^ 

(8.)  (3a  +  26-l)». 

^  (9.)  ^^+;r+i+uj.y- 

(10.)  (a  +  i  +  c)*,  and  (a-6-rA 

(11.)  Write  down  all  the  quaternary  products  of  the  three  letters  ar,  j/,  z  ; 
]K)int  out  how  many  diirerent  types  they  fall  into,  and  how  many  products 
there  are  of  each  ty^HJ. 

(12.)  Do  tlio  same  thing  for  tlie  ternary  products  of  the  four  letters  a,  6,  c,  d. 

(13.)  Find  the  sum  of  the  coefficients  in  the  cxi>an8ion  of  (2rt  +  3ft  +  4c)'. 

Distribute  and  condense  the  following,  arranging  terms  of  the  same  type 
together : — 

\i>-c     c-a     a-hj  \h-\-c    c  +  rt     a-rhj 
(15.)  {^^■■\-y^rCr-j\y-Vz-x)-y{z-\-x-y)-z{j.^ry-z\ 
(16.)  (6-  ii){h->rC-u)-\-{c-(.i){<:^ii-h)-^[a-h){_a^-h-c). 
(17.)  ('/4-c)(y4-c)  I- (c  +  «)(r +  .'•)  +  ('«  + ^)(-^  +  !/)-(<H-i' ^-c)(ic  +  2/  +  i). 
y    (18.)  ^a(?»  +  c-«)-Il(6  +  c-a).* 

*  "\Vln.'n'ver  in  this  s»t  of  exorcises  the  abbreviative  symbols  !^  and  II  are 
iisi'd,  it  is  uiHhrsttKxl  that  tbn-e  letters  only  are  involved.  The  student  who 
linds  didiculty  with  the  hitter  part  of  this  set  of  exorcises,  should  iK)stiK)ne 
tlieni  until  he  lia.s  read  the  rest  of  this  chapter. 
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Show  that 
^(19.)  (x+y)'=2(^  +  (r'){i+!/)'-(V!=-y>)». 
(20.) 

=  {a*-ia.*b  +  6a'b''-iae•■^b')x'. 
(■21.)  {i!'-a!f'){xf^-«y-'i  =  (xx-±a!r/)'-a{xy-±yxr; 
(j:=  -  air')' =  (i"  +  Sn.ry')-^  -  fl(3a^p  +  ay')^ ; 
(jt"  -  Bi/>  -  Ci=  t  BCi,')  (r"  -  %'=  -  Cc-' +  BC«'=) 
=  {aa:'  +  Byy'±C(>='  +  Buu')l  =  -B{V  +  ^!'±C{!c'  +  «':)[' 

-Clc'-Bi/«'±(=t'-B«j(')!'  +  BC|!,;'-.fu'±(<«'-:(/'):=. 
Laijraiigc. 
The  theorems  (21.)  are  of  great  importaocc  in  the  theory  or  numbers ;  thej 
■how  that  the  prodocta  and  powern  of  numbers  ]iaving  a  certain  form  are 
numberaof  the  tame  fonn.    They  are  gpneralisatiunn  of  tlie  formuhu  numbered 
V.  in  the  table  at  the  end  of  this  chapter. 
Distribute,  conJenBc,  and  arriuige — 
(22.)  Sa:^-U(b  +  c). 
<23.)  2a(Sa'  +  Shc)  +  ZaSa=-2(i  +  e}'. 
(24.)(i-,)(i  +  c)'  +  {<:-<i)(.  +  «)'  +  {«-l){a  +  6)'. 

(25.)  DiitribuU) 

.      {{a  +  i)^-ofcr;,  +  («-i)ir'H(a-i)j)S  +  ot.T/  +  («  +  6)y'); 
and  arntnge  the  result  in  the  form 

it*  +  Bj:^  +  OdV  +  D  V  +  Ei/*. 
Show  that 

^27xy(ir  +  y)lj'+X!/  +  ^f. 
(27.)Si2(x'+^  +  ir)(^  +  ;«  +  i')-(!/»  +  !«  +  :=)=i=3i=jp;=. 
(28.)  Ji2a=(i  +  e)'  +  2a*(2o!  =  tIfc.-;'. 
(29.)  2(n-i)(«-<)={2a'-Sfe{. 
(30)  (3'^-26'-"V)'+ti'"'-i')'_(3rff6--2.!'-  "  -  ■  ""      *■* 


GENKRAL  THEORY   OF    IXTEtJRAL   FUNCTIONN. 

§  6.]  Afl  we  have  now  mado  u  beginning  of  the  investigation 
of  the  properties  of  rational  integral  algebraical  functions,  it  will 
be  well  to  define  p-ecisely  what  is  meant  by  this  term, 

%Vo  have  already  (chap,  ii.,  IS  D)  defined  a  rational  integral 
nlgebraical  term  as  the  product  of  a  numlicr  of  positive  intcgml 
powers  of  various  letters, .%  y,  v,  .  .  .,  callodtlio  variables,  multi- 
plied by  a  coefficient,  which  niay  be  a  |K>sitivo  or  nog!iti*o  number, 
or  a  mere  letter  or  function  of  a  letter  or  luttcni,  but  must  nut 
D  or  depend  upon  the  variables. 
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A  rational  integral  algebraical  function  is  tlie  algtbratcal  sum  of 
a  series  of  rational  iiUegral  algebraiealterms.  Thus,  if  »;,  y,  j,  ...  be 
the  variablea,  /, ?«, it,  .  .  .,  /',  m',  n',  .  .  .,  l",  m",  n",  .  .  .  positive  in- 
tegral numbers,  and  C,  C,  C",  .  .  ,  coefficients  aa  above  defined, 
then  the  type  of  such  a  function  as  we  have  defined  is 

Cj^ij'-h^  .  . .  +  Cxfy^'z"' ...+  C'uf'tf'z"' . . .  +  &c. 
For  shortness,  we  shall,  when  no  ambiguity  is  to  be  feared,  speak 
of  it  merely  as  an  "integral  function." 

To  ftx  the  notion,  wc  give  a  few  e|i«cial  examples.     Thus 
(a)  3j?  +  3j^  +  2^  is  an  integral  function  of  j;  and  y  ; 
ip)  aJ'  +  bxtt  +  ey',  a,  b,  c  being  independent  of  r.  and  y,  is  an  integral 
function  of  z  and  y  ; 

(7)  Sj^-iir'  +  ar  +  liBiui  integral  function  of  jr  alone  ; 

(8)  i  +  4  +  "~^  "^  '"  integral  function,  if  x,y,:he  regarded  aa  tlie 

variables  ;  but  ia  not  an  itiieifral  function  if  the  variables  ba 
taken  to  be  x,  y,  :,  a,  b,  e,  or  a,  b,  c  nlone. 

Each  term  has  a  "degree,"  according  to  the  definition  of 
chap,  ii.,  §  6,  which  is  in  fact  the  Eiim  of  the  indices  of  the  vari- 
ables. The  degrees  of  the  various  terms  will  not  in  general  be 
alike ;  but  the  degree  0/  an  integral  functiuR  is  defined  to  be  the 
degree  of  the  term  of  kigliesl  degree  tliat  occurs  in  U. 

For  example,  the  degree  of  (a)  above  in  x  atid  y  ia  the  3nl,  of  (P)  the 
2nd  in  j:  and  y  and  the  Ist  in  a,  b,  <:,  of  (7)  in  x  the  3rd,  of  (i)  in  r,  y,  z  the  Ist. 

§  7.]  From  what  has  already  been  shown  in  this  chapter  it 
appears  that,  in  the  result  of  the  distribution  of  a  product  of  any 
numlwr  of  integral  functions,  each  term  arises  as  the  product  of 
a  number  of  integral  terms,  and  is  therefore  itself  integt^. 
Moreover,  by  chap,  ii.,  §  7,  the  degree  of  each  such  term  is  the 
sum  of  the  degrees  of  the  terms  from  which  it  arises.  Hence 
the  following  general  propositions : — 

The  product  of  ani/  number  of  integral  fuuetions  ia  an  integral 
function. 

The  hifihe^*  term  in  the  distrihded  jioduet  i>  the  product  0/  the 

•  lij'  "highest  tenii "  is  meant  lenii  of  Itigliest  degrve,  by  "loiteat  terui" 
tvrui  of  lowest  degree.  If  tlicre  be  a  term  wliich  does  not  contain  the  vati- 
aMra  at  all,  its  degree  U  raid  to  be  zero,  and  it  of  course  would  be  the  lowest 
term  in  an  integral  function,  for  example,  4- 1  in  {y)  above. 


At^kof  termt  ef  tit  imraJ  fj-icr*.  jiri  i'«  ,\-:,ys;  frr. ,  i<  rv  yr.vui-l 
of  ikeir  /owerf  lermi. 

The  deyrtf  of  Uu  pnnimet  iif" ii  tkwi^^r  if  ihUjrAl  luuciims  is  tv 
turn  o^  tie  Jr^rtts  t>/  tiu  mt^ iW  Joftcrf. 

£T«ry  id«ntitr  alreadr  pvon  in  this  ch«pUT.  and  all  th<.>so 
that  follow,  will  afford  the  Etudeot  the  means  of  verifying  these 
propositions  in  puticoUr  cases.  It  is  therefore  needless  lo  do 
more  than  call  his  attention  lo  their  importance.  They  fi.'mn,  it 
may  be  said,  the  eomerstonej  of  the  theory  of  algebniie  fonus. 

lNTtX;RAL  Fl'-VCTIOXS  OF  OSE  VABUELE. 
§  S.]  The  rimplest  case  of  an  integral  function  is  that  where 
there  is  only  one  variable  J-.     As  thi»  case  iii^  of  great  im|xirtauce, 
wfl  shall  consider  it  at  some  length.     The  genenl  t\-j>e  is 

where 7>,,7>:.  .  .  .,j'h  arv  the  various  coefficients  and  n  is  a  {Misi- 
tire  integral  number,  which,  being  the  index  of  the  highest  term, 
is  the  degree  of  the  function.  The  function  has  in  genenil  »  +  1 
terms,  but  of  course  some  of  these  may  be  wanting,  or,  which 

amouDts  to  the  same  thing,  oneormore  of  the  letters^),,  J), p^ 

may  have  zero  value. 

g  9.]  When  products  of  integral  functions  of  one  vuriable 
have  to  be  distributed,  it  is  usually  retiulred  at  the  same  time  to 
arrange  the  result  according  to  powers  of  .r,  as  in  the  typical 
form  above  indicated.  We  proceed  to  give  various  instances  of 
this  process,  using  in  the  first  place  the  method  dcscrilied  in 
the  earlier  part  of  this  chapter.  The  student  should  exorcise 
himself  by  obtaining  the  same  results  by  successive  distribution 
or  otherwise. 

In  the  case  of  two  factors  (.r  +  n)  (j-  +  I),  we  see  at  once  that 
the  highest  term  is  /,  and  the  lowest  ab.  A  term  in  j:  will  Iw 
obtalDed  in  two  waj's,  namely,  it.r  and  hi ;  hence 

(r  +  «)(r  +  t)  =  /  +  (<r  +  ;.).r  +  „/,  (i). 

This  Tirtumlljr  includes  tdl  iiossiblu  vxiv* :  Tur  oxanii>k-,  I'liltiii^'  -<i  for  a 
Wftgrt 


rr  BINOMIAL  THEOREM  61 

wbere  P,  signifies  the  algebraic  sum  of  all  tho  a'a,  F,  the  alge- 
braic sum  of  all  the  products  that  can  be  formed  by  taking  two 
of  them  at  a  time,  P,  the  sum  of  all  the  products  three  at  a  time, 
and  BO  on,  P„  being  the  product  of  them  all. 

§  10.]  The  formula  (4)  of  §  9  of  course  includes  (1)  and  (2) 
already  given,  and  there  ia  no  difficulty  in  adapting  it  to  special 
cases  where  negative  signs,  &c.,  occur.     The  following  is  par- 
ticularly important ; — 
{x-aXx-a,)...{x-a„) 

=  ^-  P.«»-'  +  P^-=  -...  +  (  -  l)"-^V„.,x  +  ( -  1)"?,.  (1). 
Here  P,  P,,  &c.,  have  a  slightly  different  meaning  from  that 
attached  to  them  in  §  9  (4) ;  F,,  for  example,  is  not  the  sum 
of  all  the  products  of  -a„  -a,,  .  .  .,  -  n,„  tjiken  three  at  a 
time,  but  the  sum  of  the  products  of  +  a„  +  a„.  . .,  +  a^,  taken 
three  at  a  time;  and  the  coefficient  of  a^'"^  is  therefore  -P,, 
since  the  concurrence  of  three  negative  signs  gives  a  negative 
aign.     As  a  special  case  of  (1)  let  us  take 

(a:  _  a){T  -  'ia){x  -  U)(i.  -  ia)  =  x' -  P,!'  +  Ppr"  -  P^  +  P.. 
Here  P,  =  n  +  2a  +  3a  +  4a  =  10a, 

P,=  1  X  2a'  +  l  X  3fl'+  1  X  4a*+  2  X  3<i'+  2  x  4a'+  3  x  4a' 
=  3Sa', 

P,=  2xSx4a'+l  x3x4a*+l  x2x4a*+l  x3x  3o' 
=  50a', 

P4=lx3)t3x  4a'  =  24re'. 
So  that         (a!  -  o)(2  -  2a)(a;  -  Za){x  -  ia) 

=  z'-  10(tE'  +  36aV  -  bOa'x  +  24a'. 
§  11.]  Another  important  case  of  g  9  (4)  is  obtained  by 
making  a,^a,'^a,  =  .  .  .  =  a„,  each  =  a  say.  The  left-hand  side 
then  becomes  (x  +  a)".  Let  us  see  what  the  values  of  P„  P„  .  .  ., 
P„  become.  Pi  obviously  becomes  tta,  and  Pn  becomes  a".  Con- 
sider any  other,  say  P^;  the  number  of  terms  in  it  is  the  number 
of  different  sets  of  r  things  that  we  can  choose  out  of  n  things. 
This  number  is,  of  course,  independent  of  the  nature  of  the 
things  chosen ;  and,  although  we  have  no  means  as  yet  of  calcu- 
lating it,  we  may  give  it  a  name.     The  symbol  generally  in  use 
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for  it  in  „Cr,  the  first  suffix  denoting  the  number  of  things  chosen 
from,  the  second  the  number  of  things  to  be  chosen.  Again, 
each  term  of  P,  consists  of  the  product  of  r  letters,  and,  since  in 
the  present  case  each  of  these  is  a,  each  term  will  be  a'.  All 
the  terms  being  equal,  and  there  being  „Cr  of  them,  we  have  in 
the  present  case  P^  -  n^fi'.    Jlence 

(j;  +  a)''  =  3:"  +  nffic"-i  +  „C^V-«  +  „C^V-s  +  .  .  .+a»j 
or,  if  we  choose,  since  „C,  -  n,  „C„  =  1,  we  may  write 
(x  +  fl)"  =  z"  +  „C,a^"-»  +  „C^'i"-s  +  ...  +  „C„.,a»-%  +  „C„a»  (1). 
nds  is  (he  "  binomial  Iheorem  "  fcr  positive  inieffrai  ujMments,  and 
the  numbers  „C,,  „C„  „Cj,  .  .  .  are  called  Ihe  Unomial  eoeffiaeiUs  of 
the  nih  order.  They  play  an  important  part  in  algebra ;  in  fact, 
the  student  has  already  seen  that,  besides  their  function  in  the 
binomial  expansion,  they  answer  a  series  of  questions  in  the 
theory  of  combinations.  When  we  come  to  treat  that  subject 
more  particularly  we  shall  investigate  a  direct  expression  for  „Cr 
in  terms  of  n  and  r.  Later  in  this  chapter  we  shall  give  a  pro- 
cess for  calculating  the  coefficients  of  the  different  orders  by 
successive  additions. 

By  substituting  successively  -a,  + 1,  and  -  1  for  o  in  (1) 
we  get 

(3;-a)"=:»;''-„C,(w"-'  +  „C^V-*-„C^'a?'-U.  .  . 

+  (-inC„a"  (2); 

(2+l)"  =  a^  +  „C,i^-U„Crr"-«  +  .   .   .  +  „C„  (3); 

(j:-I)"  =  a"-„C,x"-»  +  „Crr"-'-.   .    .+(-l)\C„    \i); 
and  an  infinity  of  other  results  can  of  course  be  obtained  by 
substituting  various  values  for  x  and  a. 

%  12.]  In  expanding  and  arranging  products  of  two  integral 
functions  of  one  variable,  the  process  which  is  sometimes  called 
the  long  rule  for  multiplicaiion  is  often  convenient.  It  consists 
simply  in  taking  one  of  the  functions  arranged  according  to 
descending  [)owers  of  the  variable  and  multiplying  it  successively 
by  each  of  the  terms  of  the  other,  beginning  with  the  highest 
and  proceeding  to  the  lowest,  arranging  the  like  terms  under 
one  another.     Thus  we  arrange  the  distribution  of 
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u  follovrs  : —  a:*  +  2x'  +  2a;  +  1 

^'    /  +1 


a!*  +  2/ +  2*' +   / 
-    a:'-2/-2j^- 
+    a;' +  2/  + 


i* 

»'+  «■+  ^* 

X^ 

1. 

again 

(pjf  +  qx  +  r)ir^  +  qx 

*p) 

J"- 

*V 

+  r 

r^ 

*p 

*P 

pr.- 

*r^ 

*y'i' 

*n'' 

+  5V 

+  )ra 



+,V 



+£P_ 

+)»• 

^i'  +  (yj  +  yry  +  {/>'  +  q'  +  f'y  +  {pq  +  qr)x  +  j-r. 
The  advantage  of  tliia  flcbeme  consiBts  merely  in  tlie  fact  that 
like  powers  of  x  are  placed  in  the  some  vertical  column,  and  that 
there  is  an  orderly  exhaustion  of  the  partial  products,  so  that 
none  are  likely  to  be  missed.  It  possesscB  none  of  the  funda- 
mental importance  vhich  might  be  suggested  by  its  prominent 
position  in  English  elementary  text-books. 

g  13.]  Method  of  Detached  Coeffidfitls.—'Wbm  all  the  powers 
are  present  a  good  deal  of  labour  may  be  saved  by  merely 
writing  the  coefficients  in  the  scheme  of  §  1 2,  which  are  to  bo 
multiplied  together  in  the  ordinary  way.  The  powers  of  x  can 
he  inserted  at  the  end  of  the  operation,  for  we  know  that  the 
highest  power  in  the  product  is  the  product  of  the  highest  powers 
in  the  two  factors,  and  the  rest  follow  in  order.  Thus  we  may 
arrange  the  two  multiplications  given  above  as  follows : — 

1+2+2+1 

1-1+1 

1+2+2+1 
-1-3-2-1 
+1+2+2+1 

jTl+T+i  +  i  +  i: 
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whence 

(/  +  2/  +  2.r  +  1)(/  -  a;  +  1)  =  /  +  /  +  .r^  +  a:*  +  x  +  1. 
Again, 


p 

+  !Z 

+  r 

r 

+  (? 

+  p 

pr 

+  qr 

+  7^ 

+j)q 

+  ?• 

+  qr 

+  / 

+  pq+pr 

pr  +  (qr  +  pq)  +  (p^  +  q'  +  7^)  +  (pq  +  qr)  +  pr ; 
whence 

(px^  +  ^;r  +  r)(ra:'  -\-qx+p) 

=prx*  +  (/Jj  +  qi'):i?  +  (p'  +  q'  +  r^  +  (jyg'  +  qr)x  -{-pr. 

The  student  should  observe  that  the  use  of  brackets  in  the 
last  line  of  the  scheme  in  the  second  example  is  necessary  to 
preserve  the  identity  of  the  several  coefficients. 

It  has  been  said  that  this  method  is  applicable  directly  only 
when  all  the  powers  are  present  in  both  factors,  but  it  can  be 
made  applicable  to  cases  where  any  powers  of  or  are  wanting  by 
introducing  these  powers  multiplied  by  zero  coefficients.  For 
example — 

(/-2a:*+l)(a:*  +  2a:*+l) 

=  {x*  +  Oar*  -  2x'  +  Ox  +  \){x*  +  0/  +  2af"  +  Oa:  +  1)  ; 

1+0-2+0+1 
1 +0+2+0+1 


whence 


1+0-2+0+1 
+0+0+0+0+0* 
+2+0-4+0+2 
+  0  +  0  +  0  +  0  +  0* 
+ 1 +0-2+0+1 

1 +0+0+0-2+0+0+0+1 

if*  +  Ox'  +  Ox*  +  0/  -  2x*  +  0/  +  0 J*  +  Ox  +  1  ; 

(x*  -  2x*  +  1)(/  +  2x*  +  1)  =  «•  -  2x*  +  1. 
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Tbfl  process  might,  of  course,  be  abbreviated  by  omittiog  the 
lines  marked  *,  which  contain  only  zeros,  care  being  taken  to 
place  tha  commencement  of  the  following  lines  in  the  proper 
columns ;  and,  in  vritmg  out  the  result,  the  terms  with  zero 
coefficients  might  be  omitted  at  once.  With  all  these  simplifica- 
tions, die  process  in  the  present  case  is  still  inferior  in  brevity 
to  the  following,  which  depends  on  the  use  of  the  identities 
(A  +  B)(A-B)  =  A'-B',  and(A  +  B)'  =  A'  +  2AB  +  B'. 


(a;'  -  2a^  +  1)  (j'  +  21"  +  1 )  =  {(z'  +  1 )  -  2a^  I  {(i*  +  1 )  + 
=  x'-2x'  +  l. 


2^} 


The  method  of  detached  coefficients  can  be  applied  with  ad- 
vantage in  the  case  of  intend  functions  of  two  letters  which  are 
homogeneous  (see  below,  §  1 7),  as  will  be  seen  by  the  following 
example : — 

1-2-H2-1 
1-1  +  1 


1-2 


l-3-h5-5-^3-l, 
=  3f-  Zx'y  +  5i^y  -  52*/  -H  3jy*  -  y*. 

If  the  student  will  work  out  the  above  distribution,  arrange 
his  work  after  the  pattern  of  the  long  rule,  and  then  compare, 
he  will  at  once  see  that  the  above  scheme  represents  all  the 
essential  detail  reqoired  for  calculating  the  coefficients. 

The  reason  of  the  applicability  of  the  process  is  simply  that 
the  powers  of  x  diminish  by  unity  from  left  to  right,  and  the 
powers  of  y  in  like  manner  from  right  to  left 

We  shall   give  some  further  examples  of  the   method   of 
detached  coefficients,  by  using  it  to  establish  several  important 
rmalta. 
vol.  I  « 
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pascal's  arithmetical  triangle 


CHAP. 


§  14.]  Addition  Rule  for  calculating  the  Binomial  Coefficients, 
We  have  to  expand  {x  +  1)',  {x  +  1)*,  ...,(«+  1)**.     Let  us 
proceed  by  successive  distribution,  using  detached  coefficients. 

1  +  1  (The  coefficients  of  a;  +  1), 

1  +  1 


(The  coefficients  of  {x  +  1)'), 


1  +  1 
+  1  +  1 

1  +  2  +  1 
1  +  1 

1  +  2  +  1 
+1+2+1 


1  +  3  +  3  +  1  (The  coefficients  of  {x  +  1)'). 

The  rule  which  here  becomes  apparent  is  as  follows : — 
To  obtain  the  Unomial  coefficients  of  any  order  from  tlu>se  of  the 
previous  order — 15/,  fFriie  damn  the  first  coefficient  of  theprevums  order; 
2ndy  Add  ilie  second  of  the  previous  order  to  the  first  of  the  same  ; 
3rdj  Add  the  third  of  the  previous  order  to  the  second  of  the  same ; 
and  so  on^  taking  zeros  when  the  coefficients  of  the  previous  order  run 
out,  TFe  thus  get  in  succession  the  firsts  second^  thirds  cfec,  coefficients 
of  the  new  order.     For  example,  those  of  the  fourth  order  are 

1  +  (1  +  3)  +  (3  +  3)  +  (3  +  1)  +  (1  +  0), 
that  is,  1  +  4  +6  +4  +1, 

which  agrees  with  the  result  obtained  by  a  different  method 
above,  §  2  (6). 

We  have  only  to  show  that  this  process  is  general.  Suppose 
we  had  obtained  the  expansion  of  (x  +  1)",  namely,  using  the  nota- 
tion of  §  11, 

(x+l)'»  =  X«  +  nCiaJ~-^  +  nC^-'  +  nCaaJ^-^  +  .    .    .  +  nCn-ifl!  +  ^Cn- 

Hence 

(a;+l)'»+i  =  (x+l)"x(x+l) 

=  {x^  +  „C,a:^-i  +  ^c^-2  + .  .  .  +  ^Cn-,a;  +  „Cn)(ic  +  1); 
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vuang  detached  coefiBcients,  we  have  the  scheme 
l+.C,  +  »C,  +  „0,  +  .  .  .  +  „C„.,  +  „C„ 
1  +  1 


1  +  (1  +  „C,)  +  („C,  +  „C.)  +  .  .  .  .  +  („0„- ,  +  „C„)  +  {„C„  +  0). 
Hence  (ii+l)"*! 

=  !"+>  +  (I  +  „C,y  +  (nC  +  „C.)(I?'->  +  („C.  +  „C,>E»-2  +  .  .  ., 
in  wiach  the  coefiBcients  are  formed  from  the  coefficients  of  the 
nth  order,  preciaelj  after  the  law  stated  above,  namely, 

This  law  is  therefore  general,  and  enables  us  whenever  we 
know  the  binomial  coefBciente  of  any  rank  to  calculate  those  of 
the  next,  from  these  again  those  of  the  next,  and  so  on.  A 
tttble  of  these  numbers  (often  called  Pascal's  Triangle)  carried  to 
a  considerable  extent  is  given  at  the  end  of  this  chapter,  among 
the  results  and  formuUe  collected  for  reference  there. 

§  Ifi.]  We  may  calculate  the   powers  ofa^  +  a^  +  i+l   by 
means  of  the  following  scheme,  in  which  the  lines  of  coefficients 
of  the  constantly-recurring  multiplier,  namely,  1  +  1  +  1  + 1,  are 
for  Inrevity  omitted. 
Ftiwar. 
1st     1  +  1  +  1+    1 

+1+1+    1+    1 

+1+    1+    1+    1 


2nd.    1  +  2  +  3+  4+    3 

+1+2+  3+    4 

+  1+  2+    3 

+  1+2 


+    2+1 

+3+2+1 

+    4+    3+    2+    1 

+    3+    4+    3+    2  + 


3rd.   1  +  3  +  6  +  10  +  13  +  12  +  10  + 

+  1  +  3+    6  +  10  +  12  +  12  + 

+  1+3+    6  +  10+12  + 

+    1+    3+    6  +  10  + 


4th.  1  +  4  H 


10  +  20  +  31  +  40  +  44  +  40  +  31  +  20+10  +  4  +  1 
and  so  oa 
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The  rule  clearly  is — To  gel  from  the  eo^daUa  of  any  order 
the  Tth  of  the  succeeding,  add  to  therth  of  that  order  the  three  preced- 
ing coefficients,  taking  zeros  uA«n  the  coeffideals  retpiired  by  the  rule  do 
not  exist. 

The  rule  for  calculating  the  coefficientB  of  the  powers  of 
a?'  +  iK"~i  +  af"*  +  .  .  .+a!+l  is  obtained  from  the  above  by 
putting  n  in  place  of  3. 

These  results  may  be  regarded  as  a  generalisation  of  the  pro- 
cess of  tabulating  the  bmomial  coefficients.  They  ate  useful  in 
the  Theory  of  Probability. 

§  16.]  As  the  student  vlll  easUy  verify,  we  hare 

(«-j,)(;^  +  ;^  +  rt— ■-»■  (1), 

(»  +  y)(^->y  +  rt==?  +  s'  (2). 

The  following  b  a  generalisation  of  the  first  of  these  -. — 

If  n  be  any  integer, 

I+1+1+. . .+1+1 


1  +  1  +  1  +  .  .  .  +  1-1-1 

-1-1-. . .-1-1-1 

1+0+0+. . .+0+0-1 

=  Z"-y» 

Again, 

«  being  an 

,  odd  number, 

(^+y)(^- 

-i.^-2y^^-y_.  .  ._^-2  + 

3"-'), 

(- 

sign  going  with  odd  powers  of  y) 
1-1 +1~. . .-1+1 

1  +  1 

1-1+1-. . .-1+1 

+1-1+. . .+1-1+1 

(3)- 


w. 
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And,  sunilarlf,  n  being  an  area  number, 

=3r-j/^  (5). 

The  last  two  ma^  be  considered  as  generalisationa  of  (2)  and  of 
{x  +  y)(«  -  y)  =  a?  -  y*  respectively. 

GXSBOIBEB  TI. 
(1.)  TheTftrubleabeings-,  ^,  £,  point  out  tke  integral  ftmctionB  among  the 
fdlowing,  and  state  their  degree  ;— 

(b)  8a?+2zy+3j)»; 

...  «>yV    ^^    aV** 
IKatribnta  the  following,  mi  amnge  according  to  powers  of  x : — 
(3.)  a<=r-H)(3:  +  3)    x(x-H)i2x  +  l) 

H.»{(ie-2Hr-3)  +  fcB-8)(«-l)  +  («-l)(a:-2)l 

x{{x  +  2)ix  +  S)  +  ix  +  3)ii:+l)-t-{x+l){T+2)]. 
(5.)  {x+a}{3»  +  ii+e]x+U]{a?-{a+i-¥c)>?-i-{bc  +  ea  +  ab)x-abc). 
ia-)iix+p)ix-q){x+-[)}{{x~p){x  +  q){x-l)). 

ia.){a3s+lb-e)})]{la+[e-a)y){ae+[a-h)y]  ;•    and   show  tliat   the 
•am  of  the  cooffldeats  of  ^  and  j/'  is  lero. 

^(9.)  Show  that 

(i  +  fa)*  -  10a(!i +|a)»  +  35o'(a!  +  |a)' -  5Mi=  +  |q)  +  2<a' 

(10.)  Show  that 

("J')('%-)(»f')-(»i')(-?»)(-5') 

_xy{x-y){q-r){r-p){p-q) 
pgr 

Distribute  and  arrange  according  to  pavers  of  x,  the  fallowing  ■-— 
(11.)  {(H-e)a?  +  (e+o)z  +  (a  +  J)l  {ib-c)x'  +  {c-a)x^la-b)]. 
^  (12.)  (x'-it  +  l){i=  +  ie+l)(z»-2i  +  l}(z»  +  at  +  l). 

*  In  working  tome  of  these  exercises  the  etndeDt  will  tiiid  it  convenient  to 
mAt  to  the  tabh  otideatitin  giren  at  the  end  of  this  cht^Xei. 
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EXEBCISES  VI,  Vn 


OHAP. 


(13.)  {5a?-4ar(«-y)  +  (aJ-yn(2«+3y). 

(14.)  (2r»-3a^+2/)(2aj"4-acy+2y«). 

(15.)  {(a?+a;+l)(a:»-x+l)(a?-l)}«. 

(16.)  (2»-a:»+aj-l)2(a^+a:S+a;+l)«. 

(17.)  {l3*-^+lx+l){\3^+ix^-lx+l). 

(18.)  (z*-ai»y+a&cV+&cy'4-y*)(aiB'--o&ry+6y*). 

(19.)  (a?  +  aar  +  6«)»+(a:»+aar-6*)»+(a:»-aa:+6*)»+(a?-aaj-6*)». 

(20.)  (z*-2aV+a*)«. 

(21.)  (ar*-a»)». 

(22.)  (3a;+i)7. 

(23.)  (a  +  fta^)8. 

(24.)  {(a^+y')(a^-y»)}». 

(25.)  (l+x+a?+a»+aj*)». 


(26.) 
(27.) 
(28.) 


(29.) 


(30.) 
numbers 
numbers 
drawing 

(31.) 
{X- 


Calculate  the  coefficient  of  a^  in  the  expansion  of  (1 +a;+a^)^. 
Calculate  the  coefficient  ofa:"in(l-2a;+3ie"+4«'- aj*)«. 
Show  that 

(a  +  6)»(a» + 6») + 5a5(a + 6)«(a;* + J*)  +  15a«62(a + 6)  (a» + 6») 

+  35a»6»(a'+6»)  +  70a*6*=(a+6)». 
Show  that 

«Ci4-„C2  +  nC8+  .    .    .  +nCn=2*-l  ; 

l+nC2  +  nC4+.    .    .  =fiCi  +  nC8  +  nC8+  .    .    ., 

nCr = n-sCr  +  2n-sCr-l  +  n-Jpr-t' 

There  are  five  boxes  each  containing  five  counters  marked  with  the 
0,  1,  2,  3,  4 ;  a  counter  is  drawn  from  each  of  the  boxes  and  the 
drawn  are  added  together.     In  how  many  different  ways  can  the 
be  made  so  that  the  sum  of  the  numbers  shall  be  8 1 
Show  that 
-y)2(aj"-*+a;*-'y+ ,  .  .  +ajy»-*+y"-')=a5»-a5»-V-*i*'y""^+y"» 


EXBBOISES  YII. 

Distribute  the  following,  and  arrange  according  to  descending  powers 
of  X : — 

(1.)  (3aj+4)(4a;+5)(5a;  +  6)(6a;+7). 

(2.)  ipx-\-q-r)[qx  +  r-p){rx+p-q). 

(3.)  {x-a){X''2a){x-Za){X''Aa){x  +  a){x+2a){x  +  Za){x+ia). 

(4.)  (xS  +  3ar2  +  3a;  +  l)(ar»-3ar»  +  3x-l). 

(5.)  (ia:3  +  ix2  +  fa;  +  |)(^ar»  +  iar'+Ja;+l). 
(6.)  (x-4)(ar»-4aj  +  J)(x+4)(x2  +  ja;+J). 


m 


/^  V   /  ^    o    in      n\  /m  ,    n        l\  /n  ^     I 

\vi        n       lj\n        I       mj  \l 
(8.)  (2x-3)". 

(9.)  {{x^-y){7?-xy^-y^)Y. 
(10.)  (ar»-l)*(x  +  l)'^ 
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(II.)  In  the  product  {z+a)Iz4-il(2+e),  z^itisappean,  uid  in  tbo  product 
Ix -a)(x  +  b) {x  +  c),  X  disappear!  ;  also  tha  coefficieut  of  x  in  the  former  is 
tqn«l  to  the  coefficient  of  a^  in  the  latter.    Show  that  a  u  cither  0  or  1. 

Prove  the  following  identities  :— 

(12.)  (6-«)(a!-a)»+(e-a)(«-i)'  +  (a-J)(*-e)'+(6-e)(e-a)(o-l)  =  0. 

(13.)  Zl2a~b-e)(i-b)(h-c)  =  2ib-c)'ih-a). 

(14.)  {t-af+{i-b)'  +  {i-t)*+Sabc=^, 
where  2t=a  +  b^-c 

(IB.)  (.-«)*+(.-6)'+(.-«)* 

=2(.  -  U>(. -.;)'  + 2{*  -  e)'(»  -  a)'+ 2(.  -  aj^j  -  *)•, 
where  S^=a  +  b■^■c. 

(18.)  {(i.+i«)(J.  +  ao)(a  +  ai)  =  (i+e)»(e  +  a)V  +  S)*.  where a=<i  +  6  +  e. 

(17.)»(.-o-<Q(»-<i-6)(«-e-<fl=(.-<.)(.-i)(.-c)(5-d)-ai«i, 
when  2a=a  +  b  +  c  +  d. 

(18.)  18(»-a)(»-i)(*-c)(»-rf)=*(i«+ad)'-(6'+c'-o'-iP)', 
where  2a=a  +  b-t-e  +  d. 

(IB.)  Z(l-«)«=3n(i-e)'+2(ro'-Z6c)». 

(20.)  If0.=(i-c)-  +  (B-ar+(a-i)",  then 

U,rt<-(<>*+li*+<!*-*<!-ot-''6)U»n-{6-e)(e-a)(a-6)U,=0. 
(21.)  ltpitsa+b+c,pi=bc+ca+ab,ps=abc,  s,=a"+i"+e",  abowthst 

^  (22.)  IfA=(>-.)(c-a)  +  ((r-a)(<.-61  +  (o-J)(i-c), 

p»={b-cHc-a){a-b), 

*.=(6-e)-+((!-a)-  +  (»-i)-, 
■how  Uut 


Homogeneity. 

§  17.]  An  itUeifTcU  fundiim  of  any  number  of  variables  is  said 
to  be  "Homogeneous"  when  the  de^ee  of  every  term  in  it  is  the  same. 
In  Bnch  a  function  the  degree  of  the  function  (§  G)  is  of  course 
the  same  as  the  degree  of  every  terra,  and  the  number  of  terms 
which  (in  the  most  general  case)  it  can  have  is  the  number  of 
different  products  of  the  given  degree  that  can  be  formed  with 
tile  given  nnrober  of  variables.  If  there  be  only  two  variables, 
and  the  degree  be  n,  we  have  seen  that  the  number  of  possible 
terms  kn+l. 


Aa* + Bj"*  C:' + Dy; + E=K + F^, 
Aa^ + V + (y + Pj/^ + Fy*i + 0=1' +  Q'A; + Rxj 
&&, 

As  tlio  case  of  three  variatilce  is  of  cflDsiiUrable  im, 
vestigatc  BD  expression  for  the  iinmbcr  of  terma  nhen  t1 

We  may  cksiify  them  into — lat,  those  that  do  not  c 
Ihatcontamz;  3nl,  thoae  thiit  contain x*;  .  .  ,;  n  +  lth, 

TliD  Brat  sot  nill  simply  be  tile  tenas  of  the  nth  t 
II  and  ;,  n  -I- 1  in  number ;  the  second  set  will  be  the  tt 
dogroo  miule  q]>  nith  f/  and  :,  n  in  number,  each  with  x  t 
Eet  the  terms  in  y  ami  :  of  (n  -2)th  degree,  n-  1  in  ni 
thrown  in  ;  and  so  on.  Henc»,  if  N  denote  the  nhole  aa 
N  =  {n  +  l)  +  n  +  (7.-l)+.  .  .  +2  i 
Iteveiaing  the  right-hand  side,  we  may  write 

N=         1  +2+        3  +.  .   .  +n+(in 
Now,  adding  the  two  left-hand  and  the  two  right-hand  tl 

aN  =  («  +  2)  +  («  +  a)-.-(n-fB)+.  ,  .+{n  +  2)-\ 
=  (7t-i-l)(n-i-2), 
since  there  are  n-t-1  tflnnB  each  =»-l-2. 
Whence  N  =  i(ii  +  l)(n  +  2). 

ForETampIe,  1bL;i  =  3;  N  =  1(3-H"S-^"'-  "'     " 
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The  following  ia  a  fundamental  property  of  homogeneous 
functions : — If  each  of  the  variables  in  a  homogeneous  functwn  of  Ihe 
nth  degree  be  mtdliplied  by  ihe  same  quantity  p,  Ihe  resull  is  the  same 
at  if  the  funditm  itself  vxre  mvllijplied  by  p". 

Let  ua  conBider,  for  simplicity,  the  case  of  tliree  variaUos ; 
and  let 

r  =  AiPy'e'  +  A'xPY^  +  .  .  . , 

where  p  +  q  +  r=p'  +  (^  +  t'  =  &c.,  each  =  n. 

If  we  multiply  x,  y,z  each  by  p,  we  have 

p  =  A(pi)p{p#(^)'-  +  AV)*"0'yKO«r+  ■  .  ■; 

=  ApP+^+'xiY^  +  A'pf^^'+^'xPy''  +  ■  ■  ■ . 

l^  the  lawB  of  indices.     Hence,  since  j>  +  j  +  r=^'  +  j'  +  r'  =  &c. 
=  »,  we  have 

V  =  p"  {AxPifi^f  +  A'xfy^'^f  +  .  .  .}, 
=  P-T, 

wliich   establishes  the   proposition  in  tlie   present   case.     The 
reasoning  is  clearly  general.* 


"  This  property  might  bo  made  tho  definition  of  s  homogeneous  function. 
niDi  we  might  define  a  homogeneous  function  to  be  Bacb  th&t,  irheti  each 
of  its  Tamhles  it  moltiplied  by  p,  its  value  ia  moltiplied  by  p" ;  and  define  n 
to  be  its  degree.  If  we  proceed  thus,  wo  naturally  arrive  at  tlio  idea  of  homo- 
geuMtu  fuuctioDB  which  are  not  intognil  or  even  rational ;  and  tre  extend  the 
notion  of  degree  in  «  corresponding  way.  For  eiample,  {x?-y*)/{x  +  y)  is 
a  homt^eneoDs  function  of  the  2nd  degree,  for  ^^fa)^~^/>l/)^)H(|>x]  +  ^py)) 
aif{i^-y')l{x+y),  SiiuilarlyV(^  +  !'*)>V('^  +  S')"'>bomogeneons  functions, 
whose  degraes  are  |  and  -  2  respectively  (see  chap,  x.)  Although  thene  ex- 
tensions of  the  notions  of  homogeneity  and  degree  have  not  the  importauce  of 
the  simpler  cases  discnsied  in  the  text,  they  are  occasionally  useful.  The 
distinction  of  homogeneous  functions  as  a  separate  class  is  mode  by  Euler  in 
his  Iniroduetui  in  AtuUyiin  Infinitonim  (1748),  (t,  i.  chap,  v.),  in  the  course 
of  an  elemeutaiy  classiScation  of  tho  various  kinds  of  analytical  functions. 
He  there  speaks,  not  only  of  homogeneous  integral  functions,  hut  also  of 
bompgeneona  fisctional  functions,  and  of  homogeneous  functions  of  fractional 
or  motive  d^nea. 


f'WMiou,  of  tl.c  J,'7}" "'  "  """■"'e'i'lie 
Vf"  III,  r.„-imjf"'\ 

of  'wo  homog,„„„„  hrZ  ""  •"'71' 

■''"«'k".w.l,„<,r.,„;'r'°"'°'"l"' 

.J'°  ""■''«■'  *oul<ln.,.„  ,.;,,. 

use  this 
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§  19.]  If  the  student  has  tuliy  grasped  the  idea  of  a  homo- 
geneoua  integral  function,  the  most  general  of  its  kind,  he  will 
have  so  difficulty  in  Tialng  to  a  somewhat  wider  generality, 
namely,  the  most  geneml  integral  function  of  the  nth  degree  In 
in  variablea,  nnrestricted  by  the  condition  of  homogeneity  or 
otherwise. 

Since  any  integral  term  whose  degree  does  not  exceed  the 
nth  may  occur  in  such  a  function,  if  we  group  the  terms  into  such 
as  are  of  the  0th,  Ist,  2nd,  3rd,  .  .  . ,  nth  degrees  respectively, 
we  see  at  once  that  we  obttun  the  moat  general  type  of  such  a 
function  by  simply  writing  down  the  sum  of  all  the  komogeiKoia 
integral  functions  of  the  m  variables  of  the  0th,  1  at,  2nd,  3rd,  .  .  . , 
nth  degrees,  each  the  moat  general  of  its  kind. 

For  eiomple,  the  most  genenl  integral  fhnction  of  x  and  y  of  the  third 
degree  is 

A+ae+CB+D^+Eary+Py'+Gi'+acV+I^T'+Jy'. 

The  student  will  hare  no  difficulty,  after  what  has  been  done 
in  g  17  above,  in  seeing  that  the  number  of  terms  in  the  general 
intc^pral  function  of  the  nth  degree  in  two  variables  is 
1(» +!>(»  + 2). 

Stumetry. 

§  20.]  There  ia  a  peculiarity  in  certain  of  the  functions  we 
have  been  dealing  with  in  thia  chapter  that  calls  for  special  notice 
here.  Thispeculiarityiadenotedby  the  word  "Symmetry";  and 
doubtless  it  has  already  caught  the  student's  eye.  What  we 
have  to  do  here  is  to  show  how  a  mathematically  accurate 
definition  of  symmetry  may  be  given,  and  how  it  may  be  used 
in  algebraical  investigations. 

1st  Definition. — An  integral  function'  is  said  to  he  symmeirieal 
vnth  respect  to  any  two  of  Us  variables  lelien  the  interchange  of  these 
two  throughout  the  function  leaves  Us  value  unaltered. 

*  As  ■  matter  of  fact  these  ileDnitions  nuil  much  of  vrhaX  follawa  are 
applicable  to  functions  of  any  kind,  as  the  etudent  will  afterwards  leam. 
According  to  Bdtier,  I^croii  (1797)  was  the  first  to  use  the  terta  Symnutrie 
J^meHon,  Ou  older  name  luving  been  InvariaiU  Function. 
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For  example,  ia+St+ic 

bocomcB,  by  tlia  intercbange  of  b  and  e, 

Ha  +  Se+Sb, 
which  is  equal  to  Za  +  3b  +  3c  b;  tbe  Mmumtativa  law.  HenMSii+St+Seit 
■jmtDetricol  with  reapect  to  b  and  c  The  aame  U  not  tnis  with  iwpect  to 
a  and  b,  or  a  and  c ;  for  the  intercbange  of  a  and  b,  for  exampla,  vonld 
produce  2b  +  ia  +  3c  that  is,  ia-Hb  +  Sc,  which  ia  not  in  genenl  eqnil  to* 
2O  +  3&  +  30. 

Sad  Definition. — An  iniegnd  /imelion  u  taid  to  be  tymmdriail 
(thatis,  symmetri4^wUhrespedtoailiUtaTiabU»)vihent}ieifiierchanffe 
of  any  pair  whatever  of  its  variaika  would  leave  its  value  unaltered. 

For  example,  32  +  8^  + 3;  is  a  aymmetrical  fnuetfon  of  z,  y,  i.  So  are 
Ifi  +  CE  +  T!/  and  2{3p-i-^  +  ^+3xyx.  Tailing  the  last,  for  instancet  if  we 
interchange  y  and  ;,  wo  get 

that  is,  2{^  +  y''+^)  +  &q/z, 

and  so  for  any  other  of  the  three  possible  interchanges. 

On  the  other  hand,  a^  +  i/'a  +  j^  is  not  a  sjmiuetrical  function  of  x,  y,  s, 
for  the  three  interchangea  x  with  y,  x  with  i,  y  with  s  giro  respectively 

^y  +  yh:-^-!?!, 

and,  although  these  aro  all  equal  to  each  other,  no  one  of  them  la  equal  to  the 
original  function.  It  will  bo  observed  from  this  instance  that  asymmetrical 
functions  have  a  property — which  symmetrical  functions  hare  not — of  assuming 
dilTercnt  valaes  when  the  rarUblea  are  interchanged;  thus  xh/-i-i/'i  +  Ac  is 
ausccptible  of  two  different  values  under  this  treatment,  and  is  therefore  a 
two-valued  function.  The  study  of  functions  from  this  point  of  view  has 
developed  into  a  great  branch  of  modem  algebra,  called  the  theory  of  sabstita- 
tiona,  which  ia  intimately  related  with  many  other  branches  of  mathematics, 
and,  iu  particular,  forms  the  baais  of  the  theory  of  the  atgebntical  solution  of 
equations.  (See  Jordan,  TraiU  dei  SiAililvtiotu,  and  Serret,  Ctmrt  dAlgtbrt 
SupirieuTt. ) 

All  that  we  require  hero  is  the  definition  and  its  moat  elementary  con- 
sequel)  coa. 

3rd  Definition. — A  function  is  said  to  he  collaleralhj  symmetrical 

ill  Urn  sets  of  variables  \     •'^'  ■■■''*  ^^  ^adt  of  tlic  same  iiumler, 

*  It  may  not  be  amiss  to  remind  the  student  that  for  the  present  "eipml 
to  "means  "transrormablo  by  the  fundamental  U«H  oIalKi!\in.iulo." 
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wAe»  the  smuUanams  kUerchanges  of  two  of  tin  first  set  and  of  llu 
corretjxmding  two  of  the  second  set  leave  its  value  unaltered. 

For  example,  o^z  +  t?y  +  ^s 

and  {b  +  c)x-¥{e  +  a)y-i-{a  +  i)i 

an  eriilently  Bjiniaetrical  id  this  Bnaae. 

Other  varietiea  of  symmetry  might  be  defined,  but  it  is 
needleas  to  perplex  the  student  with  further  definitbns.  If  he 
folly  master  the  let  and  2nd,  he  will  have  no  difficulty  with  the 
3rd  or  any  other  case.  At  first  be  should  adhere  somewhat 
strictly  to  the  formal  use  of,  say,  the  2nd  definition ;  but,  after 
a  Teiy  litUe  practice,  ho  will  find  that  in  most  cases  his  eye  will 
enable  him  to  judge  without  conscious  efToit  as  to  the  symmetry 
or  asymmetry  of  any  function.* 

§  21.}  From  the  above  definitions,  and  from  the  meaning  of 
tJie  word  "  equal "  in  the  calculation  of  algebraical  identities,  we 
have  at  once  the  following 

Bule  of  Symmetry. — The  algebraic  «*m,  product,  or  ipiotitnt  of 
two  Bymmetrieal  functiojts  is  a  symmetric^  function. 

Observe,  however,  that  the  product,  for  example,  of  two 
astfmmdrical  functions  is  not  necessarily  asymmetrical. 

^DS,  a  +  b+e  and  bc  +  «a  +  ab  being  both  Bjnimotricsl,  their  product, 
(a  +  S  +  eXta  +  wn-oJjsWj  +  W+iAi  +  w'  +  a'ft  +  ai'  +  Saic, 


Again,  aHe  and  oi*^  an  both  aa^ntunetrical  f^mctious  of  a,b,  c,  yet  tlioir 

ia  a  ijrmmettical  fimctioo. 

g  22.]  It  will  be  interesting  to  see  what  alterations  the 
restriction  of  symmetry  will  make  on  some  of  the  general  forms 
of  integral  functions  written  above. 

Since  the  question  of  symmetry  has  notliing  to  do  with 
degree,  it  can  only  aifect  the  coefficients.     Looking  then  at  the 

*  Th«ra  ia  a  clau  of  fonctions  or  great  importance  cloaely  oUied  to  syra- 
metiical  fuDctions,  wLicb  the  student  should  note  at  this  stage,  namely,  those 
that  change  their  sign  mcrety  when  any  pair  of  tlie  variables  are  interchanged. 
Snch  Amctions  are  called  "alternating."  An  example  is  {y~x)li-x)lz-y). 
Obrionsly  the  prodnct  or  quotient  of  two  alternating  functiooa  of  the  same 
net  of  variablet  is  a  •ymmetric  function.  The  tonn  AUtmatiitg  Fuitttian  is 
dot  to  Ctacbj  (IS12). 
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homogeneous  iotegml  functions  of  tvro  variables  on  page  72,  we 
see  that,  in  order  that  the  interchange  of  x  and  y  may  prodace 
no  change  of  value,  we  must  have  A  =  Bin{I7(l);  A  =  C  in 
(2) ;  A  =  D  and  B  =  C  in  (3). 

Hence  the  symmelrieal  hamogeneooB  integnl  ftmctioiu  cf  z  lud  y  of  let, 
Snd,  3nl,  &Ci  degrees  ars 

Jix  +  Ay  (1). 

A^  +  Ba^  +  A^  (2). 

Az'+B^  +  ary»+Aj'  (3), 

The  coireBpondiiig  functiona  of  x,  y,  c  en 

Az-f-Ay  +  Aj  (1), 

Aj^  +  Ay»  +  As»  +  Bvi+Bsi!  +  a«»  (6), 

A*>  +  Ay>  +  A='  +  Py^  +  Py%+Pa!'  +  IV»+Pa!y»+ft^+S«*»  («). 

The  most  general  symmotriciil  integral  function  of  x,  y  of  tliB  Srd  degree 
vill  ho  the  algebraio  mm  of  three  fimctiotis,  such  as  (I),  (2),  and  (S),  tDgetber 
with  a  constant  term,  namely, 

F + Az + Ay + ftt" + C*j + Bit" + Dij" + EiV + Ery* + 3V- 
And  BO  on. 

If  the  Btudent  find  any  difficulty  in  detecting  what  terms 
ought  to  have  the  same  coefficient,  let  him  remark  that  they  are 
all  derivable  from  each  other  by  interchanges  of  the  variables. 
Thus,  to  get  all  the  terms  that  have  the  same  coefficient  as  a^  in 
(6),  putting  y  for  x,  we  get  j* ;  putting  z  for  x,  we  get  s* ;  and  we 
cannot  by  operating  in  the  same  way  upon  any  of  these  produce 
any  more  terms  of  the  same  type.  Hence  3?,  y',  z*  fonn  one 
group,  having  the  same  coefficient  Next  take  y:^ ;  the  inter- 
changes X  and  y,  z  and  z,  y  and  z  produce  x^,  y^,  yz* ;  applying 
these  interchanges  to  the  new  terms,  we  get  only  two  more  new 
terms — ^se",  xi^;  hence  the  six  terms  ya*,  y'z,  z^,  ^x,  ly*,  a'y  form 
another  group ;  xyz  is  evidently  unique,  being  itself  symmetrical. 
§  23]  The  rule  of  synmietry  is  exceedingly  useful  in  abbre- 
viating algebraical  work. 

Let  it  bo  required,  for  example,  to  diatrihnte  tho  product  (a  +  b  +  c) 
(a'  +  t^  +  c'-  Ac-  m  -ab),  each  of  whose  factors  ia  symmetrical  in  a,  b,  c.  The 
distributed  product  will  be  lymmetrical  in  a,  b,  e.  Now  we  aee  at  onio  tliat 
the  term  a'  occurs  with  the  coefficient  unity,  hence  the  same  Diust  he  true  of 
^  unil  <^.  Again  the  term  Ire  baa  the  coefficient  0,  ao  alao  by  the  principles 
of  symmetry  must  each  of  the  fivo  othec  teroia,  b^,  i?a,  w',  n6',  a-b,  belonging 
to  the  same  typo.  Laatly,  tbe  term  -abc  ia  obtained  by  taking  a  from  tho 
first  bracket,  hence  it  must  occur  by  taldsg  b,  and  by  taking  c,  tbal  1b,  \k« 
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it  hMn  the  cMfflcient  -3.  We  have  therefore  Bhowo  that 
(a-t-i+i:)(a*  +  t?+d'-bc-ea-ab)=(^  +  lf-i-<?~2abei  and  ths  principles  of 
■ymmetTf  hars  enabled  UB  to  abbreviate  the  work  bj  abont  two-thirds. 

FRINdFLE   OF  INDETE&HINATE   COEFFICIENTS. 

S  24.]  A  still  more  striking  use  of  the  general  piinciples  of 
homt^neitf  and  ay mmetiy  can  be  best  illustrated  in  conjunction 
with  the  application  of  another  principle,  which  is  an  immediate 
consequence  of  the  theory  of  intend  functions. 

We  have  laid  down  that  the  coefficients  of  an  integral  function 
are  independent  of  the  variables,  and  therefore  are  not  altered  by 
giving  any  special  values  to  the  variables.  Jf,  therefore,  on  either 
tide  of  any  algebrau:  idenlitp  involving  inlegrai  functions  we  determine 
the  eoefficienls,  either  hp  general  cimsiderations  regarding  the  forms  of 
thefuncH^ms  involved,  or  by  considering  particular  cases  of  the  identity, 
then  these  coeffieienls  are  determined  once  for  all  This  has  (not  very 
happily,  it  must  be  confessed)  been  called  the  principle  of  inde- 
tenninate  coefficients.  As  applied  to  integral  functions  it  results 
from  the  most  elementary  principles,  as  we  have  seen;  when 
infinite  series  are  concerned,  its  use  requires  further  examination 
(see  the  chapter  on  Series  in  the  second  part  of  this  work). 

The  following  are  examples : — 

(x  +  y)'  =  (x  +  y){x  +  y),  being  the  product  of  two  homogeneous 
^mmetrical  functions  of  x  and  y  of  the  Ist  degree,  will  be  a 
homogeneous  sjonmetrical  integral  function  of  the  2nd  degree ; 
therefore  (a:  +  y)' =  A^  +  Ery  +  Ay"  (1). 

We  have  to  determine  the  coefficients  A  and  B. 

Since  the  identity  holds  for  all  values  of  x  and  y,  it  must 
hold  when  z=l  and  y °> 0,  therefore 

(1  +  0)'  =  Al'  +  Bl  X  0  +  AO'. 
1=A 
We  now  have        {x  +  t/)'  =  af  +  Eiy  +  y* ; 
this  most  hold  when      x  =  1  and  y  =  -  1, 
therefore  (1  -  1)*=  1 +B.1.(- 1)  + 1, 

that  ia,  0  =  2  -  B, 

whence  B  =  2. 

Ihta  Baa}}^  {x+y)'  =  ^+2x!/  +  y*. 
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This  method  of  norking  may  Beem  at  first  sif^t  lomewliat  itutling,  but 
a  little  reflectioii  nill  conTiDce  the  learner  of  its  wnuidnGaa.  We  kno*,  by 
the  principles  of  homogeneity  aod  synmietiy,  that  a  genenl  identity  of  the 
form  (1)  exists,  and  we  determine  tlie  coefflcienb  by  the  contideration  that 
the  identity  mnst  hold  in  any  pardctdar  caae.  The  itodent  will  natnrally  ask 
how  ho  is  to  be  guided  in  selecting  the  particnlaT  cases  in  question,  and 
whether  it  is  mntcriaJ  what  cases  he  selects.  The  answer  to  the  latter  part  of 
this  question  is  that,  except  as  to  tha  laboor  inTalreil  in  the  calcolation,  the 
choice  of  cases  is  immaterial,  provided  enough  are  taken  to  determine  all  the 
coefficients.  This  determination  will  in  general  depend  npon  the  solntioQ  of 
a  system  of  umultancoiu  equations  of  the  1st  d^ne,  whose  namber  is  the 
number  of  the  coefficients  to  be  determined.  (See  below,  chap,  sri)  So  far 
OS  possible,  the  particular  cases  should  b«  choaen  so  as  to  give  eqnatioiLa  each 
of  which  contains  only  one  of  the  coefficient^  so  that  we  can  determine  them 
one  at  a  time  as  was  done  above. 

The  student  who  is  already  familiar  with  the  solution  cJ  simnltaneons 
equations  of  the  1st  degree  may  work  out  the  values  of  the  coefficients  by 
means  of  particular  cases  taken  at  random.  Thus,  for  example,  putting  x=2, 
y=S,  and  x=l,  y=i  successively  in  (1)  above,  wo  get  the  equations 

25  =  13A  +  8B, 
25  =  17A  +  1B, 
which,  when  solved  in  the  usual  way,  give  A  =  l  and  B=2,  as  before. 

We  give  one  more  example  of  this  important  proccea  : — 
By  the  principles  of  homogeneity  and  symmetry  we  must  have 
(I+1/+J)  (!=+!/'  +  *'- F-=i-ij,) 

Patting  ii;=l,  y=0,  :=0,  we  get  I=A. 

Using  this  value  of  A,  and  putting  ii:=  1,  y  =  l,  s=0,  wo  get 

2xl  =  2  +  Bx2, 
thatls,  2=2+Bx2. 

therefore  8B  =  0, 

and  therefore  B  =  0. 

Using  these  values  of  A  and  B,  and  putting  9;=1,  y-l,  i-l,  we  get 

8xO  =  3  +  C, 
that  is,  0  =  3  +  0, 

therefore  C=  -B ; 

and  we  get  finally 

(sc  +  y  +  i){(^  +  y^  +  £'-yz-ix-xy)=x'-^j^  +  i'-3xsi  (2), 

as  In  g  23. 

§  25.]  Reference  Table  of  Identities. — Most  of  the  results  given 
below  will  be  found  useful  by  the  student  in  his  occasional  calcu- 
lations of  algebraical  identities.     Some  examples  of  thclc  vufe 
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have  already  been  given,  and  others  will  be  found  among  the 
Exercises  in  this  chapter.  Such  of  the  results  as  have  nob 
already  been  demonstrated  above  may  be  established  by  the 
student  himself  as  an  exercise. 

{x  +  a)(x  +  b)  =  ^  +  {a  +  b)x  +  <d>; 
(a:  +  fl)  (a  +  i)  (i  +  c)  =  a!"  +  (a  +  S  +  cK 

+  (bc  +  ca  +  ab)x  +  aic ; 
and  generally 
(z  +  a^(z  +  (^) . . .  (ar  +  a.)  =  ai"  +  PiS?*-'  +  P^-* 

+  .  .  .  +  P„.,a:  +  P„(8eeg9). 

(x±y)'  =  !if±2xy  +  i/'; 

(ji  ±  y)*  =  a?  ±  3a^y  +  Say"  ±  y ; 
&c.; 
the  numerical  coeffidents  being  taken  from  the  following 
table  of  binomial  coe£Bcients : — 


(L) 


Power. 

Coefficient. 

1    1 
1    2    1 

1    3    3 

1 

1    i    6 

4 

1 

1    6  10 

10 

6 

1 

6 

1    6  16 

20 

15 

6      1 

7 

1    7  21 

36 

35 

21      7      1 

8 

1    8  28 

56 

70 

66    28      8 

1 

9 

1    9  36 

84  126126    84    36 

9 

1 

10 

1  10  46  120  210  252  210120 

45 

10    1 

11 

11166  165  330  462  463  330  165 

66  11    1 

12 

1  12  66  220  495  792  924  792  496  220  66  12  1 

fc 

*  This  table  first  ocK^ani  in  tlie  AHIhmetUa  InUgnt  of  Stiiel  (1544),  in 
conneotion  witll  the  extraction  of  roots.  It  does  not  appear  that  ho  was 
aware  of  the  application  to  the  expansion  of  a  hioomisL  The  table  wna  dis- 
cnssed  and  much  osed  by  Pascal,  and  now  goes  by  the  name  of  Pascal's 
Arithmetioal  T^rfangle.  The  factorial  formulo;  for  thebinomialcoetBcionts  (sea 
tie  Kcoail  pmrt  of  Ibia  work)  were  discovered  by  Newton. 
VOL.  r  a 
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(m.) 


(IV.) 


(vr 


(I  ±  !()'?*>? -(it  y)'- 

(«  +  ,)(«-}). r^-S-; 

'  and  generally 

(a:-y)(3^-UK»-^  +  .  .  . +  ay*-'  +  y"->)  =  a^-y»; 

(»  +  y) (I"-' -*"-'»  +  .  .  .Tiiy-"±y"-')-«''±y", 
upper  or  lover  eign  according  as  n  is  odd  or  even. 

(3^  +  y"  +  3^(3:"  +  y^  +  «")  =  {aar' +  y/ +  s?*)' +  (ys- -  y'«)' 

(a:*  +  y*  +  3*  +  w')(iK^  +  y"  +  a^  +  w'*)  =  («i^  +  Sy'  +  «^  +  •*«')' 
+  (ay*  -yx'  +  za'  ■-  wr')' 
+  (xs"  -  ya'  -  ar*  +  ay")* 
+  (pi'  *-y^  -z^  -  'w')'-. 

(j*  +  zy  +  yO  (^  -  ^ + y*)  =  a;'  +  ^y"  ■*■  y'- 

(a  +  J  +-  c  +  rf)*  =  a'  +  6'  +  c'  +  rf*  +  2aJ  +  2tw  +  2arf 
+  26c  +  2W  +  2c.i  ; 
and  generally 
(a,  +  o,  +  .   .  .  +  a„)'  =  sum  of  squares  of  a,,  a„  .  .  .,  On 

+  twice  Bum  of  all  partial  products  two  and  two. 
(a  +  6  +  c)'  =  a'  +  J'  +  c'  +  36'c  +361^  +  3cV  +  3ot'  +  3a'S 
+  3a6'  +  6a6c 
=  «'  +  6*  +  c*  +  36c(6  +  c)  +  3ca(c  +  a) 
+  3ai(a  +  6)  +  6a6c 

(a  +  6  +  c)  (a'  +  6'  +  c*  -  6c  -  ca  -  ai)  =  a'  +  6'  +  c"  -  Soic 
(J-c)(c-a)(a-6)=-a'(6-c)-i'(.-a)-c'(a-6), 
=  a{h'-<r)  +  h{if-a')^  c(a'  -  b'), 
=  'bc{b-c)-ca(c-a)-ah(a-b), 
=  +i<?-b'e  +  ca'-(?a  +  ah'-a%. 

'  These  ideotitics  furnisli,  iider  alia,  proofs  of  a  snries  of  propositions 
the  theory  of  numbers,  of  Hhich  the  following  is  typical ;— If  each  of  ti 
inte^^rs  hn  the  sum  of  two  sijuares,  their  product  can  beoxhiLitfd  in  two  wn 
oa  the  sum  of  two  integral  gquftrea. 


(vin.) 
ax.) 

(X.) 


(i  +  tK'  +  ''X»  +  ') 
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.  St<i  +  e)  +  »(«  +  «)  +  "K"  +  »)  +  2nfc,  l(XI.) 
=  ic'  +  iV  +  ca'  +  (^«  +  ai'  +  a'6  +  2ajc.  J 


(a  +  A  +  c)  (a*  +  J'  +  c^  =  ic(S  +  c)  +  ca(e  +  a)  +  oMa  + 1) 


•)  +  «■(.  + J) 


+  3fflic 

(Jtc-o)(ii  +  o-S)(o  +  J-«).o"(l  +  (i)  +  i"(e  +  «) 

+  (^(o  +  6)  -  a'  -  6"  -  c"  ~  2o6(i 

(o  +  i+c)(-a  +  J  +  c)(«-i  +  e)(«t5-i;)-2SV  +  2c"o' 
+  2a'i'  -  o*  -  6*  -  e\ 


(i-0  +  <«-«)  +  («-i)-Oi 

a(S-e)  +  S(«-<i)  +  e(»-6)=.0; 
(6  +  <)(6-e)  +  (e  +  c.)(t-o)  +  (a  +  S)(.-4).0. 


}(XII.) 
}(Xin.) 
}(XIV.) 
}(XV.)' 

i<XVL) 


EXBBCIBES  VIII. 

(1.)  Writ*  down  the  most  gsneml  rational  integral  B^rmmetricftl  function 
of  z,  y,  E,  u  of  the  Srd  degree. 

ti)  Dirtribute  the  product  {!^+^+Ai){xf +y:?^-e^).     Show  timt 
it  ia  apnmetrical ;  count  the  number  of  ^pcs  into  which  ite  terms  fall ;  and 
Btkte  how  many  of  the  tjpea  corrospondijig  to  its  degree  lire  miBsiug. 
^    (8.)  Conatrnct  ■  homogeueans  integral  function  of  x  and  y  of  the  lat 
degree  which  shall  vaniah  when  x=y,  and  become  I  when  z  — 5  and  y  —  % 

(4.)  Construct  an  integral  function  of  x  and  y  of  Ihe  let  degree  which 
shall  Taniah  when  x=^,  y=y',  and  alao  when  x=3i',  y—^. 

(5.)  Conatroct  a  homogeueooa  integral  function  of  x  and  y  of  the  !nd 
dtgtM  which  ahall  vaniab  when  z=a:',  y=y',  and  also  when  K=x*,y=^,  and 
■hall  become  1  whenx=I,  y=l. 

(8.)  IT  A<a:-8)(a:-6)  +  B(x-5Ha:-7)  +  C(j:-7){*-3)  =  8a!-120  for  all 
Tilnea  of  z,  detennine  the  coefllcieiits  A,  B,  C. 
^     (7.)  ShowthatGa^  +  lBz  +  lScanbeputintothefonn 

/(i;-2)(x-8)  +  m(i«-8)(it-l)+B(z-ll(x-2); 
and  find  I,  m,  n. 

(S.)  Annmiiig  that(z-l)(a:-2)(x-3)caDbeputinto  theform 
Z(r-l)(x  +  2)(a:  +  3}  +  m(x-2){a:  +  3Kx+l)+n{.r-3)(jr  +  l)(K  +  2}. 
detennine  the  nnmben  ^  nt,  «. 

*  Important  in  connection  with  Hero'a  formula  for  the  area  of  a  planel 


84 


EXERCI8EB  Tin 


(S.)  Find  a  Tfttional  integral  fonctioii  of  x  at  the  Srd  degree  which  ahkU 
have  the  valuee  P,  Q,  R,  S  when  x=a,  *=b,  x=e,  z=d  respeotiTely. 
(10.)  Find  the  coefficienta  oty'i  and  yi^  in  the  expuiaion  of 
(£«  +  fry  +  ctKo^  +  iV  +  A)  {<Ac+ i*v  +  A). 
y   (11.)  Expand  and  Biinplify2(y?+i'-a?)(y+i-a!). 

Prove  the  follonini;  identitiet : — 

(12.)  (arf  +  6c)»  +  (iH-6  +  e-d)(o  +  6-c+<i)(i  +  (fH6-<i)=(*»-<P+iiJ  +  «fl*. 
•(13.)  S(i' +  e* - o' +  te  +  ta  +  fli)>((? -H)  =  4(6" -«i)(e'- a?) («*-&•). 
(14.)  2((»-t')(ot-c')  =  (Zic)(Si<:-ro'). 
(15.)  Z(itf'-J'c)(J(r-fi'c)=3:tt1a'a'-Zao'2«o^. 
06.)  8n(y  +  i)-6Syj=2i(lB-l)(Ej!-2)-Li(ie-l)(iE-2). 
■--    (17.)  2(6'  +  c'-o')/2fc=(4j.U^-;n»-^)/2pfc   rtiB»  pi= -So,  ftsZSe, 
Pt=-abe. 

(18.)  n(j,+i)'+2iV=''-S!i^y+i)*=2(Zvi)'. 

(20.)  n(a±6±e±<J)  =  3:o»-i2ii'6"  +  flSa***  +  4Z»*SV-40o1ViP. 
(21.)  Show  that 

(a?  +  y"  + 1*  -  3zyi)' =  X«  +  Y"  +  Z' -  3XTZ,  where  X =1*  +  2^1,  ftc. ; 
also  that 

(Si*  -  3j!!«)  (IV*  -  Sa^!/ V}= S^aaf  + 1^  +  y-^)' -  Sn(a3^  + 1^  + /=). 
(Theae  identities  have  an  important  meaning  in  the  thcor;  of  namhetB. ) 
(22.)  Show  that,  if  n  be  a  posittTe  integer,  then 


1-i  +  J-.  -  .-l(neTen)=2(-i^  +  -i^  +  . 

1-i  +  J-.  .  .  +  l(™odd)=2{'-i-+    '    +. 
n  Vn+1    n+8 


(Bliaaard). 


'  In  this  example,  and  in  others  of  a  eimilor  kind,  £  is  not  used  in  its 
strict  sense,  but  refers  only  to  cyclical  interchanges  al  a,  b,  e;  that  is,  to 
interchangea  in  which  a,  b,  c  pass  into  b,  c,  a  respectively,  or  into  c,  a,  b 
respectively.  Thos,  Xa'ib^e)  is,  strictly  speaking,  =0;  but,  if  £  be  used  in 
the  present  sense,  it  isi)*(ft-c)-l-e'(c-a}+e>(a-i). 


CHAPTER  V. 

Divisioii  of  Integral  FanctionB— Transformation  of 
Quotients. 

§1.]  The  operatdonB  of  this  chapter  are  for  the  most  part 
inTeiM  to  those  of  last  Thus,  A  and  D  being  any  integral 
fonctionB  of  one  variable  x,*  and  Q  a  function  Buch  that 
D  X  Q  =  A,  then  Q  is  called  the  ^tieni  of  A  by  D ;  A  is  called 
the  dmdend  and  D  the  divisor.     We  symbolise  Q  by  the  nota- 

tiou  A  -^  D,  A/D,  or  =r,  as  explained  in  chap.  1 

The  operation  of  finding  Q  is  called  division,  but  ire  prefer 
that  the  student  should  class  the  operations  of  this  chapter  under 
the  title  of  tnmtformation  of  quotients. 

A  and  D  being  both  integral  functions,  Q  will  be  a  rational 
function  <A  x,  but  will  nob  necessarily  be  an  inte^al  function. 

Hlien  the  ^timt  can  it  transformed  so  as  to  beamie  tTiteffral,  A 
i»  taid  to  le  exactly  divieible  by  D. 

WTten  the  guotient  cannot  he  so  transformed,  tke  gruilient  is  said 
to  be  fractional  or  essentially  fractional. 

It  is  of  course  obvious  that  an  essentially  integral  fundion  cannot 
he  equal,  in  the  identieal  sense,  to  an  esseniialty  fractional  fumlion. 

§  2.]  When  the  quotient  is  integral,  Us  degree  is  the  excess  of  the 
degree  of  the  dividend  over  the  degree  of  the  divisor.     For,  denoting 

*  7or  Muons  partlj  explained  tielov,  the  stndent  must  bo  cautiaus  in 
ftppljing  man;  of  the  propositioita  of  this  chapter  to  functions  of  more  vari- 
M»t  tlian  one ;  or  *t  leut  in  sach  casea  be  must  select  ono  of  tho  variables 
a^a  i!Ai>4  <ii(f  t&Xni;  of/t  u  ^e  rariable  for  the  purjioBeB  ot  titk  c.H'^lf'i. 


86  THBOBEU  BEOABDINO  DITISIBIUTT  chap. 

the  degrees  of  the  fimctionfl  represented  by  the  various  letters 
by  suffixes,  we  have 

therefore,  by  chap,  iv,  §  7,  m  =p  +  n,  that  iB,p  =  m-n. 

%  3.]  1/  the  degree  of  the  dividend  be  ies»  than  that  of  the  dmsor, 
the  guoiient  is  etseiUially  fractional.  For,  m  beuig<n)  suppose,  if 
possible,  thai  the  quotient  is  integral,  of  d^tee  p  say,  then 

therefore  m  =p  +  n ;  but  p  cannot  be  less  than  0  by  our  hypo- 
thesis, and  m  is  already  less  than  n,  hence  the  quotient  cannot 
be  integral,  that  is,  it  must  be  fractional. 

§  4.]  //  A,  D,  Q,  K  6e  oW  ifOegral  functions,  onrf  if  A  = 
QD  +  B,  then  B  vAU  be  exactly  divitiiiU  by  J)  or  not  according  as  A 
is  exactly  divisible  bt/D  or  noi 


R 


D"D 

Now,  if  A  be  exactly  divisible  by  D,  A/D  will  be  integral,  and 
A/D  -  Q  will  be  integral,  that  is,  E/D  will  be  integral,  that  is,  E 
will  be  exactly  divisible  by  D, 

Again,  if  A  be  not  exactly  divisible  by  D,  A/D  will  bo 
fractional  Hence  R/D  must  be  fractional,  for,  if  it  were 
integral,  Q  +  E/D  would  be  int^ral,  that  is,  A/D  would  be  in- 
tegral, which  is  contrary  to  hypothesis. 


INTBORAL  QUOTIENT  AND   REMAINDER, 
g  6.]  The    following   is   the    fundamental   theorem   in   the 

transformation  of  quotients. 

A„  and  D„  being  integral  functions  of  the  degrees  m  ajid  n  respect- 
ively, tee  can  alioays  transform  the  guotieTit  A„/D„  as  follows : — 

^    P        ^^ 
D„     ^"'-  +  D' 


For,  since 

A  =  CJD  +  E, 

A     QD  +  E 
D-      D      ' 

therefore 

E     A     „ 
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wA«re  Pm-»  W  <"•  ifUegral  fundhn  of  degree  m  -  ft,  and  R  (1/  it  do 
not  vamsk)  an  integrdl  fundion  whose  degree  is  at  most  n-l. 

Thia  tranaformation  ia  effected  by  a  series  of  steps.     We  ahall 
first  work  out  a  particular  caae,  and  then  give  the  general  proof. 
Let  A*=&i'  +  &e'-2az*  +  4a(>-B0i'  +  3to-10. 

Di=ae*+3*'-*B'+e*-8, 
multiply  the  dinwr  Di  by  the  quotient  of  tbe  bigbost  term  of  the  dividend 
hj  tbe  bigheit  term  of  the  divisor  (that  is,  multiiily  Dt  by  Sz</2x*=lx)),  and 
rabtfaettbe  result  from  the  divideud  A«,     Vt'e  hsvu 

A<=8i'+  8x'-20i*  +  ««'-5l)jr'  +  3(te-lO 


therefore  Ai=l3^4^A3  (1), 

Bepekt  the  Mmo  process  irith  the  reeidua  At  in  place  of  A«,  and  we  havo 


A,+2ii!D«=  Ze*+   &!•-   Br'  +  Ha:-10 

=A4Bay; 
therefore  Ab=-2zDi+A4 


And  Bgun  with  A4, 


A(-Di=  Ei>-2i=+  81-   2 

=  A»say; 
therefore  A4=D4  +  A3  (3). 

Hen  the  procen  must  atop,  uoless  ve  agree  to  admit  fractional  multi- 
pliers of  D(  1  for  the  quotient  of  the  highest  terni  of  Ai  by  tbp  liighoat  term  of 
D^  i»  5i'/2z*,  that  ii,  j/a;,  whith  is  a  fractional  function  of  x.     Such  a  con. 
tinoation  of  the  process  does  not  concern  us  now,  bat  will  be  coosidcred  below. 
Meantime,  from  (1)  we  have 

A(  =  4j^Di  +  A(  (4)  ■ 

and,  nsiiig  (!)  to  replace  Ag, 

A,=  4*'D(-2xD,  +  A4  (5); 

and  finally,  uaing  (3), 

=i:(4aj'-2j;  +  l)D4  +  A3  (6). 

H™-  Aj^t4=r--S;._+1)D.  +  A, 
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r,  replacing  the  capital  letten  b;  the  fonctiinu  thejr 

8a^-)-Sj'-20x*  +  iOg'-60x'  +  80a!-10 


Since  6-4=2,  it  will  be  seen  th»t  we  hkve  eatablithed  tha  ftborefliMmn 
for  this  special  caw.  It  so  liappena  that  the  degree*  of  the  leddoN  Ag,  A4, 
At  diininiali  at  each  operation  b7  unity  only ;  hat  the  EitQdeiit  wiU  eamlj  see 
that  the  diminution  might  happen  to  be  more  Tspid ;  and,  in  paiticolar,  th«t 
the  degree  of  the  Grst  residne  whote  degree  falla  under  that  of  Uie  difiaor 
might  happen  to  he  lew  than  the  d^;ree  of  the  dlTiior  by  more  than  nnit;. 
Bat  none  of  these  posrabilitiea  will  aSect  the  proof  In  inj  wajr. 

We  shall  return  to  the  present  case  immediately,  bnt  in  the  fint  place  we 
ma;  give  a  general  form  to  the  proof  of  the  important  piopoaition  which  wa 
are  illustrating. 

§6.]  Let     A„  =  poaf*+^,a?»-*+j»^-»  +  &c.; 

Multiplying  D„  by  the  quotient  ^^/j^,  that  is,  by  (ps/sija?""", 
and  subtracting  tbe  result  from  A„,  we  get 

A„_^'^-»D„=  (p.-Ml)^-i^  (y,_-M.y-.^^^ 

=  A„.,aay, 
whence,  denoting  ji^;,  by  r  for  shortness,  we  got 

A„  =  «?»-D„  +  A,„.,  (1). 

Treating  A„-,  in  the  same  way,  we  get 

A„,.  =  ar™--iD„  +  A„..  (2). 

And  BO  on,  ao  long  as  the  degree  of  the  residue  is  not  leas 
than  n,  the  last  such  equation  obtained  being — 

A„  =  wD„  +  R  (3), 

where  R  is  of  degree  n  - 1  at  the  utmost.     Using  all  these 
equations  in  succession  we  get 

A,„  =  ra?»-"D„  +  s3;'"-''-iD„+  .  .  .  +wD„  +  R 
=  (ra?"-"  +  sa:"-"-*+  .  .  .  +«!)D„  +  R; 
whence,  dividing  both  sides  by  D„,  and  distributing  on  the 
right. 
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_  =  ri«-'i  +  Sj«-'>-l  +  ,   .   .+1C  +  — ., 

vhich,  if  we  bear  in  mind  the  character  of  B,  gives  a  general 
proof  of  the  proposition  in  question. 

§  7.]  We  have  shown  that  the  transformation  of  g  5  can 
always  be  effected  in  a  particular  way,  but  this  gives  no  assur- 
ance that  the  final  result  will  always  be  the  same.  The  proof 
that  this  really  is  so  is  furnished  by  the  following  proposition : — 

The  qaotieat  A/D  of  two  inUgrai  functiims  can  be  put  inio  the 
form  P  +  E/D,  where  P  and  E  are  inUgrtd  fwuiwns  and  the  degree 
0^  B  is  less  than  thai  of  D,  tn  one  vxiy  only. 

If  possible  let 

D  ff 


where  P,  E  and  P*,  E'  both  satisfy  the  above  requiiemente ; 
then  ^4--^4: 

subtracting  ^  +  f.  from  both  sides,  we  have 

P-P'  =  ^'-5; 

whence  ?lz£  =  p_P'. 

How,  since  the  degrees  E  and  R'  are  both  less  than  the  degree 
of  D,  it  follows  that  the  degree  of  E'  -  R  is  leas  than  that  of  D. 
Therefore,  by  §  3,  tho  left-hand  aide,  (R'  -  E)/D,  is  essentially 
fractional,  and  cannot  be  equal  to  the  right,  which  is  integral, 
unless  E'  -  E  =  0,  in  which  case  we  must  also  have  P  -  P'  =  0, 
that  ia,  E  =  E',  and  ?  =  ?*. 

§  8.]  The  two  propositions  of  §§  G,  7  give  a  peculiar  import- 
ance to  the  functions  P  and  E,  of  which  the  foUowing  definition 
may  now  legitimately  be  given : — 

//  ihtqiuaieniA.{Dhetramforvudi>doV^^fD,  ^  andV,beiag 
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integral  and  E  of  degree  lest  than  D,  P  «  caUed  the  miegrai  qvotienl, 
and  R  the  remaindw  of  A  vihm  divided  by  D. 

§  9.]  We  can  now  expresa  the  condition  that  one  integral 
function  A  may  be  exactly  divisible  by  another  D.  For,  if  K  be 
the  remainder,  ae  above  defined,  we  have,  P  being  an  integral 
function, — 

D  D' 

whence,  Bubtracting  P  from  both  sides, 

Nov,  if  A  be  exactly  divisible  by  D,  A/D  will  be  integral,  and 
therefore  A/D  -  P  will  be  integtuL  Hence  B/D  must  be  integral  j 
but,  since  the  degree  of  R  is  lesa  than  that  of  D,  this  cannot  be 
the  case  unleea  R  vanish  identically. 

The  necessary  ajtd  sv^cient  amdUitm  for  exact  divisibUUy  is  there- 
fore that  the  remainder  shall  vanish. 

AVhen  the  divisor  is  of  the  nth  degree,  the  remainder  will  in 
general  be  of  the  (n  -  l)th  degree,  and  will  contain  n  coefficients, 
every  one  of  which  must  vanish  if  the  remainder  vanish.  In 
general,  therefore,  when  the  divisor  is  of  the  nth  degree,  n  conditions 
are  necessary  to  secure  exact  divisibility. 

§  10.]  Having  examined  the  exact  meaning  and  use  of  the 
integral  quotient  and  remainder,  we  proceed  to  explain  a  con- 
venient method  for  cslculating  them.  The  process  is  simply  a 
succinct  arrangement  of  the  calculation  of  gS  5,  6.  It  will  bo 
sufficient  to  take  the  particular  case  of  §  5. 

The  work  may  be  arranged  as  follows : — 
8z'+    Sif  -  20x*  +  iOi?  -  SOz*  +  3Qa;  -  10 1  2j:'  +  3/  -  4j:'  +  6j:  -  8 
&r*  +  12a'-16zV24a:'-32j!*  \ial'-2£+l 


h    8/- 


30j;-1O 
16a; 


2x*+    9j^-    Ga;'+142-10 

2x'+    Sj?-    ^3?+    Sx-    8 

53?'    2^+    Sx-    2 


T  OETACHSD  COEFFICIENTS  91 

Or,  obBerring  that  the  term  -  10  is  not  wanted  till  the  last 
operation,  and  therefore  need  not  be  taken  down  from  tiie  upper 
lino  until  that  stage  is  reached,  and  observing  further  that  the 
method  of  detached  coefficients  is  clearly  applicable  here  just  aa 
in  multiplication,  we  may  arrange  the  whole  thus : — 

8+    6-20  +  40-50  +  30-lQ  I  2  +  3-4-8-6-8 


8-H3-16-K24-32 

1 

-    4-    4-H6-18  +  30 

_    4-    6+    8-12+16 

2+    8-    6  +  14- 

10 

2+    3-    4+    6- 

-    8 

Therefore,         Integral  quotient  =  i^-2x+l; 

Eemainder  =  Bi"  -  2^  +  8a;  -  2. 

The  process  may  be  verbally  described  as  follows  : — 

Arrange  both  dividend  and  divisor  according  to  descending  powers 
of  X,  jUling  in  missing  powers  icilh  zero  coefficknis.  Find  fite  quotient 
of  the  highest  term  of  the  dividend  by  the  highest  term  of  the  divisor; 
the  result  is  the  higher  term  of  the  "  integral  quotient." 

MvUiply  the  divisor  bt/  the  term  thus  obtained,  and  subtract  the 
result  from  the  dividend,  taking  down  only  one  term  to  the  right  beyond 
those  affected  by  the  sMraction;  tlie  result  thus  obtained  wUl  be  less  in 
degree  than  the  dividend  by  one  at  least.  J}n'ide  Ike  highest  term  of 
Has  result  by  the  highest  of  the  divisor ;  Hie  result  w  the  second  term 
of  the"  iniegrai  quotient." 

Multiply  the  divisor  by  the  new  term  just  obtained,  and  subtract, 
<£&,  as  before. 

The  process  continues  until  the  result  after  the  last  subtraction  is 
lest  in  degree  than  the  divisor;  this  last  result  is  the  remaimler  as 
above  defined. 

§  11.]  The  following  are  some  examples  of  the  use  of  the 
"long  rale  "  for  division. 
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CHAP. 


Example  1. 


l-i+i |l-i+t 

-i+A-A 

-i+*-A 


i-A+A 
i-A+A 

0  +  0 
The  remainder  yanishes,  therefore  the  division  is  ezaotj  ukd  the  qnotient  is 


Example  2. 
1+p 


(a^ +l»j» +ga5+r)-T-(a5  -  a). 


+^ 


+r 


1-a 


l  +  (a+i?)  +  (a»+ap+g) 


(a+j?)-(a'+ap) 


(a'+ap+j)  +  r 

{d^  +  ap  +  q)  -  (a^-\'a^-\'aq) 

Hence  the  integral  quotient  is 

a:*+(a+|))a;+(a'+ap+g') ; 
and  the  remainder  is 

The  student  should  observe  the  use  of  brackets  throughout  to  preserve  the 
identity  of  the  coefficients. 

Example  3. 

(a*  -  Zo^h  +  6a«62  -  3a6» + 6*)  V(a«  -  o^ + ^Y 

1st.  Let  us  consider  a  as  the  variable.  Since  the  expressions  are  homo- 
geneous, we  may  omit  the  powers  of  &  in  the  coefficients,  and  use  the  numbers 
merely. 


1-3+6-3+1 
1-1  +  1 


-2+5-3 
-2+2-2 


1-1  +  1 
~l-2  +  3 
a2-2a6  +  3ja 


3-1  +  1 
3-3  +  3 

2^2 
2aft8-2d« 
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whence 


2 im^ =*  -  2aJ  +  362+ -« r-rri- 


2nd.  Let  us  consider  b  as  the  variable.    We  most  then  arrange  according 
to  descending  powers  of  6,  thus — 

(J<  -  3a6»  +  6a«63  -  3a»6 + a<) -=- (62  -  aJ  +  a2). 

Detach  the  coefficients,  and  proceed  as  before.  It  happens  in  this  particular 
case  that  the  mere  numerical  part  of  the  work  is  exactly  the  same  as  before  ; 
the  only  difference  is  in  the  insertion  of  the  powers  of  a  and  b  at  the  end. 
Thus  the  integral  quotient  is  6^  -  26a + 8a',  and  the  remainder  is  260^-20^, 
whence 

a*-3a56  +  6a26'-3a63  +  64  o  ;..  w  .   2a»6-2a< 

a^-ab  +  r  a^-ab  +  lr 

§  12.]  The  process  of  long  division  may  be  still  further 
abbreviated  (after  expertness  and  accuracy  have  been  acquired) 
by  combining  the  operations  of  multiplying  the  divisor  and  sub- 
tracting. Then  only  the  successive  residues  need  be  written. 
Thus  contracted,  the  numerical  part  of  the  operations  of  Example 
3  in  last  paragraph  would  run  thus : — 


1-3+6-3+1 

-2+6-8+1 

8-1  +  1 

2-2 


1-1  +  1 


1-2  +  3 


BINOMIAL  DIVISOR — REMAINDER  THEOREM. 

§  13.]  The  case  of  a  binomial  divisor  of  the  1st  degree  is  of 
special  importance.     Let  the  divisor  be  2;  -  a,  and  the  dividend 


Pfpf^  +  PiX^-^  +  p^^ 


-n-2 


+  . 


+Pn-i^-^Pn' 


Then,  if  we  employ  the  method  of  detached  coefficients,  the 
calculation  runs  as  follows : — 


Po+Pi 

Po  -Pifl- 


+2?,+ 


+jPn-i+i?n 


iPfP' -^  Pi) -^  P^ 

{Pffl  +  Pi)  -  (Po(^  +  Pih 


1-a 


Po 
+  (Pifl'-^Pi) 

■^  {P^^ -^  PlO'  +  Pt) 


{p^' +  p^a  +  pt)  +  Ps 

(poa  +pia  +1?,)  -  (poa  +  jPjtt  +p^a 
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The  integral  quotient  is  therefore 

The  hw  of  formation  of  the  coefficients  is  evidently  asfoUaws: — 

Tlie  first  is  the  first  coefficieni  of  the  dividend  ; 

The  second  is  obtained  by  multiplying  Us  predecessor  by  a  and 
adding  the  second  coefficient  of  the  dividend  ; 

The  third  by  multiplying  the  second  just  obtained  by  a  and  adding 
the  third  coefficient  of  the  dividend;  and  so  on. 

It  is  also  obvious  that  the  remainder,  which  in  the  present  case  is 
of  zero  degree  in  x  (that  is,  does  not  contain  x\  is  obtained  from  the 
last  coefficient  of  the  integral  quotieni  by  multiplying  ihcd  coefficient  by 
a  and  adding  the  last  coefficient  of  the  dividend. 

The  operations  in  any  numerical  instance  may  be  con- 
veniently arranged  as  follows : — * 


Example  1. 


(2a:*-8««+6aj-4)-r(a;-2). 
2+0-3+  6-   4 
0  +  4  +  8  +  10  +  32 


2  +  4  +  5  +  16  +  28 


Integral  quotient =2j^-\-Ax^  +  5x+16  ; 
Remainder  =28. 

The  figures  in  the  first  line  are  the  coefficients  of  the  dividend. 

The  first  coefficient  in  the  second  line  is  0. 

The  first  coefficient  in  the  third  line  results  from  the  addition  of  the  two 
above  it 

The  second  figure  in  the  second  line  is  obtained  by  multiplying  the  first 
coefficient  in  the  third  line  by  2. 

The  second  figure  in  the  third  line  by  adding  the  two  over  it. 

And  so  on. 

Example  2. 

If  the  divisor  be  x+2f  we  have  only  to  observe  that  this  is  the  same  as 

*  The  student  should  observe  that  this  arrangement  of  the  calculation  of 
the  remainder  is  virtually  a  handy  method  for  calculating  the  value  of  an 
integral  function  of  x  for  any  ^mrticular  value  of  jc,  for  28  is  2  x  2*  -  3  x  2* 
+  6x2-4,  that  is  to  say,  the  value  of2iC*-3ar^  +  6a;-4  when  x=2  (see  §  14). 
Tliis  method  is  ofteu  used,  and  always  saves  arithmetic  when  some  of  the 
coefficients  are  negative  and  others  positive.  It  was  employed  by  Newton  ; 
see  Horsley's  edition,  vol.  i.  p.  270. 
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X  -  ( -  2) ;  and  we  see  that  the  proper  result  will  be  obtained  by  operating 
throughout  as  before,  using  -  2  for  our  multiplier  instead  of  +  2. 

(2a;*-3a?  +  6x-4)-f-(x  +  2) 
=  (2«*-3ar'+6a;- 4)-7-(a;- ( -  2)). 

2+0-8+  6-4 
0-4  +  8-10  +  8 


2-4  +  5-   4  +  4. 


Integral  quotient  =  2aj'-4ar^  +  6a:-4; 
Remainder  =  4. 

Example  3. 

The  following  example  will  show  the  student  how  to  bring  the  case  of  any 
binomial  divisor  of  the  1st  degree  under  the  case  of  x  -  a. 

3a;*-23^  +  3g^-2a;  +  3    3x*-2xg  +  3z»-2a;+3 
3x  +  2  ~  3(x  +  |) 

_,  f3x*--2a^  +  3r»-2x+3^ 

Transforming  now  the  quotient  inside  the  bracket  {  }i  we  have 

3-2+  3-2+3 

0-2+  i  -v+w 

3-4  +  V-V  +  W- 
Integral  quotient = 3x'  -  4aj* + V*  ~  V- 
Remainder  =  Vt** 


Whence 


3jr«-2x»  +  3a^-2a;  +  3 
3x  +  2 


=  j{8x5-4x2  +  VaJ-V+^^^^j} 


=x3-|x»  +  V-x-«  + 


3x  +  2 


Hence,  for  the  division  originally  proposed,  we  have — 

Integral  quotient = x*  -  |x? + ^x  -  f| ; 
Remainder  =  ^^-, 

The  process  employed  in  Examples  2  and  3  above  is  clearly 
applicable  in  general,  and  the  student  should  study  it  attentively 
as  an  instance  of  the  use  of  a  little  transformation  in  bringing 
cases  apparently  distinct  under  a  common  treatment. 

§  14.]  Reverting  to  the  general  result  of  last  section,  we  see 
that  the  remainder,  when  written  out  in  full,  is 
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Comparing  this  with  the  dividend 

we  have  the  following  "  remainder  theorem  " : — 

IFhen  an  integral  function  ofxis  divided  by  z-Of  the  remainder 
is  obtained  by  substittUing  a  for  x  in  the  function  in  question. 

In  other  words,  the  remainder  is  the  same  function  of  a  as 
the  dividend  is  of  x. 

Partly  on  account  of  the  great  importance  of  this  theorem, 
partly  as  an  exercise  in  general  algebraical  reasoning  we  give 
another  proof  of  it. 

Let  us,  for  shortness,  denote 

/(a)  will  then,  naturally,  denote  the  result  of  substituting  a  for 
X  in  /(a:),  that  is. 

Let  x(^)  denote  the  integral  quotient,  and  R  the  remainder, 
when  f{x)  is  divided  by  a?  -  a.  Then  x(^)  is  an  integral  function 
of  X  of  degree  n-l,  and  R  is  a  constant  (that  is,  is  independent 
of  ic),  and  we  have 

^  =x(«)  + 


X  —  a  X  —  a 

whence,  multiplying  by  «  -  a,  we  get  the  identity 

f{x)  =  {x-  a)x{x)  +  R 

Since  this  holds  for  all  values  of  x,  we  get,  putting  x  =  a 

throughout, 

/(a)  =  («  -  a)x(a)  +  E, 

where  E  remains  the  same  as  before,  sinee  it  does  not  depend  on 
a,  and  therefore  is  not  altered  by  giving  any  particular  value 
to  X. 

Since  x(<i)  is  finite  if  a  be  finite,  (a  -  a)x(a)  =  0  x  x(a)  =  0 ; 
and  we  get  finally 

/W  =  E. 
which,  if  we  remember  the  meaning  of  /(a),  proves  the  "re- 
mainder theorem." 
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Cor.  1.  Since  x  +  a  =  x-  (-  a),  it  follows  that 
The  remainder y  when  an  integral  function  f(x)  is  divided  by 
x  +  a,  t5  /(  -  a). 

For  example,  the  remainder,  when  7i^-Sa?  +  2a?-5x+6  is  divided  by 
aj+10,  is(-10)<-3(-10)»  +  2(-10)2-5(-10)  +  6  =  13256. 

Cor.  2.  Hie  remainder ^  when  an  integral  function  of  x,  f{x\  is 
divided  by  ax  +  b,  isf{-  b/a). 

This  is  simply  the  generalisation  of  Example  3,  §  13,  above. 

By  substitution  we  may  considerably  extend  the  application 
of  the  remainder  theorem,  as  the  following  example  will  show : — 

Consider /)«(ic")"*+j9,„_i(ic")'"-^+  .  .  .  +pi(af*)-hpo  and  a* -a".  Writing 
for  a  moment  (  in  place  of  x",  and  a  in  place  of  a",  we  have  to  deal  with 
|>m?* +/>m-ir*~*  +  •  •  •  +Pi^+Po  and  ^-a.  Now  the  remainder,  when  the 
former  of  these  is  divided  by  the  latter,  is  ^«,a*» +|?„,_ia*»~*  +  .  .  .  -^Pia  +  po. 
Hence  the  remainder,  when  ^m(ic")"'+l'm-i(a!") "*■"*+ •  •  .  +i>ia^ +i?o  is  divided 
by  x*  -  a*,  is  Pm{a**)*^  +l?m-i(a")"'~*  +  .  .  .  +piO*»  +po. 


APPLICATION   OF  REMAINDER  THEOREM  TO  THE   DECOMPOSITION 
OF  AN   INTEGRAL   FUNCTION    INTO   LINEAR   FACTORS. 

§  15.]  jy  a„  ttj,  .  .  ,,arber  different  values  of  x,  for  which  the 
integral  function  of  the  nth  degree  f{x)  vanisJieSj  where  r<ny  then 
f(x)  =  {x-  ai)  (a;  -  ttg) . . .  (x  -  ay)<^_,(j:),  <^-r(^)  being  an  integral 
function  of  x  of  the  (n  -  r)th  degree. 

For,  since  the  remainder,  /(a,),  when  f{x)  is  divided  by  a;  -  a„ 
vanishes,  therefore  f{x)  is  exactly  divisible  by  a:  -  a„  and  we  have 

/(x)  =  (x-aO<^.,(^), 

where  <^_i(a?)  is  an  integral  function  of  x  of  the  (n  -  l)th  degree. 
Since  this  equation  subsists  for  all  values  of  a*,  we  have 

that  is,  by  hypothesis,    0  =  (0,  -  Oi)<^_,(aa). 

Now,   since  a^  and  a,  are  diflferent  by  hypothesis,  a,  -  a^  4=  0 ; 
therefore  </>n-i(a«)  =  0- 

Hence,  <^-i(^)  is  divisible  by  {x  -  0^), 

that  is,  <^  _  ,{x)  =  {x-  a^)<l>n  -  2(3;)  ; 

whence  f{x)  =  (a;  -  a,)  (x  -  aa)<^  .  ^(x). 

VOL.  I  H 
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From  this  again, 

which  gives,  since  a„  a,,  a^  are  all  unequal,  4hi-i{<^  =  0  ;  whence 
</>n-«W  =  (-^  -  fh)^-z(:^) ;  so  that 

fix)  =  {x-  a,)  {x  -  a,)  {x  -  a^)<l>n-z(3t). 

Proceeding  in  this  way  step  by  step,  we  finally  establish  the 
theorem  for  any  number  of  factors  not  exceeding  n. 

Cor.  I,  If  an  integral  function  be  divisible  by  tlie  factors  x  -  a„ 
X  -  a^  .  .  . ,  X-  an  all  of  the  1st  degree^  and  all  different,  it  is 
divisible  by  their  product ;  and,  conversely,  if  it  is  divisible  by  the 
product  of  any  number  of  such  factors,  all  of  the  1st  degree  and  all 
different,  it  is  divisible  by  each  of  them  separately.  The  proof  of 
tliis  will  form  a  good  exercise  in  algebraical  logic. 

Cor.  2.  The  particular  case  of  the  above  theorem  where  the 
number  of  factors  is  equal  to  the  degree  of  the  function  is  of 
special  interest.     We  have  then 

f{x)  =  (x  -  a,)  (a;  -  a,) ...  (a;  -  a  JP. 

Here  P  is  of  zero  degree,  that  is,  is  a  constant.  To  determine  it 
we  have  only  to  compare  the  coefficients  of  x^  on  the  left  and 
right  hand  sides,  which  must  be  equal  by  chap,  iv.,  §  24.  Now 
/(.c)  stands  for  ^o^^+^iO;**"^  +  .  .  .  +jPn-i«+i?n-  Hence  P=^o) 
and  we  have 

In  other  words — If  n  different  values  of  x  can  be  found  for  which 
the  integral  ftinction  f(x)  vanisJies,  then  f(x)  can  be  resolved  into  n 
factors  of  the  1st  degree,  all  different. 

The  student  must  observe  the  "if*'  here.  We  have  not 
shown  that  n  such  particular  values  of  x  can  always  be  found, 
or  how  they  can  be  found,  but  only  that  if  they  can  be  found  the 
factorisation  may  be  efiected.  The  question  as  to  the  finding  of 
tti,  a„  .  .  . ,  &c.,  belongs  to  the  Theory  of  Equations,  into  which 
we  are  not  yet  prepared  to  enter. 

§  16.]  The  student  who  has  followed  the  above  theory  will 
naturally  put  to  himself  the  question,  "  Can  more  than  n  values 
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of  X  be  found  for  which  an  mtegral  function  of  x  of  the  nth  degree 
vanishes,  and,  if  so,  what  then  ? "  The  following  theorem  will 
answer  this  question,  and  complete  the  general  theory  of  factorisa- 
tion so  far  as  we  can  now  follow  it. 

If  an  integral  fundion  of  x  of  the  nth  degree  vanish  for  more  iJian 
n  different'  values  of  r,  it  must  vanish  identically,  thai  is,  each  of  its 
coefficients  vmist  vanish. 

Let  a„  Oj,  .  .  .,  On  hen  of  the  values  for  which  f(x)  vanishes, 
then  by  §  15  above,  if  po  he  the  coefficient  of  the  highest  power 
of  a;  in  f{x),  we  have 

f(x)  =Po(x  -  a,)  (a;  -  a,)  ...  (;r  -  o^)  (1). 

Now  let  p  be  another  value  (since  there  are  more  than  n)  for 
which /(a;)  vanishes,  then,  since  (1)  is  true  for  all  values  of  x,  we 
have 

O=/08)=;>o08-a.)(i3-a,)...(/?-an)  (2). 

Since,  by  hypothesis,  a^,  a^,  .  .  . ,  a„  and  p  are  all  different, 
none  of  the  differences  )8  -  a^,  ^  -  a,,  .  .  . ,  P  -0^  can  vanish, 
and  therefore  their  product  cannot  vanish.    Hence  (2)  gives  po  =  0. 

This  being  so, /(a:)  reduces  to  i^iic**"^ +2^2^**"^+  .  .  .  +Pn-i« 
+Pn'  We  have  now,  therefore,  a  function  of  the  (w  -  l)th  degree 
which  vanishes  for  more  than  w,  therefore  for  more  than  (»  -  1), 
values  of  its  variable.  We  can,  by  a  repetition  of  the  above 
reasoning,  prove  that  the  highest  coefficient  p^  of  this  function 
vanishes.  Proceeding  in  this  way  we  can  show,  step  by  step, 
that  all  the  coefficients  of  f(x)  vanish. 

As  an  example  of  this  case  the  student  may  take  the  following : — 

The  integral  function 

0S-7)(a;-/3)(a!-7)  +  (7-a)(x-7)(ar-a)  +  (o-j8)(a:-a)(a'-j8) 
+  0S-7)(7-a)(«-i8) 

Tanishes  when  a;=a,  when  x=p,  and  when  x=y ;  but  it  is  only  of  the  2nd 
degree  in  x.  We  therefore  infer  that  the  function  vanishes  for  all  values  of  x, 
that  is  to  say,  that  we  have  identically 

05-7)(x-j8)(j:-7)  +  (7-a)(a;-7)(a;-o)  +  (o-i8)(a!-a)(x-/3) 

+  (^-7)(7-a)(a-i8)  =0. 

That  this  is  so  the  reader  may  readily  verify  by  expanding  and  arranging  the 
left-hand  side. 
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Cor.  If  two  integral  functions  of  x^  whose  degrets  are  m  and  n 
respectively^  m  being  >  n,  be  equal  in  value  for  more  than  m  different 
values  of  Xy  a  fortiori,  if  they  be  equal  for  all  values  of  Xy  that  is  to 
sai/f  identically  equal,  then  the  coefficients  of  like  powers  of  x  in  the 
two  must  be  equal. 

We  may,  without  loss  of  generality,  suppose  the  two  functions 
to  be  each  of  degree  m,  for,  if  they  be  not  equal  in  degree,  this 
simply  means  that  the  coefficients  of  ai*+^,  a^+^,  .  .  . ,  aJ^  in  one 
of  them  are  zero.     We  have  therefore,  by  hypothesis, 

and  therefore 

for  more  than  m  values  of  x. 
Hence  we  must  have 

i'o-go  =  0,    i?, -^1  =  0,    .  .  .,    i?,n-gm  =  0; 
that  is, 

This  is  of  course  merely  another  form  of  the  principle  of 
indeterminate  coefficients.  The  present  view  of  it  is,  however, 
important  and  instructive,  for  we  can  now  say  that,  if  any 
function  of  x  can  be  transformed  into  an  integral  function  of  x,  then 
this  transformation  is  unique, 

§  17.]  The  danger  with  the  theory  we  have  just  been  ex- 
pounding is  not  so  much  that  the  student  may  refuse  his  assent 
to  the  demonstrations  given,  as  that  he  may  fail  to  apprehend 
fully  the  scope  and  generality  of  the  conclusions.  We  proceed, 
therefore,  before  leaving  the  subject,  to  illustrate  very  fully  the 
use  of  the  remainder  theorem  in  various  particular  cases. 

To  help  the  student,  we  shall  distinguish,  in  the  following 
examples,  between  identical  and  conditional  equations  by  using 
the  sign  "  =  "  for  the  former  and  the  sign  "  =  "  for  the  latter. 

Example  1.  To  detennine  the  value  of  the  constant  k  in  order  that 

may  be  exactly  divisible  by  a;  +  2. 

The  remainder,  after  dividing  by  a?  +  2,  that  is,  by  a;  -  (  -  2),  is  ( -  2)' 


•  •  •   ' . 
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+  6(-2)'+4(-2)  +  A;,  that  is,  S+k.     The  condition  for  exact  divisibility  is 
therefore  84-A:=0,  that  is,  A;  =  -  8. 
Example  2.  To  determine  whether 

3ar»-2a:2-7x-2  (1) 

is  divisible  by  (sc  + 1 )  (a;  -  2). 

If  we  put  x=  - 1  in  the  function  (1)  we  get 

-3-2  +  7-2=0, 

hence  it  is  divisible  by  x+ 1. 

If  we  put  aj=2  we  get 

24-8-14-2  =  0, 

hence  it  is  divisible  by  a;  -  2. 

Hence  by  §  15  it  is  divisible  by  (jc  +  1)  (x-  2).  The  quotient  in  this  case 
is  easily  obtained,  for,  since  the  degree  of  (1)  is  the  3rd,  we  must  have 

3a:«-2ar»-7ic-2=(a;+l)(a;-2)(aj;+6)  (2), 

where  a  and  b  are  numbers  to  be  determined. 

If  we  observe  that  the  hij^hest  term  3a^  on  the  left  must  be  equal  to  the 
product  XX XX ax  of  the  three  highest  terms  of  the  factors  on  the  right,  we 
see  that  3si^=aa^,  hence  a  =3.  And,  since  the  product  of  the  three  lowest 
terms  of  the  factors  on  the  right  must  be  equal  to  -  2,  the  lowest  term  on  the 
left,  we  get  -  26=  -  2,  that  is,  b=l.     Hence  finally 

3x»-2jr»-7a;-2  =  (a:  +  l)(x-2)(3a:+l). 
Example  3.  If  ^i  be  a  positive  integer. 


when 

is  divided  by 

the  rem.  is 

that  is 

ar^-a" 

x-a 

a**  -a*^ 

0  always. 

ajH^^n 

x  +  a 

( -  a)»  -  o« 

0  if  n  be  even,  -  2a"  if  n  be  odd. 

a?»  +  o»» 

x-a 

a^  +  a** 

2a"  always. 

x^  +  a» 

x  +  a 

(-a)'*  +  a" 

0  if  n  be  odd,  2a"  if  7i  be  even. 

Hence  x"  -  a"  is  exactly  divisible  by  a:  -  a  for  all  integral  values  of  n,  and  by 
aj+a  if  n  be  even.  a:"  +  a"  is  exactly  divisible  by  x  +  a  if  n  be  odd,  but  is 
never  exactly  divisible  by  x  -  a  (so  long  as  a  +  0).  These  results  agree  with 
those  given  above,  chap,  iv.,  §  16. 

Example  4.  To  prove  that 

a^(b-c)  +  lP{c-a)  +  (^{a-b)=-(a  +  b  +  c){b-c){c-a){a-b). 
First  of  all  regard  V=a^(b-c)  +  b^{c-a)  +  c^{a-b)  as  a  function  of  a.     P 
is  an  integral  function  of  a  of  the  3rd  degree ;  and,  if  we  put  a  =  6, 

V  =  ii^{b-c)  +  bri(e-b)  +  (^(b-b) 
=  0; 


-^M, 
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and  similarly,  if  we  put  a=:e,  P=0 ;  therefore  P  is  exactly  dlTieible  both  by 
a-b  and  by  o - c. 

Again,  regard  P  as  a  function  of  b  alone.  It  is  an  integral  function  of  b, 
and  vanishes  when  d=C|  hence  it  is  exactly  diTisible  hy  b-c  We  have, 
therefore, 

P=Q(a-6)(a-c)(6-4 

Since  P,  regarded  as  a  function  of  a,  6, -and  e^  is  of  the  4th  degree,  it 

follows  that  Q  must  be  an  integral  function  of  a,  b,  e  of  the  Ist  degree. 

Hence,  I,  m,  n  being  mere  numbers  which  we  have  still  to  determine,  we 

have 

a*(6-c)  +  6*(c-a)  +  c»(a-6)s(lflH-in6+ntf)  (*,-«)  («-«)(«-*) 

=  ''{la+mb+nc){b-'e)  {c-  a)  {a-b). 

To  determine  I  we  have  merely  to  compare  the  coefficients  of  a?b  on  both 
sides.  It  thus  results  by  inspection  that  2=1;  and  similarly  m=l,  n=l; 
the  last  two  inferences  being  sdso  obvious  by  the  law  of  symmetry.  We  have 
therefore  finally 

a»(6-c)  +  6»(c-a)+c»(a-6)=-(a  +  6+c)(6-c)(c-a)(o-6). 
Example  5.  To  show  that 

P=26»c»+2c«a«  +  2a26«-a<-6*-c* 
=(a  +  b+e){'-a+b  +  e){a-b+c){a+b-c). 

First,  regarding  P  as  an  integral  function  of  a,  and  dividing  it  by  a + 6  +  c, 
that  is,  by  o  -  ( -  6  -  c),  we  have  for  the  remainder 

26«c*+2c»(-6-c)«+2d2(-J-c)2-(-6-c)*-&*-c* 

=26>c»+262c2  +  46c»+2c*  +  2&*  +  463c  +  262c2 

-&*-4&5c-6JV-46c»-(^-&*-c* 

=0. 

Hence  P  is  exactly  divisible  by  a+fe  +  c. 

Observing  that  the  change  of  a  into  -  a,  or  of  b  into  -  b,  or  of  c  into  -  c 
does  not  alter  P,  all  the  powers  of  these  letters  therein  occurring  being  even, 
we  see  that  P  must  also  be  divisible  by  -o  +  ft+c,  a-b+e,  and  fi  +  b-c.  We 
have  thus  found  four  factors  of  the  1st  degree  in  a,  b,  c,  and  there  can  be  no 
more,  since  P  itself  is  of  the  4th  degree  in  these  letters.  This  being  estab- 
lished, it  is  easy  to  prove,  as  in  Elxample  4,  that  the  constant  multiplier  is 
+ 1 :  and  thus  the  result  is  established. 


EXPANSION   OF  RATIONAL  FRACTIONS   IN   SERIES  BY   MEANS   OF 

CONTINUED   DIVISION. 

0 

§  18.]  If  we  refer  back  to  §§  5  and  6,  and  consider  the  analysis 
there  given,  we  shall  see  that  every  step  in  the  process  of  long 
division  gives  us  an  algebraical  identity  of  the  form 


-  Q'  +  TT  ' 


l^n         '        I^n 
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where  Q'  is  the  part  of  the  quotient  already  found,  and  R'  the 
residue  at  the  point  where  we  suppose  the  operation  arrested. 

For  example,  if  we  stop  at  the  end  of  the  second  operation, 
8a;'  +  8x'  -  20a;"  +  40a^  -  50^^  +  30x  -  10 
2z*  +  3a?  -  4a;'  +  6a;  -  8 

_^     ,  2^*  +  8^-6^+14a;-10 

2a;*  +  3a?  -  4a?  +  6a;  -  8 
Again,  instead  of  confining  ourselves  to  integral  terms  in  x,  and 
therefore  arresting  the  process  when  the  remainder,  strictly  so 
ccUled,  is  reached,  we  may  continue  the  operation  to  any  extent. 
In  this  case,  if  we  stop  after  any  step  we  still  get  an  identity  of 
the  form 


(1). 


where 

Q'  =  Aa;^  +  Ba;i»-i  +  .  ^  .  +  Ka;  +  L  +  M/a;  + .  .  .+T/a;«  (2), 
and 

R'  =  Ua;»-i  +  Va;'»-2  +  .  .  .  +  Z  (3). 

This  process  may  be  called  Descending  Continued  Division, 

For  example,  consider 

g^-t-2ar'-f8a  +  4 

a^  +  aj  +  l       * 

and  let  as  conduct  the  division  in  the  contracted  manner  of  §  12,  hut  insert 

the  powers  of  x  for  greater  clearness. 

7?  +  X+\ 


JC»  +  2ar«  +  3a;  +  4 


,12      3      1.2 


+  2-1 

X 

82 

X    x^ 


+  -     - 
2 


_      1 


3      2 


a," 


^* 


whence       «^^2^+3^  +  4  1     2^    ji      ;^     2^     (^3x-2)/:t:» 

ar»  +  a;+l  ^^^^a;^ar*    ar'^a^^x^^    ar^  +  aj+1  ^  '* 

an  identity  which  the  student  should  verify  by  multiplying  both  sides  by 
aP+x+1. 
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1  ov 


all' 
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1+x 


X      iC^      7^ 


l+X 


l+ar  +  .   .  .+a* 


of*  l+x 
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(11). 
(12). 


(13). 


{1-x)^ 


=  l+2a;  +  3a;»+.  .  . +(7i  +  l)a:"4 


l+aj  +  .  .  .  +a?» 
(;i  +  2)af+>-(w  +  l)j;»+» 


{l-xf 


(14). 


EXPRESSION  OF  ONE  INTEGRAL  FUNCTION   IN   POWERS   OF 

ANOTHER. 

§  21.]  We  shall  have  occasion  in  a  later  chapter  to  use  two 
particular  cases  of  the  following  theorem. 

If  P  and  Q  be  integral  functions  of  (lie  mth  and  nth  degrees 
respectively  {m  >  w),  then  P  may  always  be  put  into  the  form 

P  =  R,  +  RjQ  +  R,Q*  +  .  .  .+RpQP  (1), 

where  Ro>  Ri >  •  •  -,  ^are  integral  functions,  tJie  degree  of  each  of 
which  is  n-l  at  most,  and  p  is  a  positive  integer,  which  cannot 
exceed  m/n. 

Proof — Divide  P  by  Q,  and  let  the  quotient  be  Qo  and  the 
remainder  Kq. 

If  the  degree  of  Qo  be  greater  than  that  of  Q,  divide  Qo  by 
Q,  and  let  the  quotient  be  Q,  and  the  remainder  R^. 

Next  divide  Qi  by  Q,  and  let  the  quotient  be  Q^  and  the 
remainder  R^,  and  so  on,  until  a  quotient  Qp_j  is  reached 
whose  degree  is  less  than  the  degree  of  Q.  Q,,_i,  for  con- 
venience, we  call  also  Rp.     We  thus  have 

P  =  QoQ  +  lio 

Q<.  =  Q,Q  +  R. 

Q.  =  Q,Q  +  R.  1(2) 
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Now,  using  in  the  first  of  these  the  value  of  Qo  given  by  the 
second,  we  obtain 

P  =  (Q,Q  +  R.)Q  +  Eo, 
=  R„  +  RiQ  +  Q,Q'. 

Using  the  value  of  Qi  given  by  the  third,  we  obtain 

P  =  R„  +  R,Q  +  R,Q'  +  Q,Q'  (3). 

And  so  on. 

We  thus  obtain  finally  the  required  result ;  for,  Bq,  Ri, .  .  ., 
Rp  being  remainders  after  divisions  by  Q  (whose  degree  is  n), 
none  of  these  can  be  of  higher  degree  than  n  -  1 ;  moreover, 
since  the  degrees  of  Qo,  Qi,  Qt,  .  .  •>  Qp-i  are  m-n,  m-2n, 
m  -  3w,  .  .  .,  m  -  np,  ^cannot  exceed  m/n. 

The  two  most  important  particular  cases  are  those  in  which  Q=a;-  a  and 
Q=3^+px+y.    We  then  have 

P=ao  +  ai(aj-a)+.  .  .+a„(x-a)", 

where  oo,  ai,  .  .  . ,  an  are  constants  ; 

where  oo*  ai,  .  .  .,  Op,  bo,  bi^  .  .  .,  (j,  are  constants,  and/)>?n/2. 

Example  1. 

Let  P=5x3-llar»+10x-2, 

Q=a;-1. 

The  calculation  of  the  successive  remainders  proceeds  as  follows  (see 
§  13) :- 


5  - 

11  +10  -2 

0  + 

5  - 

6  +4 

6  - 

6  + 

4  +2 

0  + 

5  - 

1 

6  - 

1  + 

3 

0  + 

5 

5k 

4 

0 

+  5; 

and  we  find 

6ji^-lla?  +  iau:-2  =  2  +  8(a;-l)  +  4(a:-l)H5(»-l)«. 

Example  2. 

P=ic8  +  3^  +  4a;«  +  4arJ  +  3«+l, 

The  student  will  find 

Ro=lla;,     Ri=-22j;+7,     li2=19ic-22,     R3  =  7a;  +  15,     R4=l  ; 


80  that 


EXPANSION  THEOREMS 


P=lla:+(-22a;  +  7)(aB»-aj+l)  +  (19x-22)(r»-a;  +  l)» 
+  (7x+l5){ix?-x+lf  +  {x^-x+l)*. 
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§  22.]  If  ttiy  a,,  ,,,,  an  be  n  constantSy  any  two  or  more  of 
which  may  he  equals  then  any  integral  function  of  x  of  the  nth  degree 
may  he  put  into  tlie  form 

Ao  +  Aj(ic  -  a,)  +  Ag(a;  -  a^{x  -  a,)  +  Ajix  -  a^{x  -  a,) (a;  -  a,)  +  .  .  . 

+  A„(a:  -  a,)  {x-a^,.  .{x-  a«)  (1 ), 

irA^e  Ao,  Aj,  A,,  .  .  .,  An  ar«  constants,  any  one  of  which  except  Kn 
may  he  zero. 

Let  P»  be  the  given  integral  function,  then,  dividing  Pn  by 
x-a^y  we  have 

Pn  =  Pn-i(aJ-a,)  +  Ao  (2), 

where  Ao  is  the  constant  remainder,  which  may  of  course  in  any 
particular  case  be  zero. 

Next,  dividing  Pn-,  by  {x- a,),  we  have 

Pn..  =  Pn-.(2:-a,)  +  A,  (3); 

and  so  on. 

Finally,  Pj  =  An(aj-an)  +  An-,  (n+1). 

Using  these  equations,  we  get  successively 

P„  =  Ao  +  k^{x  -  a,)  +  {x  -  a^){x  -  a,)Pn-2, 
=  Ao  +  Ai(x  -  a,)  +  A^(x  -  di)  (x  -  a^) 

+  (x  -  a,)  (x  -  a,)  {x  -  a3)Pn-3, 


Pn  =  Ao  +  Ai(x  -  a,)  +  A,(;c  -  a,)  {x  -  a^)  +  A,(ic  -  a^)  {x  -  a,)  (.c  -  a,) 

+  .  .  .  +  An(3:  -  a,)  (x-a^) , . ,  (x-  an). 

This  kind  of  expression  for  an  integral  function  is  often 
useful  in  practice. 

Knowing  a  priori  that  the  expansion  is  possible,  we  can,  if  we  choose, 
determine  the  coefficients  by  giving  particular  values  to  x.  Bat  the  most 
rapid  process  in  general  is  simply  to  carry  out  the  divisions  indicated  in  the 
proof,  exactly  as  in  Example  1  of  last  paragraph. 

Thus,  to  express  sc^-l  in  the  form  Ao  +  Ai(«-l)  +  A2(iC-l)(-K-2) 
+  A^x  -l)(x-  2)  (a;  -  3),  we  calculate  as  follows  : — 
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1  +0+0  -1 

0  +1  +1  +1 

1  +1  +l|0 

0  +2+6 

1  +8|  +  7 
3    0+8 

l|+6 

Hence  a?»-l  =  0  +  7(jr-l)  +  6(a;-l)(«-2)  +  (a:-l)(aj-2)(aj-8). 


EZKRCIBES  IX. 

Transform  the  following  quotients,  finding  both  integral  quotient  and 
remainder  where  the  quotient  is  fractional. 


(1. 
(2. 
(3. 
(4. 
(5. 
{X'7). 
(6. 
(7. 
(8. 

(9. 
(10. 

(11. 
(12, 
(13. 
(14. 
(15. 
(16. 

(17. 
(18. 
(19. 
(20. 
(21. 
(22. 
(28. 
(24. 
(25. 
(26. 
(27. 
(28. 
(29. 
(30. 


(a;'-6r»  +  5arJ- l)/(ar»+3x+l). 

(6a:«  +  2a*-19-B*  +  81a»-87aj^+27«-7)/(2a!»-8x+l). 

(4aJ»-2ar«+8aJ»-x+l)/(«»-2a;  +  l). 

(ai«-8a;+15)(a?+8aj+16)/(aj»-25). 

{(a;-l)(a;-2)(a;-8)(«-4)(a;-5)-760(a:-6)  +  120(x-7)}-r-(.p-6) 

(a^  +  4ar>-3a:*-16a^  +  2ar"  +  a;+3)/(x»+4ar«  +  2.c  +  l). 

(27a^  +  10jc»+l)/(3ar»-2a;  +  l). 

(aj5  -  9ai» + 28a;  - 15)  (jr  -  7)/(a?»  -  8ie  +  7), 

(x*  +  HiB*  +  iVaj' +  7*12; + i)/(ar»  -  4a;  + 1 ). 

(a;* + f a:» + iar»  +  f a; + i)/(a;»  +  2a; + 1 ). 

(a;»-a;  +  l)(ar»~l)/(a;*+ar'  +  l). 

(a;iV-a8y«)/(a:-y). 

(9a* + 2a=6» + b^)/(3a^ +2ab  + 1^). 

{a^+h^yia+b). 

(ar* + y*  -  7ar^/2)/(ar»  +  8a;y  +  y^). 

(ar>  -  2j;*y + 4a;y  -  8a;V  +  16a;y*  -  32y»)/(ar»  -  8y«). 

(a;*  +  5a;»y  +  7ar»y2  +  15j^ + 12y*)/(a;  +  4y). 

(l+a;+ar»+ar^+a;*+a*+a;7  4.a*  +  a^  +  aj»)/(l-a;»+a;«). 

(a:«-5ar»  +  8)/(ar»+a;+2). 

{cUKi^  +  {ac-bd)a^-{af+cd)x-\'d/}l(ax-d). 

{a2e>«+oV+6V  +  2a2frc-2aW;-2adc2}-r-(a2-(a-6)(a-c)}. 

{l+b+c-bc-b^e-b<^)l(l-bc). 

{(aa;+6y)»+(aa;-6y)»-(ay-6a;)'  +  («y  +  M')7{(a+&)*^-3rt6(Jc3-y-)]. 

{(a2+62)«  +  ft»o'}/{(a  +  6)«-Ja}. 

{(ar^  +  ary  +  y2)*-(x»-a^^  +  2r)4}/.|^  +  3;,Ay2  +  ,^|. 

{(a;+l)«-a^-l}/{a:2  +  a;  +  i;. 

{ ab{x-  +  i/)  +  xy{a^  +  ^)}l{ ab{a^ -i/)- xijia- -  b'^) } . 

(a«  +  2a^b'  +  2arb^  -  W)l{a^  -  2ab  +  V^), 


kxercisj:^  IX  lOi^ 


(31.)  (j^-ar=-2- -4mJ'-2V 

(32.)  (ar*-4r*-34-n-^7dr-105V(J^-r^. 


(33.)  Find  the  rtMuaimlor  when  j:*  -  lu^-r  Sj-  -  9  is  iliTuiod  br  2.r  -^  3. 
(34.)  Find  the  reniAinder  when  jKt^-rqjr-rqx+p  is  divide«i  by  a*-  1  :  And 
find  the  condition  that  the  function  in  question  U^  exactly  divisible  by  jr  -  1, 
(35.)  Find  the  condition  that  Ajr^-^lijr^v^  +  Ctr^  U*  exaotlv  divisible  bv 

Pjt- +  Qjr. 

(36.)  Find  the  conditions  that  x'  +  ajr  +  fcr  +  r  Ih»  exactly  divu&ible   by 

(37. )  If  X  -  a  be  a  factor  of  j^  +  2ax  -  3^,  then  a  =  ±K 

(38.)  Determine  \,  /*,  r,  in  ortier  that  ar*  +  3j^  +  \^  +  AU'  +  r  W  exactly 
divisible  by  (j^  - 1 )  ( j-  +  2). 

(39.)  If  jr*+4j::»+6;M^  +  4^  +  r  be  exactly  divisible  by  j^  +  8j^  +  l»j*  f  8, 
find  p^  q,  r, 

(40.)  Show  that  ;Jir«  +  (/r  +  9)a^  +  (2y>y+r)j'  +  ^  +  «  and  ;u^  +  (;>2-9)j^ 
+rx-q*  +  s  either  both  are,  or  both  are  not,  exactly  divisible  by  j^+jv+y. 

(41.)  Find  the  condition  that  (jp*  +  a:«-»+ .  .  .  +1)/(j*  +  j*-»+ .  .  .  +1) 
be  integraL 

(42.)  Expand  1/(3j;  +  1)  in  a  series  of  ascending,  and  also  in  a  series  of 
descending,  powers  of  x  ;  and  find  in  each  case  the  residue  after  ft  + 1  terms. 

(43.)  Flxprcss  ll(a^-ax  +  T^)  in  the  form  A  +  Bjr+Cj=+I)jr»  +  R,  when*  A, 
B,  C,  D  are  constants  and  R  a  certain  rational  function  of  j*. 


,-1 


(44.)  Divide  l+x  +  z-5  +  ;j-5-Q  +  .  .  .  by  l-.r. 

(45.)  Show  that,  if  y<l,  then  approximately  1/(1 +  »/)  =  ! -.v,  1/(1-  y) 
=  1  +y,  the  error  in  each  case  being  lOOy*  jier  cent. 

Find  similar  approximations  for  1/(1+^)**  and  1/(1-1/)**,  where  n  is  a 
positive  integer. 

(46.)  If  a>l,  show  that  fi">l +w(a-l),  n  being  a  positive  integer. 
Hence,  show  that  when  n  is  increased  without  limit  a"  becomoH  infinitely 
great  or  infinitely  small  according  as  a>  or  <1. 

(47.)  Show  that  when  an  integral  function /(^)  is  divideil  by  (j*-ai) 
(a; -as)  the  remainder  is  {/(a3)(ar-ai)-/(ai)(a;-02)}/(a3-ai).  lienoraliso 
this  theorem. 

(48.)  Show  that  /{x)-/(a)  is  exactly  divisible  by  x-a;  and  that,  if 
/{x)=p^+pi3if*''^-{-p^-^+ ,  .  . +pnt    then    the    quotient  is   x(^)'i'o^~* 

Hence  show  that  when  /{x)  is  divided  by  (:r-a)5  the  remainder  is 
X(a){x-a)+/{a), 
where  /(a)  =poa" +l'ia"~^  +  .  .  • +PHt 

x(o) = wpoo"-^  +  (71  -  1  )i?ia"--  +  .  .  .  +Ph~i  . 

(49.)  If  aj"+^a^-^+.  .  .  +p^  and  aj"~^  +  ^la;"-' + .  .  .  +y„-i  have  the 
same  linear  factors  with  the  exception  of  a;  -  a,  which  is  a  factor  in  the  first 
only,  find  the  relations  connecting  the  coefficients  of  the  two  functions. 

(60.)  If,  when  y  +  c  is  substituted  for  x  in  a;"  +  aia:"-*+ .  .  .  +a„,  the 
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result  is  y*  +  fciy"~^  + .  .  .  +  J*,  show  that  6«,  5n-i, .  .  . ,  5i  are  the  remainders 
when  the  original  function  is  divided  by  a;  -  e^  and  the  successive  quotients 
by  x-c.  Hence  obtain  the  result  of  substituting  y +3  for  a;  in  a^-15sc* 
+  20a:'-17^-a;+3. 

(51.)  Express  (ar«+8a;+l)*  in  the  form  A  +  B(*+2)+C(a;+2)»+&c,  and 
also  in  the  form  Aic+B  +  (ac+D)(aj»+a;+l)+(Ea5+F)(ai?+«+l)«+&c. 

(52.)  Express  aj*+ a:* +«2+ic+l  in  theform  A«+Ai(a;+l)+As(a!+l)(ar+8) 
+  A8(a;+l)(aj  +  3)(a;+6)+A4(aj+l)(x+8)(aj+6)(aj+7). 

(53. )  If,  when  P  and  Y  are  divided  by  D,  the  remainders  are  R  and  R', 
show  that,  when  PF  and  RR'  are  divided  by  D,  the  remainders  are  identical 

(54.)  When  P  is  divided  by  D  the  remainder  is  R  ;  and  when  the  integral 
quotient  obtained  in  this  division  is  divided  by  D'  the  remainder  is  S  and  the 
integral  quotient  Q.  R',  S\  Q'  are  the  corresponding  ftmctions  obtained  by 
first  dividing  by  D'  and  then  by  D.  Show  that  QsQ'*  and  that  each  is  the 
integral  quotient  when  P  is  divided  by  DD';  also  that  8D  +  R=S'D'+R', 
and  that  each  of  these  is  the  remainder  when  P  is  divided  by  DD'. 


CHAPTER   VI. 

Oreatdst  Common  Measure  and  Least  Common 
Multiple. 

§  1.]  Having  seen  how  to  test  whether  one  given  integral 
function  is  exactly  divisible  by  another,  and  seen  how  in  certain 
cases  to  £nd  the  divisors  of  a  given  integral  function,  we  are 
naturally  led  to  consider  the  problem — Given  two  integral 
functions,  to  find  whether  they  have  any  common  divisor  or  not 

We  are  thus  led  to  lay  down  the  following  definitions : — 

Any  initial  function  of  x  which  divides  exactly  two  or  mme  given 
integrnl  functions  ofzis  called  a  common  measure  of  these  functions. 

The  integral  function  of  highest  de^ee  in  x  which  divides  exactly 
each  of  two  of  more  given  integral  functions  ofxis  called  the  greatest 
common  measure  (G.C.M.)  of  these  functions. 

g  2.]  A  more  general  definition  might  be  given  by  suppos- 
ing that  there  are  any  number  of  variables,  x,  y,  z,  u,  &c ;  in 
that  case  the  functions  must  all  be  integral  in  x,  y,  2,  u,  &c.,  and 
the  degree  must  be  reckoned  by  taking  all  these  variables  into 
account  This  definition  is,  however,  of  comparatively  little 
importance,  as  it  has  been  applied  in  practice  only  to  the  case  of 
monomial  functions,  and  even  there  it  is  not  indispensable.  Ae 
it  has  been  mentioned,  however,  we  may  as  well  exemplify  ite 
use  before  dismissing  it  altogether. 

Let  the  monomials  be  432a'6VyV,  STOt^Vy'z',  SOa'Ji'y'z', 
the  variables  being  x,  y,  x,  then  the  G.C.M.  is  I'y'^  or  (Vy*^ 
where  C  ie  a  constant  coefficient  (that  is,  does  not  depend  on  the 
variables  x,  y,  x). 

The  general  rule,  of  which  the  above  is  a  particular  case,  is 
as  follows : — • 
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Tlie  G,CM,  of  any  number  of  monomials  is  the  product  of  Vie 
variables^  each  raised  to  the  lowest  power  *  in  which  U  occurs  in  any 
one  of  the  given  functions. 

This  product  may  of  course  be  multiplied  by  any  constant 
coefficient 

G.C.M.    OBTAINED  BY  INSPECTION. 

§  3.]  Eetuming  to  the  practically  important  case  of  integral 
functions  of  one  variable  x^  let  us  consider  the  case  of  a  number 
of  integral  functions,  P,  P',  F",  &c.,  each  of  which  has  been  re- 
solved into  a  product  of  positive  integral  powers  of  certain  factors 
of  the  1st  degree,  say  iB-a,a;-)8,  «-y,  &c. ;  so  that 

P   =p{x-a)\x^mx-yY,.., 
r=p'(x-ar{x-pl)\x-yY..., 
P"  =  p''{x.  -  ay{x  -  p)^{x  -  y)^  . .  ., 

By  §  15  of  chap,  v.,  we  know  that  every  measure  of  P 
can  contain  only  powers  of  those  factors  of  the  1st  degree  that 
occur  in  P,  and  can  contain  none  of  those  factors  in  a  higher 
power  than  that  in  which  it  occurs  in  P,  and  the  same  is  true  for 
P',  P",  &c.  Hence  every  common  measure  of  P,  P',  P",  &c.,  can 
contain  only  such  factors  as  are  common  to  P,  P',  P",  &c.  HeiKe 
the  greatest  common  measure  of  P,  P',  P",  &c.^  contains  simply  all  the 
factors  that  are  common  to  P,  P',  P",  d:c.,  each  raised  to  the  lowest 
power  in  which  it  occurs  in  any  one  of  these  functions.^ 

Since  mere  numbers  or  constant  letters  have  nothing  to  do 

with  questions  relating  to  the  integrality  or  degree  of  algebraical 

functions,  the  G.C.M.  given  by  the  above  rule  may  of  course  be 

multiplied  by  any  numerical  or  constant  coefficient. 

Example  1. 

P=2ar»-6a;+  4  =  2(a;- l)(a;-2), 
F=6a^-6a;-12  =  6(a;  +  l)(a;-2). 

Hence  the  G.C.M.  of  P  and  P'  is  x-  2. 

Example  2. 

P  =ar'-5aj*  +  7a:'+a^-8a;+4  =  (a;-l)2(a;+l)(a;-2)2, 

F  =a5«-7a*  +  17a:*-13a:3_iOar»  +  20a!-8  =  (a;-l)V  +  l)(a;-2)S 

P"  =  a:«-3ar*-a;»  +  7ic2-4  =  (a;-l)(a;  +  l)«(a;-2)2. 

The  G.C.M.  is  (a;-l)(a;+l)(a;-2)2,  that  is,  a^-4a:»  +  3aj2+4x- 4. 

*  If  any  variable  does  not  occur  at  all  in  one  or  more  of  the  given  func- 
tions, it  must  of  course  be  omitted  altogether  in  the  G.C.M. 
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§  4.]  It  will  be  well  at  this  stage  to  caution  the  student 
against  being  misled  by  the  analogy  between  the  algebraical  and 
the  arithmetical  G.C.M.  He  should  notice  that  no  mention  is 
made  of  arithmetical  magnitude  in  the  definition  of  the  algebraical 
G.C.M.  The  word  "greatest"  used  in  that  definition  refers 
merely  to  degree.  It  is  not  even  true  that  the  arithmetical 
G.C.M.  of  the  two  numerical  values  of  two  given  functions  of  .r, 
obtained  by,  giving  x  any  particular  value,  is  the  arithmetical 
value  of  the  algebraical  G.C.M.  when  that  particular  value  of  x 
is  substituted  therein ;  nor  is  it  possible  to  frame  any  definition 
of  the  algebraical  G.C.M.  so  that  this  shall  bo  true.* 

The  student  will  best  satisfy  himself  of  the  truth  of  this  remark  by  study- 
ing the  following  example : — 

The  algebraical  G.C.M.  of  7?-Zx-^2  and  jr-x-2  is  x-i  Now  put 
x—Z\.  The  numerical  values  of  the  two  functions  are  870  and  928  respectively  ; 
the  numerical  value  of  a;  ~  2  is  29  ;  but  the  arithmetical  O.C.M.  of  870  and  928 
is  not  29  but  58. 

LONG    RULE   FOR   G.C.M. 

§  5.]  In  chap.  v.  we  have  seen  that  in  certain  cases  in- 
tegral functions  can  be  resolved  into  factors;  but  no  general 
method  for  accomplishing  this  resolution  exists  apart  from  the 
theory  of  equations.  Accordingly  the  method  given  in  §  3 
for  finding  the  G.C.M.  of  two  integral  functions  is  not  one  of 
perfectly  general  application. 

The  problehi  admits,  however,  of  an  elementary  solution  by 
a  method  which  is  fundamental  in  many  branches  of  algebra. 
This  solution  rests  on  the  following  proposition : — 

If  A^  BQ  +  R,  A,  B,  Q,  R  bein^i  all  vdegral  functions  of  a*, 
tlien  tlie  G.C.M.  of  A  and  B  is  tlie  same  as  the  G.C.M.  of  B  and  R. 

To  prove  this  we  have  to  show — 1st,  that  every  common 

*  To  avoid  this  confusion  some  writers  on  ulgebm  have  used  instead  of  the 
words  "greatest  common  measure"  the  term  "highest  common  factar."  We 
have  adhered  to  the  time-honoured  nomeuclaturu  because  the  innovation  in 
tliis  case  would  only  be  a  partial  reform.  The  very  word  factor  itself  is  used 
in  totally  different  senses  in  algebra  ami  in  arithmetic  ;  and  the  same  is  true 
of  the  vforda  fractioiial  and  integral,  with  regard  to  which  confusion  is  no  less 
common.  As  no  one  seriously  pro|)oses  to  alter  the  whole  of  the  tenninology 
of  the  four  species  in  algebra,  it  seems  scarcely  worth  the  while  to  disturb  an 
old  friend  like  the  G.C.M. 
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divisor  of  B  and  E  divides  A  and  B,  and,  2nd,  that  every  common 
divisor  of  A  and  B  divides  B  and  R. 

Now,  since  A  =  BQ  +  R,  it  follows,  by  §  4  of  chap,  v.,  that 
every  common  divisor  of  B  and  R  divides  A,  hence  every  common 
divisor  of  B  and  R  divides  A  and  B. 

Again,  R  =  A  -  BQ,  hence  every  common  divisor  of  A  and  B 
divides  R,  hence  every  common  divisor  of  A  and  B  divides  B  and  R. 

Let  imo  A  and  B  he  two  integral  functions  whose  G,CM.  is  required; 
and  let  B  he  the  one  whose  degree  is  not  greater  than  that  of  the  other. 
Divide  A  hy  B,  and  let  the  quotient  he  Qi,  and  the  remainder  R^. 

Divide  B  by'R^^  and  lei  the  quotient  be  Q,,  and  the  remainder  R,. 

Divide  Rj  hy  R,,  and  let  the  quotient  he  Q,,  and  the  remainder  R,, 
and  so  on. 

Since  the  degree  of  each  remainder  is  less  hy  unity  at  least  than  the 
degree  of  the  corresponding  divisor,  R^,  Rg,  Rj,  cfec,  go  on  diminishing  in 
degree  J  and  the  process  must  come  to  an  end  in  one  or  other  of  two  UKiys. 

I.  EUIier  the  division  at  a  certain  stage  becomes  exact,  and  tlie 
remainder  vanishes  ; 

II.  Or  a  stage  is  reached  at  which  the  remainder  is  reduced  to  a 
constant. 

Now  we  have,  by  the  process  of  derivation  above  described, 

A  =BQ,  +R, 
B  =R.Q,  +  R, 

Ri  =  RgQa  +  R3 


>v 


XI)- 


l^n-2  —  l^n-iyn  +  ^n 

Hence  by  the  fundamental  proposition  the  pairs  of  functions 
^  1M5'  1  ^1  •  •  •  5""'  15'*"'  lall  have  the  same  G.C.M. 

iijKijK,  jKaj  Kn-i  3  Rn      J 

In  Case  I.  R„  =  0  and  Rn-g  =  QnRn-i-  Hence  the  G.C.M.  of 
R,i_2  and  Rn-i,  that  is,  of  QnR»-i  and  Rn-i,  is  R«_i,  for  this 
divides  both,  and  no  function  of  higher  degree  than  itself  can 
divide  Rn-i.     Hence  R,*-,  is  the  G.C.M.  of  A  and  B. 

In  Case  II.  R^  =  constant.  In  this  case  A  and  B  have  no 
G.C.M.,  for  their  G.C.M.  is  the  G.C.M.  of  En-,  and  R„,  that  is, 
their  G.C.M.  divides  the  constant  R„.     But  no  integral  function 
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(other  than  a  constant)  can  divide  a  constant  exactly.  Hence 
A  and  B  have  no  G.G.M.  (other  than  a  constant). 

i/",  therefore^  the  process  ends  with  a  zero  remainder,  the  last  divisor 
is  the  G,C,M,;  if  it  ends  wUh  a  constant,  there  is  no  G.C.M. 

§  6.]  It  is  important  to  remark  that  it  follows  from  the 
nature  of  the  above  process  for  finding  the  G.C.M.,  which  con- 
sists essentially  in  substituting  for  the  original  pair  of  functions 
pair  after  pair  of  others  which  have  the  same  G.G.M.,  that  toe 
may,  at  any  stage  of  the  process,  multiply  either  the  divisor  or  the 
remainder  by  an  integral  funxiixm,  provided  we  are  sure  that  this 
function  and  the  remainder  or  divisor,  as  the  case  may  he,  have  no 
common  factor.  We  may  similarly  remove  from  either  the  divisor  or 
the  remainder  a  factor  which  is  not  common  to  both  We  may  remove 
a  factor  which  is  common  to  both,  provided  we  introdiice  U  into  the  G.  C.  M, 
as  ultimately  found.  It  follows  of  course,  a  fortiori,  that  a  numerical 
factor  may  be  introduced  into  or  removed  from  divisor  or  remainder  at  any 
stage  of  the  process.  This  last  remark  is  of  great  use  in  enabling  us 
to  avoid  fractions  and  otherwise  simplify  the  arithmetic  of  the  pro- 
cess. In  order  to  obtain  the  full  advantage  of  it,  the  student 
should  notice  that,  in  what  has  been  said,  *' remainder"  may  mean, 
not  only  the  remainder  properly  so  called  at  the  end  of  each  sepa- 
rate division,  but  also,  if  we  please,  the  "  remainder  in  the  middle  of 
any  such  division,''  or  "residue,"  as  we  called  it  in  §  18,  chap.  v. 

Some  of  these  remarks  are  illustrated  in  the  following 
examples : — 

Example  1. 
To  find  the  G.C.M.  of  aj5-2x*-2a^  +  8ar»-  7a;+2  and  a:*-  4x+3. 

a:*-4a:  +  3 


7^- 

aJ» 

-2a?*- 

-2a:»  + 

7a;+2 
8a; 

-2)    - 

-2aj*- 

7^^ 

aj* 

-2a^+12ar»- 

10a:  +  2 

h  7?- 

^+ 

Sx-l 
4a;  +  3 

a^ 

7* 

-6a^  + 

6a:»+ 
9a;2- 

9a;- 4 

4a;  +  3 

4a; 

3) 

6a^- 

9a^ 

+  3 

2aJ»- 

3ar»           +1 
12a:8  +  18a;-8 

9) 

9ar»- 

18a;  +  9 

X  +1 


a;»-6^  +  9£-_4 

1^+2 


2?-   2x  +  l 
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ai*-2jp+l 


X  +1 


Hencis  the  G.C.M.  \%7?-'2x->r\. 

It  miist  be  observed  that  what  we  have  written  in  the  place 
of  quotients  are  not  really  quotients  in  the  ordinary  sense,  owing 
to  the  rejection  of  the  numerical  factors  here  and  there.  In 
point  of  fact  the  quotients  are  of  no  importance  in  the  process, 
and  need  not  be  written  down ;  neglecting  them,  canying  out  the 
subtractions  mentally,  and  using  detached  coefficients,  we  may 
write  the  whole  calculation  in  the  following  compact  form : — 

1-2-2+  8-   7  +  2!  1+0  +  0-   4+3 


^-2 


-7--4 


-2-2  +  12-10  +  2 
1  +  1-   6+  5-1 
1-   6+  9-4 


-   4  + 
1- 


8-4 
2  +  1 


6-9+  0+3 

2-3+  0+1 

9-18  +  9 

1-   2  +  1 


-^3 

H-9 


O.C.M.,  ^-2.r+l. 

Example  2. 

Rciiuired  the  G.C.M.   of  4ar*  +  26a:34.4i^_2a;-24  and  Sa**  +  20^  +  32ar 
-  8x  -  32. 

1k;nriiig  in  mind  the  general  [)rinciple  on  which  the  nile  for  finding  the 
(j.C.M.  iH  foundc<l,  we  may  [irocoed  as  follows,  in  order  to  avoid  large  num- 
hcni  ax  much  uh  possible  : — 


4  +  26  +  41-     2-    24 
x2  1+   6+   9+_  6+_  8 

2  +  12  +  18+  12+  16 
7  +  44+  68+  16 
1  +  29  +  146  +  184 


23 


23  +  138  +  184 
1+     6+     8 


3  +  20  +  32-     8-   32 
2 +_  5-26-    56 

-63-318-424 

1+     6+     8 


-^-53 


TheO.C.M.  i8ar»  +  6a;+8. 

Hero  the  second  line  on  the  left  is  obtained  from  the  first  by  subtracting 
tlui  lirHt  on  the  right.  JJy  the  general  principle  referred  to,  the  function 
a^  +  6^"»  +  9ur»  +  6aj  +  8  thus  obtained  and  3^  +  20x^»  +  32a^  -  &«  -  32  have  the 
name  (I. CM.  as  tho  original  pair.  Similarly  the  fifth  lino  on  the  loft  is  the 
ri'Hult  of  Hubtracting  from  the  line  above  three  times  the  second  line  on  the 
riglit. 
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If  the  student  be  careful  to  pay  more  attention  to  the  prin- 
ciple underlying  the  rule  than  to  the  mere  mechanical  application 
of  it,  he  will  have  little  difficulty  in  devising  other  modifications 
of  it  to  suit  particular  cases. 


METHOD   OF  ALTERNATE   DESTRUCTION   OF  HIGHEST   AND 

LOWEST  TERMS. 

§  7.]  If  ly  m,  p,  q  be  constant  quantities  (such  that  Iq-rnp  is  not 

zero),  and  if 

P  =  ;A  +  mB  (1), 

Q  =  M  +  (?B  (2), 

where  A  and  B,  and  therefore  P  and  Q,  are  integral  functions,  then 
the  G.C.M.  of  V  and  Q  is  the  G.C.M.  of  A  and  B. 

For  it  is  clear  from  the  equations  as  they  stand  that  every 
divisor  of  A  and  B  divides  both  P  and  Q.     Again,  we  have 

qV-mQ,  =  q{lA  +  mB)  -  m  (pA  +  qB)  =  (Iq  -  mp)A         (3), 
-pP  +  /Q  =  -p{lA  +  mB)  +  l{pA  +  qB)  =  (Iq  -  mp)B         (4) ; 

hence  (provided  Iq-mp  does  not  vanish),  since  /,  p,  tm,  q,  and 
therefore  Iq  -  mp,  are  all  constant,  it  follows  that  every  divisor  of 
P  and  Q  divides  A  and  B.     Thus  the  proposition  is  proved. 

In  practice  I  and  m  and  p  and  q  are  so  chosen  that  the 
highest  term  shall  disappear  in  I A  +  mB,  and  the  lowest  in 
pA  +  ^B.  The  process  will  be  easily  understood  from  the  follow- 
ing example ; — 

Example  1. 

Let  A  =  4a;*  +  26j^  +  41ar»  -  2a;  -  24, 
B  =  3ar*  +  20a;»  +  32ar'-8a--32; 
then  -3A4-4B  =  2a:'  +  5a:3-26ar-56. 

4A-3B  =  7aj*  +  44a»  +  68ar»  +  16a:. 

Rejecting  now  the  factor  ar,  which  clearly  forms  no  part  of  the  G.C.M.,  wo 
have  to  find  the  G.C.M.  of 

A'  =  7ar»  +  44ar'  +  68a;  +  16, 
B'  =  2ar»  +  5.ra-26a:-56. 

Repeating  the  above  process — 

2A'-7B'  =  63ar«  +  318a?+424. 
7A'-}-2B'  =  53ar»  +  318ar'  +  424a-. 
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the  G.C.M.  of  which  is  5Sa!^+818sB+424.  Hence  this,  or,  what  is  eqiUTalent 
80  far  as  the  present  quest  ia  concerned,  a^+&B+8,  is  the  O.C.M.  of  the  two 
given  functions. 

When  the  functions  differ  in  degree,  we  may  multiply  the  one 
of  lower  degree  by  such  a  power  of  a;  as  shall  make  its  degree 
equal  to  that  of  the  other,  and  use  it  thus  modified  in  order  to 
destroy  the  two  highest  terms,  using  it  in  its  original  form  when 
the  two  lower  terms  have  to  be  destroyed. 

When  detached  coefficients  are  employed,  this  merely  amounts 
to  shifting  the  coefficients  one  or  more  places  to  the  right  or  left. 
For  example : 

Example  2. 

To  find  the  G.C.M.  of  a!*-8»»+2a^+«-l  anda^-aB?-2aj+2,  we  have  the 
following  calculation : — 

1-8+2+  1-1 
1 - 1-2+  2 

2-4+  1+1 

2-6+  3  +  0 


A 

B 

A' 

=  - 

-   A 

+  Bx 

B' 

rr 

2A 

+  B 

A" 

rs 

A' 

-B' 

B" 

= 

8A' 

B' 

X 

B"'  =     SA"  -  B" 


1-   2  +  1 
6-14  +  8 


2-2 
2-2 


The  G.C.M.  is  2a;-  2,  or  z- 1. 

There  is  a  certain  restriction  to  be  attended  to  here,  which  the  student 
will  readily  discover  by  going  over  the  theory  again,  with  the  necessary  modi- 
fications introduced. 

The  failing  case  of  the  original  process,  where  Iq  -  7»p=0,  may  be  treated 
in  a  similar  manner,  the  exact  detidls  of  which  we  leave  to  be  worked  out  as 
an  exercise  by  the  learner. 

§  8.]  The  following  example  shows  how,  by  a  semi-tentative 
process,  the  desired  result  may  often  be  obtained  very  quickly : — 

Example. 

A=2a^-3aj»-3ic2  +  4, 
B=2x*-ar»-9ar»  +  4a:+4. 

Every  common  divisor  of  A  and  B  divides  A  -  B,  that  is, 

-  2.r'  +  6^*  -  iXf  that   is,    rejecting    the   numerical    factor  -  2, 

x{3f  -  3.r  +  2),  that  is,  a:  («  -  1)  (a;  -  2).    We  have  therefore  merely 

to  select  those  factors  of  .i:(x-l){x-2)  which  divide  both  A 
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and  B.  x  clearly  is  not  a  common  divisor,  but  we  see  at  once, 
by  the  remainder  theorem  (§13,  chap,  v.),  that  both  x-\  and 
X  -  2  are  common  divisors.  Hence  the  G.C.M.  is  (.r  -  1)  (^  -  2), 
or  «"  -  3a;  +  2. 

§  9.]  The  student  should  observe  that  the  process  for  finding 
the  G.C.M.  has  the  valuable  peculiarity  not  only  of  furnishing 
the  G.C.M.,  but  also  of  indicating  when  there  is  none. 

Example. 
Arranging  the  calculation  in  the  abridged  form,  we  have 


1-3  +  1 
2  +  1 


11 


1-4  +  6 
-1  +  5 


The  last  remainder  being  11,  it  follows  that  there  is  no  G.C.M. 


G.C.M.    OF  ANY   NUMBER   OF   INTEGRAL   FUNCTIONS. 

§  10.]  It  follows  at  once,  by  the  method  of  proof  given  in 
§  5,  that  every  common  divisor  of  two  integral  functions  A  and  B  is 
a  divisor  of  their  G.CM, 

This  principle  enables  us  at  once  to  find  the  G.C.M.  of  any 
number  of  integral  functions  by  successive  application  of  the 
process  for  two.  Consider,  for  example,  four  functions,  A,  B,  C,  D. 
Let  Gj  be  the  G.C.M.  of  A  and  B,  then  G^  is  divisible  by  every 
common  divisor  of  A  and  B.  Find  now  the  G.C.M.  of  G,  and 
C,  Gj,  say.  Then  G^  is  the  divisor  of  highest  degree  that  will 
divide  A,  B,  and  C.  Finally,  find  the  G.C.M.  of  G,  and  D, 
G3  say.     Then  G3  is  the  G.C.M.  of  A,  B,  C,  and  D. 


GENERAL  PROPOSITIONS  REGARDING  ALGEBRAICAL  PRIMENESS. 

§  11.]  We  now  proceed  to  establish  a  number  of  propositions 
for  integral  functions  analogous  to  those  given  for  integral 
numbers  in  chap,  iii.,  again  warning  the  student  that  he  must 
not   confound   the   algebraical   with   the    arithmetical   results; 


120 


PROPOSITIONS  REGARDING  G.O.M. 


CHAP. 


although  he  should  allow  the  analog7  to  lead  him  in  seeking  for 
the  analogous  propositions,  and  in  devising  methods  for  proving 
them. 

Definition. — Ttoo  integral  fundians  are  said  to  he  prime  to  each 
other  when  they  luive  no  common  divisor. 

Proposition. — ^A  and  B  being  any  two  integral  functions,  there 
exist  always  two  integral  functions^  L  and  M,  prime  to  each  other,  such 
that,  if  A  and  B  have  a  G.CM.,  G,  then 

LA  +  MB  =  G ; 

and,  if  A  and  B  be  prime  to  each  other, 

LA  +  MB=1. 

To  prove  this,  we  show  that  any  one  of  the  remainders  in 
the  process  for  finding  the  G.G.M.  of  A  and  B  may  be  put  into 
the  form  PA  +  QB,  where  P  and  Q  are  integral  functions  of  x. 

We  have,  from  the  equalities  of  §  5, 

E,  =  A-Q3  (1), 

R,  =  B  -  Q,R,  (2), 

Ls  =  Ex  -  QsR,  (3), 

R„  =  R„_8-Q„Rn-i  (4). 

Equation  (1)  at  once  establishes  the  result  for  R,  (only  here 

P  =  i,Q=  -Q.). 

From  (2),  using  the  value  of  Ri  given  by  (1), 

R,  =  B-Q,(A-Q,B)  =  (-Q.)A  +  (+l+QA)B, 

which  establishes  the  result  for  Rg. 

From  (3),  using  the  results  already  obtained,  we  get 

R,  =  A  -  Q3  -  Qs{(  -  Q.)A  +  (  +  !'+  Q,Q,)B} 
=  (1  +  Q.Q3)A  +  ( -  Q,  -  Q3  -  Q>Q.Q3)B, 

which  establishes  the  result  for  R^,  since  Qi,  Q^,  Q3  are  all  in- 
tegral functions.  Similarly  we  establish  the  result  for  R^,  R5, 
&c. 

Now,  if  A  and  B  have  a  G.C.M.,  this  is  the  last  remainder 
which  does  not  vanish,  and  therefore  we  must  have 

G  =  LA  +  MB  (I.), 
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where  L  and  M  are  integral  functions ;  and  tliese  miiBt  be  prime 
to  each  other,  for,  since  G  divides  both  A  and  B,  A/G  {  =  a  say) 
and  B/G  ( =  6  say)  are  integral  functions ;  we  have  therefore, 
dividing  both  sides  of  (I.)  by  G, 

1=L«  +  M6; 

so  that  any  common  divisor  of  L  and  M  would  divide  unity. 

If  A  and  B  have  no  G.C.M.,  the  last  remainder,  Rn>  is  ^ 
constant ;  and  we  have,  say,  E„  =  L'A  +  M'B,  where  L'  and  M' 
are  integral  functions.  Dividing  both  sides  by  the  constant  R„, 
and  putting  L-h'fRn,  M  =  M7R„,  so  that  L  and  M  are  still 
integral  functions,  we  have 

1-LA  +  MB  (II.), 

Here  again  it  is  obvious  that  L  and  M  hare  no  common  divisor, 
Tor  such  divisor,  if  it  existed,  would  divide  unity. 

The  proposition  just  proved  is  of  considei-able  importance  in 
algebraical  analysis.  We  proceed  to  deduce  from  it  several  con- 
clusions, the  independent  proof  of  which,  by  methods  more 
analogous  to  those  of  clmp.  iii.,  g  10,  we  leave  as  an  exercise 
to  the  learner.  Unless  the  contrary  is  stated,  all  the  letters 
used  denote  integral  functions  of  ;;. 

§12.]  If  A  be  jmme  io  B,  then  any  common  divisor  of  AH  and 
B  miisl  divide  II. 

For,  since  A  is  prime  to  B,  we  have 

LA  +  MB=1, 
whence 

LAH  +  MBH  =  H, 

which  shows  that  any  common  divisor  of  AH  and  B  divides  H. 

If  A  and  B  have  a  G.C.M.  a  somewhat  different  proposition 
maybe  established  by  the  help  of  equation  (L)  of  §.11.  The 
discovery  and  proof  of  this  may  be  left  to  the  reader. 

Cor.  l.IfS  divide  AH  ajid  be  prime  to  A,  H  must  divide  H. 

Cor.  2.  If  A'  be  prime  to  each  of  the  fuiKlions  A,  B,  C,  ddc,  it 
is  prime  to  thtir  product  ABC  . .  . 
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Cor.  3.  If  each  of  the  fundians  A,  B,  C,  .  .  .  ^  prime  to  each 
of  ihe  functions  A',  K,  C,  .  .  . ,  (hen  ihs  product  ABC . . .  is  prime 
to  ihe  product  A'B'C 

Cor.  4.  If  Abe  prime  to  A',  then  A*  is  prime  to  A'*',  a  and  o' 
being  any  positive  irUegers. 

Cor.  5,  If  a  given  set  of  integral  fundions  be  each  resolved  into  a 
product  of  powers  of  the  integral  factors  A,  B^  C,  .  .  . ,  which  are 
prime  to  euch  other,  (hen  the  O.CM.  of  the  set  is  found  bg  writing 
down  the  product  of  all  the  factors  thai  are  common  to  all  ihe  given 
functions,  each  raised  to  the  lowest  power  in  which  it  occurs  in  any  of 
these  functions. 

This  is  a  generalisation  of  §  3  above. 

After  what  has  been  done  it  seems  unnecessary  to  add  de- 
tailed proofs  of  these  corollaries. 


LEAST  COBIMON   MULTIPLE. 

§  13.]  Closely  allied  to  the  problem  of  finding  the  G.C.M.  of 
a  set  of  integral  functions  is  the  problem  of  finding  the  integral 
function  of  least  degree  which  is  divisible  by  each  of  them.  This 
function  is  called  their  least  common  multiple  {L,C\M,). 

§  1 4.]  As  in  the  case  of  the  G.C.M.,  the  degree  may,  if  we 
please,  be  reckoned  in  terms  of  more  variables  than  one ;  thus 
the  L.C.M.  of  the  monomials  3af*y2r*,  Ga^ifz*,  Sxyzu,  the  variables 
being  x,  y,  z,  u,  is  ^^^u,  or  any  constant  multiple  thereof. 

The  general  rule  clearly  is  to  write  down  all  the  variables,  each 
raised  to  the  highest  power  in  which  it  occurs  in  any  of  the  mono- 
mials. 

§  15.]  Confining  ourselves  to  the  case  of  integral  functions 
of  a  single  variable  x,  let  us  investigate  what  are  the  essential 
factors  of  every  common  multiple  of  two  given  integral  functions 
A  and  B.  Let  G  be  the  G.C.M.  of  A  and  B  (if  they  be  prime 
to  each  other  we  may  put  G  =  1) ;  then 

A  =  aG,    B  =  bG, 

where  a  and  b  are  two  integral  functions  which  are  prime  to  each 
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Other.     Let  M  be  any  common  multiple  of  A  and  R     Since  M 
is  divisible  by  A,  we  must  have 

M  =  PA, 

where  P  is  an  integral  function  of  x. 

Therefore  M  =  PaG. 

Again,  since  M  is  divisible  by  B,  that  is,  by  6G,  therefore 
M/6G,  that  is,  PaG/Kx,  that  is,  Va/b  must  be  an  integral  function. 
Now  b  is  prime  to  a ;  hence,  by  §  1 2,  6  must  divide  P,  that  is, 
P  =  Q^  where  Q  is  integral.     Hence  finally 

M  =  Qa6G. 

This  is  the  general  form  of  all  common  multiples  of  A  and  £. 

Now  a,  b,  G  are  given,  and  the  part  which  is  arbitrary  is  the 
integral  function  Q.  Hence  we  get  the  least  common  multiple 
by  making  the  degree  of  Q  as  small  as  possible,  that  is,  by  making 
Q  any  constant,  unity  say.  The  L.C.M.  of  A  and  B  is  therefore 
obG,  or  (aG)(MJ)/G,  that  is,  AB/G.  In  other  words,  the  LCJL 
of  two  integral  functions  is  their  product  divided  by  their  G.C.M, 

§  16.]  The  above  reasoning  also  shows  that  ererj/  common 
midtiple  of  two  integral  functions  is  a  multiple  of  their  least  common 
multiple. 

The  converse  proposition,  that  every  multiple  of  the  L.C.M. 
is  a  common  multiple  of  the  two  fmictions,  is  of  course  obvious. 

These  principles  enable  us  to  find  the  L.C.M.  of  a  set  of  any 
number  of  integral  functions  A,  B,  C,  D,  &c.  For,  if  we  find 
the  L.C.M.,  Li  say,  of  A  and  B;  then  the  L.C.M.,  L,  say,  of  L^ 
and  C ;  then  the  L.C.M.,  L3  say,  of  L,  and  D,  and  so  on,  until  all 
the  functions  are  exhausted,  it  follows  that  the  last  L.C.M.  thus 
obtained  is  the  L.C.M.  of  the  set. 

§  17.]  The  process  of  finding  the  L.C.M.  has  neither  the 
theoretical  nor  the  practical  importance  of  that  for  finding  the 
G.C.M.  In  the  few  cases  where  the  student  has  to  solve  the 
problem  he  will  probably  be  able  to  use  the  following  more  direct 
process,  the  foundation  of  which  will  be  obvious  after  what  has 
been  already  said. 

If  a  set  of  integral  functions  can  all  he  exJiibited  as  potcers  of  a 
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sei  of  integral  faci&rs  A,  B,  C,  dCy  vjhich  are  either  all  of  the  1st 
degree  and  all  differenty  or  else  are  all  jprime  to  each  other,  then  the 
L,C.M,  of  the  set  is  the  product  of  all  these  facUjTSy  each  being  raised 
to  the  highest  power  in  which  it  occurs  in  any  of  the  given  functions. 

For  example,  let  the  functions  be  , 

(a;-l)»(aj»+2)»(«'+a!+l), 

(d5- l)»(«-2)«(aj-8)*(«*+«+l)», 
then,  by  the  above  rale,  the  L.C.M.  is 

(aj- l)»(a;-.  2)«(a;-.  3)*(a!»+2)»(a:*+a;+l)«(ar»-a;+l)». 


EXSRCISES  X. 

Find  the  G.C.M.  of  the  following,  or  else  show  that  they  have  no  CM. 

(1.)    {X'-1)\      Tf^-l. 

(2.)a^-l,    jc*-2ar^  +  3ar>-2a:  +  l. 

(3.)  a^-ar»  +  l,    2!*+a3+l. 

(4.)  a*  +  l,     a?J»  +  l. 

(5.)  7?-7?-^-it\2,    a^+ix^-Zx-lZ, 

(6.)  a?* -7a^- 22x2  + 139a; +  105,     a?* -8a:' -113^^+1163;+ 70. 

(7.)  ar*-286a;2  +  225,    a;*  +  14a;»-480ar-690a;-225. 

(8.)  a;8-a;*-8a^  +  12,    a;6+4a;*-3j^'- 18. 

(9.)  ar»-2a-*-2ar»  +  4ar^  +  a;-2,    ar>  +  2a;*-2ar»-8ar'-7a;-2. 
(10.)  a84.6jr8-8a;*  +  l,     a;!' +  7a:^<' - 3a« - 3j?i _ 2. 
(11.)  12ar»  +  13a^^  +  6a!+l,     16a;'  +  16ar»  +  7a;  +  l. 
(12.)  5ar»  +  38a^- 195a;- 600,     Aat^-l^x^-Z^x-k-^^, 
(13.)  16a;*-56ar«-88ar»  +  278a;+105,     16a;<-64a:»-44ar^  +  232a;+70. 
(14.)  7a.'*  +  6ar^-8ar»-6a;  +  l,     llar*  +  15ar'-2ar5- 5a;  +  l. 
(1 5. )  a;*  +  64rt*,     {x  +  2a)<  -  16a* 
(16.)  9a;*  +  4ar  +  l,     SVZx'+ar^+l. 
(17.)  arHSpar*- (1+3;)),    jar3-3(l  +  3p)x+(3  +  8i)). 
(18. )  ar»  -  3(a  -  h)3?  +  (4ft2  -  3a6)a;  -  2<i2(2a  -  36), 

a;*  -  (3a  +  6)a:»  +  (5a3  +  2rt5)ar»  -  a?{^a  +  3J)a;  +  2a»(a  +  b), 
(19.)  ?jaj»'+^-(n  +  l)a-»  +  l,     af»-?ta;+(/i-l). 

(20. )  Show  that  r^  +])J!p  +  qx  +  ly  a^  +  qx^  +px  + 1  cannot  have  a  common 
mea.sure,  unless  either  27  =  q  or  p  +  q  +  2  =  0. 

(21. )  Show  that,  if  ax^  +  ?«:  +  c,  c,i^  +  fe.r  +  a  have  a  common  measure  of  the 
Ist  degree,  then  a±6  +  c=0. 

(22.)  Find  the  value  of  a  for  which  {x^-aj^+19x-a- i]l{x'^-{rt  +  l)A^ 
+  23a.'-a-7j  admits  of  being  expressed  as  the  quotient  of  two  integral 
functions  of  lower  degree. 

(23.)  If  a:i^  +  Sbx^  +  d,  b.^^  +  ^d^'  +  e  have  a  common  measure,  then 
(a<?-4W)3=27(a<f»  +  fc2g)2. 
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(24.)  Aic*  +  Bary  +  Cy^  BjP  -  2{A  -  C)xy  -  By^  cannot  have  a  common 
measure  unless  the  first  be  a  square. 

(25.)  ac'  +  ftar^+ce+rf,  da?-{-ca:^+bx-\-am]\  have  a  common  measure  of 
the  2nd  degree  if 

abc-a%-lM-hacd_ac^-bcd-a^-hacP _d{(ic-bd) . 
ac-bd  ~         ah-cd  ~   a^-d?    * 

show  that  these  conditions  are  equivalent  to  only  one,  namely,  ac-bd= 

(26. )  Find  two  integral  functions  P  and  Q,  such  that 

P(a!'-3a;+2)  +  Q(ar»  +  x+l)  =  l. 
(27. )  Fin^  two  integral  functions  P  and  Q,  such  that 

?{2aP-7x^  +  7x-2)  +  Q{23?'¥x^+x-l)  =  2x-h 

Find  the  L.C.M.  of  the  following : — 

(28.)  a^-ab*,     a^  +  a%     a^  +  b^  +  a'b^(a?  +  b^). 

(29.)  ar»-ar»- 14a; +  24,     a?»  -  2ar»  -  6a;  +  6,     aP-Ax  +  S. 

(30.)  3a;*  +  a?-8x  +  4,     ZsiP  +  7a^-A,     ar»  +  2ar»  -  a;  -  2,     3a;' +  2ar' -  3a;  -  2. 

(31.)  a;«-12a;  +  16,     a;* - 4a;* -ar*  + 20a; -20,     a?*  +  3a:»-lla;»-3a;+10. 

(32.)  a^  +  2aa*  +  aV  +  5a*a;  +  a«,     s^+a^x-ax^-a^ 


(33.)  If  a^+ax+bf    a^  +  a'x+b'    have  a  common   measure  of   the  Ist 
degree,  then  their  L.C.M.  is 

ab- 
T 


,    ah-a'V   ,      f      ,     fh~h'y\     ^j.,a-a' 


(34.)  Show  tliat  the  L.C.M.  of  two  integral  functions  A  and  B  can  always 
be  expressed  in  the  form  PA  +  QB,  where  P  and  Q  are  integral  functions. 
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CHAPTER   VIL 

On  the  Resolution  of  Integral  Functions  into 

Factors. 

§  1.]  Having  seea  how  to  detennine  whether  any  given 
integral  function  is  a  factor  in  another  or  not,  and  how  to  deter- 
mine the  factor  of  highest  degree  which  is  common  to  two  in- 
tegral functions,  it  is  natural  that  we  should  put  to  ourselves 
the  question.  How  can  any  given  integral  function  be  resolved 
into  integral  factors  1 

TENTATIVE  METHODS. 

§  2.]  Confining  ourselves  at  present  to  the  case  where 
factors  of  the  1st  degree,  whose  coefficients  are  rational  integral 
functions  of  the  coefficients  of  the  given  function,  are  suspected 
or  known  to  exists  we  may  arrive  at  these  factors  in  various  ways. 

For  example,  every  known  identity  resulting  from  the  distri- 
bution of  a  product  of  such  factors,  when  read  backwards,  gives 
a  factorisation. 

Thus  («  +  y)(«-y)  =  a;'-y*  tells  us  that  ar-/  may  be  re- 
solved into  the  product  of  two  factors,  z  +  y  and  x-y.  In  a 
similar  way  we  learn  that  z  +  y  +  zisA  factor  in  a;*  +  ^  +  21*  -  3zys. 
The  student  should  again  refer  to  the  tables  of  identities  given 
on  pp.  81-83,  and  study  it  from  this  point  of  view. 

WTien  factors  of  the  1st  degree  with  rational  integral 
coefficients  are  known  to  exist,  it  is  usually  not  difficult  to  find 
them  by  a  tentative  process,  because  the  number  of  possible 
factors  is  limited  by  the  nature  of  the  case. 


CHAP.  VII         TENTATIVE  FACTORISATION EXAMPLES 


127 


Example  1. 

Consider  2:^-  12a; +32,  and  let  us  assume  that  it  is  resolvable  into  {x-a) 
{x-b). 

Then  we  have 

and  we  have  to  find  a  and  b  so  that 

rt6=+32,    a  +  b= +12, 

We  remark,  first,  that  a  and  6  must  have  the  same  sign,  since  their  pro- 
duct is  positive  ;  and  that  that  sign  must  be  + ,  since  their  sum  is  ])ositive. 
Further,  the  different  ways  of  resolving  32  into  a  product  of  integers  are 
1  X  32,  2x16,  4x8;  and  of  these  we  must  choose  the  one  which  gives 
a +  6=  +12,  namely,  the  last,  that  is,  a =4,  6=8. 

So  that 

aP-12x  +  d2  =  {x-i){x-S). 
Example  2. 

Qi^-2sir-2Zx  +  60  =  {x-a){x-b){x-c)my. 
Here  -ate  =+60. 

Now  the  divisors  of  60  are  1,  2,  3,  4,  5,  6,  10,  12,  15,  20,  30,  60  ;  and  we 
have  therefore  to  try  xi:l,  a;i:2,  a;i:3,  &c.  The  theorem  of  remainders 
(chap.  V. ,  §  14)  at  once  shows  that  a; + 1,  a;  - 1,  a; + 2,  x  -  2,  are  all  inadmissible. 
On  tile  other  hand,  for  x-S  we  have  (see  chap,  v.,  §  13) 

1-2-23  +  60 
0  +  3+  8-60 


1  +  1-20+  0 

that  is,  x-Z  is  A  factor  ;  aiid  the  other  factor  is  2^+ a;-  20,  which  we  resolve 
by  inspection,  or  as  in  £xamx)le  1,  into  (x-  4)(a;+5). 

Hence  a^-2a:5-23a;+60=(a;-8)(a;-4)(a;  +  5). 

Example  3. 

6y^-19x+n  =  {ax-k'b){cx+d). 

Here  ac=+6,  bd= +15  ;  and  wc  have  more  cases  to  consider.  We  might 
have  anyone  of  the  32  factors,  x^l,  x^3,  x^b,  x^l5,  2a;i:l,  2a; ±3, 
2a;  i:  5,  2a;  ±  15,  &c.  A  glance  at  the  middle  coefficient,  -  19,  at  once  excludes 
a  large  number  of  these,  and  we  find,  after  a  few  trials, 

6a;3  -  19a;  + 15  =  (2a;  -  3)  (3a;  -  5). 
§  3.]  In  cases  like  those  of  last  section,  we  can  often  detect 
a  factor  by  suitably  grouping  the  terms  of  the  given  function. 
For  it  follows  from  the  general  theory  of  integral  functions 
already  established  that,  if  P  can  be  arranged  as  the  sum  of  a 
series  of  groups  in  each  of  which  Q  is  a  factor,  then  Q  is  a  factor 
in  P ;  and,  if  P  can  be  arranged  as  the  sum  of  a  series  of  groups 
in  each  of  which  Q  is  a  factor,  plus  a  group  in  which  Q  is  not  a 
factor,  then  Q  is  not  a  factor  in  P. 


128  FACTORISATION  OF  CHiip. 

Example  1. 

a^-2ar»-23a;+60 

=ar»(a;  -  2) -23{a;- 2) +  14. 
that  is,  a;  -  2  is  not  a  factor. 

=ar«(a-3)+ar»-23a;  +  60 
=ar^a;-3)+ar(a;-3)-20jB+60 
= x2(a;  -  3) + a:(a;  -  8)  -  20(sc  -  8), 
that  is,  a*  -  3  is  a  factor. 

Example  2. 

=x{px+y)+qy{px+y). 
that  is,  ^JC+T/  is  a  factor,  the  other  being  x+qy. 

Example  3. 

a^  +  {m-\-n-\-l)a^+(m+n+mn)xa^ +7/17141^ 
= a^ + x^a  +  {m+n)  (a^a + aw') + win(a»* + a') 
=2?{x  ■\-a)  +  {m-\-  n)xa{x + a)  +  mna^x + a) 
=  {a?  +  (m  +  n)xa  +  ?ii7m»'}  (a? + a) 
=  {a:(a! + 7na) + 7Mi(a; + ??ia)}  (x + a) 
=  (a:+ma)(a+na)  (a;  +  a). 

GENERAL  SOLUTION  FOR  A  QUADRATIC   FUNCTION. 

§  4.]  For  tentc^tive  processes,  such  as  we  have  been  illustrat- 
ing, no  general  rule  can  be  given ;  and  skill  in  this  matter  is  one 
of  those  algebraical  accomplishments  which  the  student  must 
cultivate  by  practice.  There  is,  however,  one  case  of  great  im- 
portance, namely,  that  of  the  integral  function  of  the  2nd  degree 
in  one  variable,  for  which  a  systematic  solution  can  be  given. 

We  remark,  first  of  all,  that  every  function  of  the  form 
ji?-¥px  +  q  can  be  made  a  complete  square,  so  far  as  x  is  con- 
cerned, by  the  addition  of  a  constant.  Let  the  constant  in 
question  be  a,  so  that  we  have 

a^  +px-{-q-^a  =  {x-¥  py  =  x^  +  2px  +  /?, 

/3  being  by  hypothesis  another  constant.     Then  we  must  have 

p  =  2p,     q  +  a  =  /3\ 

The  first  of  these  equations  gives  p  =  pl2j  the  second  a  =  /3'^  -  q 
=  {p/2y  -  q.  Thus  our  problem  is  solved  by  adding  to  :r^  +  px  +  q 
the  constant  (jt?/2)*  -  q. 
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The  same  result  is  obtained  for  the  more  general   form, 
ax*  +  bx  +  c,  as  follows  : — 

,  /  ,     h        c\ 

+  bx  +  c  =  a[  X  +-./■  +  -). 
\        a       a/ 

Now,  from  the  case  just  treated,  we  see  that  «*  +  (pja)x  +  cja  is 
made  a  complete  square  in  x  by  the  addition  of  {b/2ay  -  cja^ 
that  is,  (i*  -  4ac)/4a'.  Hence  (utf  +  bx  +  c  will  be  made  a  com- 
plete square  in  x  by  the  addition  of  a(b*  -  iac)/ia\  that  is, 
(6*  -  iac)/ia.     We  have,  in  fact, 

h'-4a^       (       bV 


03!^  +  bx-\-  c  + 


§  5.]  The  process  of  last  article  at  once  suggests  that 
OiX^-^bx  +  c  can  always  be  put  into  the  form  a{(a;  + /)*-?w*}, 
where  /  and  m  are  constant. 

In  point  of  fact  we  have 

aa^  ■{■  bx  +  c  =  a  I  ^  +  -X  + 


a 


a/ 


In  other  words,  our  problem  is  solved  if  we  make  I  =  bf2a  and 
find  w,  so  that  w*  =  (6*  -  4ac)/4a*. 

This  being  done,  the  identity  X'  -  A'  =  (X  -  A)  (X  +  A)  at 
once  gives  us  the  factorisation  oi  oaf  +  bx -{-  c ;  for  we  have 

oji^  +  bx  +  c  =  a{(x  +  iy  -m*] 

=  a  {(a;  +  /)  +  m }  {(x  +  Q  -  m }. 
Exampio  1. 
Consider  Ga:"-  19x+ 15  ;  we  have 

-{— ii"(i!y-s*¥} 

19  / 1  \^  1 

Here  ^  =  -  To»  *^d  ^*  =  (  To  )  *  ^  ^^^^  ^^^  problem  is  solved  if  wo  take  m  =  -^ 
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We  gnt,  therefore, 

«.-..,.„-e{(,-!!)4}{(,-||)4} 

=  (2a;-3)(3aj-6); 

the  same  result  as  we  obtained  above  (in  §  2,  Example  8),  by  a  tentative 
process. 

Example  2. 

Consider  ic«-5a^  +  6.     We  may  regard  this  as  (a?)' -  5(a?)  +  6,  that  is  to 
say,  as  an  integral  function  of  o?  of  the  2nd  degree.     We  thos  see  that 

=  (»»-8)(a>-2). 

INTRODUCTION  INTO  ALGEBRA   OF  SURD  AND 
IMAGINARY  NUMBERS. 

§  6.]  The  necessities  of  algebraic  generality  have  already  led 
us  to  introduce  essentially  negative  quantity.  So  far,  algebraic 
quantity  consists  of  all  conceivable  multiples  positive  or  negative 
of  1.  To  give  this  scale  of  quantity  order  and  coherence,  we 
introduce  an  extended  definition  of  the  words  greater  than  and 
less  tJui7ij  as  follows  : — a  is  said  to  be  greater  or  less  than  h,  according 
as  a-  b  is  positive  or  negative. 

Example. 
(  +  3)-(  +  2)=+l  therefore  +3>+2;  ( -3) -(-5)= +2  therefore  -3>  -5; 
(  +  3)  -  ( -  5)=  +8  therefore  +3>-5;  (-7)-(-3)=-4  therefore  -  7<  -  3. 

Hence  it  appears  that,  according  to  the  above  definition,  any 
negative  quantity,  however  great  numerically,  is  less  than  any 
positive  quantity,  however  small  numerically ;  and  that,  in  the 
case  of  negative  quantities,  descending  order  of  numerical  magni- 
tude is  ascending  order  of  algebraical  magnitude. 

We  may  therefore  represent  the  whole  ascending  series  of 
algebraical  quantity,  so  far  as  we  have  yet  had  occasion  to  con- 
sider it,  as  follows : — 

-00.     .     .-1     .     .     .-1.     .     .     0.     ..+J.     .     .+1...+Q0.* 


*  The  symbol  oo  is  here  used  as  an  abbreviation  for  a  real  quantity  as 
great  as  we  please. 
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The  most  important  part  of  the  operations  in  the  last  para- 
graph is  the  finding  of  the  quantity  m,  whose  square  shall  be  equal 
to  a  given  algebraical  quantity.  We  say  algebi'aical,  for  we  must 
contemplate  the  possibility  of  (J'  -  4ac)/4a',  say  k  for  shortness, 
assuming  any  value  between  -  oo  and  +  oo  .  IFTien  m  is  such  that 
m'  =  ky  then  m  is  chilled  tlie  square  root  of  kj  and  we  wite  m  =  »Jh 
We  are  thus  brought  face  to  face  with  the  problem  of  finding 
the  square  root  of  any  algebraical  quantity ;  and  it  behoves  us 
to  look  at  this  question  somewhat  closely,  as  it  leads  us  to  a  new 
extension  of  the  field  of  algebraical  operations,  similar  to  that 
which  took  place  when  we  generalised  addition  and  subtraction 
and  thus  introduced  negative  quantity. 

1st.  Let  us  suppose  that  ^  is  a  positive  number,  and  either 

a  square  integer  =  +  k*,  say,  or  the  square  of  a  rational  number 

=  +  (k/A)*,  say,  where  k  and  A  are  both  integers,  or,  which  is 

the  same  thing  [since  («/ A)*  =  kJ^,  the  quotient  of  two  square 

integers.     Then  our  problem  is  solved  if  we  take 


in  the  one  case,  or 


m=  +K,  orm=  -k 
m  =  +  k/A,  or  m  =  -  kJX 


in  the  other ; 

for  m*  =  (±»c)'  =  #c'  =  ;fc. 


-•-(*3'-©"-^ 


which  is  the  sole  condition  required. 

It  is  interesting  to  notice  that  we  thus  obtain  two  solutions 
of  our  problem ;  and  it  will  be  afterwards  shown  that  there  are 
no  more.  Either  of  these  will  do,  so  far  as  the  problem  of 
factorisation  in  §  5  is  concerned,  for  all  that  is  there  required  is 
any  one  value  of  the  square  root 

More  to  the  present  purpose  is  it  to  remark  that  this  is  the 
only  case  in  which  m  can  be  rational ;  for  if  m  be  rational,  that 
is,  =  ±  k/A  where  k  and  A  are  integers,  then  w*  =  {KJXf^  that  is, 
k  =  (k/A)',  that  is,  k  must  be  the  square  of  a  rational  number. 

2nd.  Let  k  be  positive,  but  not  the  square  of  a  rational 
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number ;  then  everything  is  u  before,  except  that  no  exact 
arithmetical  expression  can  be  found  for  m.  We  can,  by  the 
arithmetical  process  for  finding  the  square  root,  find  a  rational 
value  of  wi,  say  r,  such  that  m'  =(*»)'  shall  differ  from  k  by  ■ 
less  than  any  assigned  quantity,  however  small ;  but  no  such 
rational  expression  can  be  absolutely  exact.  In  this  case  m 
is  called  a  sttnl  niimhei:  When  k  is  positive,  and  not  a  square 
number,  as  in  the  present  case,  it  is  usual  to  use  t/k  to  denote 
the  mere  (signless)  arithmetical  value  of  the  square  root,  which 
has  an  actual  existence,  although  it  is  not  capable  of  exact  arith- 
metical expression ;  and  to  denote  the  two  algebraical  values  of 
jn  by  ±  v'i-  Thus,  if  A  =  +  2,  we  write  m  =  ±  ^2.  In  any 
praelicdl  application  we  use  some  rational  approximation  of 
sufficient  accuracy;  for  example,  if  A=  +2,  and  it  is  necessary 
to  be  exact  to  the  l/10,000th,  we  may  use  m=  ±  1-4142. 

A  special  chapter  will  be  devoted  to  the  discussion  of  surd 
numbers ;  all  that  it  is  necessary  in  the  meantime  to  say  further 
concerning  them  Is,  that  they,  or  the  symbols  representing  them, 
are  of  course  to  be  subject  to  all  the  laws  of  ordinary  algebra. 

3rd.  Let  k  be  negative  ~  -K,  say,  where  k'  is  a  mere  arith- 
metical number.  A  new  difficulty  here  arises  ;  for,  since  the 
square  of  every  algebraical  quantity  between  -  oo  and  +  oo  (ex- 
cept 0,  which,  of  course,  is  not  in  question  unless  k'  =  0)  is 
positive,  there  exists  no  quantity  m  in  the  range  of  algebraical 
quantity,  as  at  present  constituted,  which  is  such  that  m'  =  -  k'. 
If  we  are  as  hitherto  to  maintain  the  generalily  of  all  algebraical 
operations,  the  only  rexmrix  is  to  -widen  the  Jifld  of  algehraiail  quantity 
still  farther.  This  is  dimt  by  inlroducing  an  ideal,  so-called  imaginary, 
unii  commonly  denoted  by  the  letter  i,"  whose  definition  ts,  thai  it  is 
suck  UuU    ■ 

i*=  -1. 

It  is,  of  course,  at  once  obvious  that  t  has  no  arithmetical 
existence  whatsoever,  and  does  not  admit  of  any  arithmetical 
expression,  approximate  or  other.  We  form  multiples  and  sub- 
multiples  of  this  unit,  positive  or  negative,  by  combining  it  with 

*  OccasioDitll/  sIm  by  i. 
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quantities  of  the  ordinary  algebraical,  now  for  distinction  called 
real,  series,  namely, 

—  00...  —  l...-i...O...  +J...  +1...+0O. 
We  thus  obtain  a  new  series  of  purely  imaginary  quantity : — 

—  00  i .  .  .  -  i  .  .  .  -  Jt .  .  .  Oi .  .  .  -f  ^i .  .  .  +  i  .  .  .  +  co  i. 

These  new  imaginary  quantities  must  of  course,  like  every  other 
quantity  in  the  science,  be  subject  to  all  the  ordinary  laws  of 
algebra  when  combined  either  with  real  quantities  or  with  one 
another.  All  that  the  student  requires  to  know,  so  far  at  least  as 
operations  with  them  are  concerned,  beyond  the  laws  already  laid 
down,  is  the  defining  property  of  the  new  unit  i,  namely,  i'  =  -  1 . 

When  purely  real  and  piu'ely  imaginary  numbers  are  com- 
bined by  way  of  algebraical  addition,  forms  arise  like^  +  qi,  where 
p  and  q  are  real  numbers  positive  or  negative.  Such  forms  are 
called  complex  numbers ;  and  it  will  appear  later  that  every  alge- 
braical function  of  a  complex  number  can  itself  be  reduced  to 
a  complex  number.  In  other  words,  it  comes  out  in  the  end 
that  the  field  of  ordinary  algebraical  quantity  is  rendered  com- 
plete by  this  last  extension. 

The  further  consequences  of  the  introduction  of  complex 
numbers  will  be  developed  in  a  subsequent  chapter.  In  the 
meantime  we  have  to  show  that  these  ideal  numbers  suffice  for 
our  present  purpose.  That  this  is  so  is  at  once  evident ;  for,  if 
we  denote  by  ^Jk'  the  square  root  of  the  arithmetical  number 
k\  so  that  ^/^•'  may  be  either  rational  or  surd  as  heretofore,  but 
certainly  real,  then  m=  ±i  »Jk'  gives  two  solutions  of  the  problem 
in  hand,  since  we  have 

m^ ={±i  jiey 

=  {±is/kf)x(±i  Jk'\ 
upper  signs  going  together  or  lower  together, 

.   =  (0  -  ( N/^-'r 

=  (-l)x(^'') 

=  -k'. 

§  7.]  We  have  now  to  examine  the  bearing  of  the  discus- 
sions of  last  paragraph  on  the  problem  of  the  factorisation  of 
03?  ■{■hx  +  c. 
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It  will  prevent  some  confueion  in  the  mind  of  the  student  if 
we  confine  oursolves  in  the  first  place  to  tlifi  supposition  that  a,b,c 
denote  positive  or  negative  rational  numbers.  Then  {  =  b/2a  is  in  all 
cases  a  real  rational  number,  and  we  have  the  following  cases  : — 
1st.  If  b'-  iac  is  the  positive  square  of  a  rational  number, 
then  m  has  a  real  rational  value,  and 

aif  +  b£  +  e  =  a(x+ 1  +  m){x  + 1  -  m) 
is  the  product  of  two  linear  factors  whose  coefficients  are  real  rational 
numbers.  £lxample  1,  §  5,  will  serve  as  an  illustration  of  this  case. 
2nd.  If  b'  -  iac  is  positive,  but  not  the  square  of  a  rational 
ntmiber,  then  m  is  real,  but  not  rational ;  and  the  coefficients  in 
the  factors  are  irrationaL 
Example  1. 

3^+^-\=;^  +  2x+l-2, 
=  (:.  +  l)>-(V2)', 

3rd.  If  b*  -  iac  is  negative,  then  m  is  imaginarj',  and  the 
coefficients  in  the  factors  are  complex  numbers. 
Eismple  2. 

=  (j-  +  l)>-{2.n 
=  [x  +  l  +  ZiHx  +  l-2£}. 
Example  3. 

»?  +  at  +  3=j>'  +  2i'  +  l+2, 

4th.  There  is  another  case,  which  foiTus  the  transition 
between  the  cases  whore  the  coefficients  in  the  factors  are  real 
and  the  case  where  tliey  arc  imaginary. 

If  A'  -  4m  =  0,  then  m  =  0, 
and  we  have  aj^  +  hx  +  c-  a(^  +  If ; 

in  other  words,  ftc'  +  6j;  +  c  is  a  complete  square,  so  far  as  a;  is 
concerned.  The  two  factors  are  now  £^1  und  ^  -f  /,  that  is, 
both  real,  but  identical. 

Wo  have,  therefore,  incidentally  the  important  result  ihxX 
ax^  +  Ij:  +  c  is  a  complele  stpiare  in  .r-  if  l'  -  iuc  —  0. 
Examjilc  i. 
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§  8.]  There  is  another  point  of  view  which,  although  usually 
of  less  importance  than  that  of  last  section,  is  sometimes  taken. 

Paying  no  attention  to  the  values  of  a,  b,  c,  but  regarding 
them  merely  as  functions  of  certain  other  letters  which  they  may 
happen  to  contain,  we  may  inquire  under  what  circumstances  the 
coefficients  of  the  factors  will  be  algebraically  rational  functions  of 
those  letters. 

In  order  that  this  may  be  the  case  it  is  clearly  necessary  and 
sufficient  that  V  ~  ^ac  be  a  complete  square  in  the  letters  in 
question,  =  P'  say. 
Then 

/       b       V\/       b       V\ 
-T^Ya'-YaJV'-'Ya'Ya} 

which  is  rational,  since  P  is  so. 

If  6*  -  iac  =  -  P*,  where  P  is  rational  in  the  present  sense, 

then 

b 


a^^bx^c=^a\^(x^^)  -(^i)   |, 


P  .> 


where  the  coefficients  are  rational,  but  not  real. 
Example  5. 

=.{..f-±/>.57)^(^)^|}. 

=  {x+\){px  +  q); 

a  result  which  would,  of  course,  be  more  easily  obtained  by  the 
tentative  processes  of  §§  2,  3. 


13G  UOMOUEXLOUS  QUADRATIC  FONCTIOMS  chaf, 

§  9.]  It  Bhould  be  observed  that  the  factoriwitioD  for 
dx*  +  hjc  +  e  leads  at  once  to  the  factorisatiDii  of  tlie  homogeneous 
function  oj:'  +  6iy  +  cy*  of  the  2nd  degree  in  two  variables ;  for 


10^1} 


By  operating  in  a  similar  way  any  homogeneouB  function  of 

two  variables  may  be  factorised,  provided  a  certain  non-homo- 
geneous function  of  one  variable,  having  the  same  coefficients, 
can  be  factorised. 


■-V2)> 


§  10.]  By  using  the  principle  of  substitution  a  great  many 
iipparently  complicated  cases  may  bo  brought  under  the  case  of 
the  quadratic  function,  or  intder  other  equally  simple  forms. 
The  following  are  some  examples  : — 


Examiile 

1.  From 

Qp  +  2x  +  3^ 

(J:+l  +  i 

s/SK-'  +  l 

Ueduco 

K'  +  2oj  +  8y== 

('  +  {1  + 

iV%l  i^ 

Eiample 

2.  From 

ar''_2r'-23x+60  = 

{x-SHx 

-4)(j:  +  5] 

. deduce 

^- 

■ZA,-23jy  +  60jr'= 

{x-Sy)l^~i'j)U-l 

ExmujilD 


+  >/^{^  +  !f)'-{^)'. 


^{('4»)'-(f»')')(('-?)'-(f»0')' 
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Here  the  student  should  observe  that,  if  resolution  into  quadratic  factors  only 
is  required,  it  can  be  effected  with  real  coefficients  ;  but,  if  the  resolution  be 
carried  to  linear  factors,  complex  coefficients  have  to  bo  introduced. 

Example  2. 

.M,i{-(-^^')'){-(-i-f'>}- 

Example  3. 
Again 


X 


The  similar  resolution  for  x^-  ^J2xy+y^  will  be  obtained  by  changing  tlie 
sign  of  \/2.     Hence,  finally, 

Elxample  4. 

a;"-yi»=(a^)2-(3/«)8 

=  {x-\-7j){x-y)(x  +  iy)(x-iy)(x^+xh/^  +  y*){it^-xh/  +  y*), 
where  the  last  two  factors  may  be  treated  as  in  Example  1. 

Example  5. 

2J»c3  ^  2c2rt2  +  2a2i»3  -  a*  -  6*  -  c* 
=  46^c2-(rt2-63-c2)2 
=  {2bc  +  a'^  -  b'  -  <P)  {2bc-  a^-i-b^  +  c^) 

=  {a-\-b-c){a-b-^c){b  +  c-\-a){b  +  c~a). 

*  The    student  should    observe    that    the  dccomxx>sition  iKp-\-y^+xy  = 

{x  +  y+'^xy)  {x  +  y-'^xy)t  which  is  often  given  by  beginners  when  they  are 
asked  to  factorise  aP-\-y^  +  xy,  although  it  is  a  true  algebraical  identity,  is  no 
solution  of  the  problem  of  factorisation  in  the  ordinary  sense,  inasmuch  as 

the  two  factors  contain  y/xy,  and  are  therefore  not  rational  integral  functions 
of  X  and  y. 


USE  OF  BEHAIHDER  THEOREM 


RESULTS  OF  THE  APPLICATION  OF  THE  REIUINDEB  THBOREH. 

§  11.]  It  may  be  well  to  call  the  student's  attention  once 
more  to  the  use  of  the  theorem  of  remainders  in  factoriBation. 
?or  every  value  a.  of  x  thai  we  can  find  whidi  comes  the  integral 
function  f{x)  to  vanish  vie  have  afador  x  -  o  "f  f^- 

It  ia  needless,  after  what  has  been  shown  in  chap,  v.,  §§  13-16, 
to  illustrate  this  point  further. 

It  may,  however,  be  useful,  although  at  this  stage  we  cannot 
prove  all  that  we  are  to  assert,  to  state  what  the  ultimate  result 
of  the  rule  just  given  is  as  legards  the  factorisation  of  int^;ral 
functions  of  one  variable.  If /(z)  be  of  the  nth  degree,  ite  coeffi- 
cients being  any  given  numbers,  real  or  imaginary,  rational  or 
irrational,  it  is  shown  in  the  chapter  on  Complex  Numbers 
that  there  exist  n  values  of  x  (called  the  roots  of  the  equation 
f(x)  =  0)  for  which  /(j^)  vanishes.  These  values  will  in  general 
be  all  difierent,  but  two  or  more  of  them  may  be  equal,  and  one 
or  all  of  them  may  be  complex  numbers. 

If,  however,  the  coefficients  of  f(^  be  all  real,  then  there 
will  be  an  even  number  of  complex  roots,  and  it  will  be  possible 
to  arrange  them  in  pairs  of  the  form  A  ±  ^i 

It  is  not  said  that  algebraical  expressions  for  these  roots  in 
terms  of  the  coefficients  of  /(x)  can  always  be  found ;  but,  if 
these  coefficients  be  numerically  given,  the  values  of  the  roots 
can  always  be  approximately  calculated. 

From  this  it  follows  that  /(x)  can  in  all  cases  be  resolved  into  n 
linear  •  factors,  tite  coefficienls  of  which  may  or  tiiay  not  be  all  real. 

If  the  coeffievenis  of  f{x)  he  ail  real,  ilien  It  can  he  resolved  into  a 
product  of  p  linear  and  j  quadratic  factors,  ike  coeffidenis  in  all  of 
■which  are  real  nambers  which  may  in  all  cases  be  calculated  approxi- 
mately. We  have,  of  coarse,  p  +  2'i  =  n,  and  either  p  or  q  may  he 
zero. 

The  student  will  find,  in  gg  1-10  above,  illustrations  of  these 
statements  in  particular  cases;  but  ho  must  observe  that  the 

•  "Linear"  is  useU  here,  as  it  often  is,  to  meau  "of  the  lat  deijreo." 
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general  problem  of  factorising  an  integral  function  of  the  nth 
degree  is  coextensive  with  that  of  completely  solving  an  equation 
of  the  same  degree.  When  either  problem  is  solved  the  solution 
of  the  other  follows. 


FACTORISATION   OF  FUNCTIONS   OF  MORE  THAN   ONE  VARIABLE. 

§  1 2.]  ^Fhen  the  number  of  variables  exceeds  uniiy^  the  problem  of 
factorisation  of  an  integral  function  (excepting  special  cases,  such  as 
homogeneous  functions  of  two  variables)  is  not  in  general  solubUy  ai 
least  in  ordinary  algebra. 

To  establish  this  it  is  sufficient  to  show  the  insolubility  of 
the  problem  in  a  particular  case. 

Let  us  suppose  that  x^+ ^'  + 1  is  resolvable  into  a  product  of  factors  which 
are  integral  in  x  and  y,  that  is,  that 

ar*  +  y*  + 1  =  Okb + yy + r)  (yar + g'y + /), 
then  a^-\-y^-\-l=pp'a^-\-q^y'^  +  rr^ 

+  (/^  +P'9)^  +  (pr^  ■¥p'r)x 

+  (gr'+gV)y. 

Since  this  is,  by  hypothesis,  an  identity,  we  have 


^'=1 

(1) 

p^+p'q=o 

(4) 

qq'  =  l 

(2) 

pr'-i-p'r^O 

(5) 

rr'  =  l 

^) 

qr^-\-q'r=0 

(6). 

First,  we  observe  that,  on  aco<>unt  of  the  equations  (I)  (2)  (3),  none  of  the  six 
quantities  |7  qrp'q'r^  can  be  zero  ;  and  further,  y=-,  g^=-,  r'=-.    Hence, 

as  logical  consequences  of  our  hypothesis,  we  have  from  (4)  (5)  and  (6) — 


(7) 
(8) 

(9); 


r    p 
r     q 

and,  from  these  again,  if  we  multiply  by  pq,  rp^  and  qr  respectively,  we  get 

pl^+f=0  (10) 

jP  +  T^  =  0  (11) 

(r*  +  *-2=0  (12). 

Now  from  (11)  and  (12)  by  subtraction  we  derive 

p'-q'^O  (13); 
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uid  from  (10)  uid  (13)  by  addition 

from  this  it  follows  thit  j>  =  0,  which  ia  in  oontradiotion  with  theaqoitioii  (I). 
Hence  the  Tesotution  in  this  case  ia  impoiiibla. 

§  13.]  Nevertheleas,  it  may  happan  in  particular  cases  that 
the  reBolutioQ  spoken  of  in  last  article  is  poBeible,  even  when  the 
function  is  not  homogeneous.  This  is  obvioue  from  the  truth 
of  the  inverse  statement  that,  if  we  multiply  together  two 
integral  functions,  no  matter  of  how  many  variables,  the  result 
is  integral 

One  case  is  so  important  in  the  applications  of  algebra  to 
geometry,  that  we  give  an  investigation  of  the  necessary  and 
sufficient  condition  for  the  resolvability. 

Conaider  the  f{en«nil  function  of  x  and  y  of  the  2nd  degree,  and  write  it 

We  observe,  in  the  fint  place,  that,  if  it  be  poaalble  to  resolve  F  into  two 
linear  factora,  then  wo  most  have 

7=Wax+ly+m)Wa!t+Fy-t-m% 
=W"+m  +  n  +  Hl-l')]v  +  Hm  +  m')  +  Um-m')] 

>iW«^+m  +  n-Ht-r)}y^-Hm  +  m-)-i{m-m')], 
=  {V<«:  +  i('  +  i')i/  +  i(m  +  'n'))'-{i(i-r)i/  +  4(m-«.'t]*. 
Hence,  when  F  is  resoWable  into  two  linear  factors,  it  must  be  oxpressible  in 
the  form  I^  -  M^,  where  L  ia  a  linear  function  of  x  and  y,  and  M  a  linear 
Ainctioa  of  y  alone  -,  and,  conversely,  when  F  ia  expressible  in  tbia  furm,  it 
ia  resolvable,  namely,  into  (L  +  M)  (L-  M). 

Let  us  now  seek  for  the  relation  among  the  coefficients  of  F  which  ia 
ueceasary  and  sulGcient  to  eecure  that  F  be  expressible  in  the  form  L*  -  M'. 
let.  Let  04^0,  then 

F=ar:r»+2(Jk!,+9Wo  +  (V  +  aa/  +  0M 

=  4 1.=  +  (Aj, +i,J/<i[ '  -  {(4' -  niV  +  2[sA  -  any  +  1/ -  a<:)l /«=]- 
Hence  the  necessary  and  sufficient  condition  that  F  be  expressible  in  the  fomi 
L'  -  M'  ia  that  (A'  -  (ii)y'+  2(!/A  -  af)y  +  {f  -  oe)  be  aconipleto  square  as  regards 
y.     For  this,  by  g  7,  it  is  necessary  and  sufficient  that 

i(i,A  -  <7/)' -  4(A!  -  «i)  (U' -  «f)  =  0  ; 
thati-i,  -a{abc  +  %fgh-af^-b^-<:h^\=Q. 

Now,  shico  n#0,  this  condition  ivducea  to 

n6c  +  ?/i/A -"/=-&/ -cA==0  (1). 

2nd.  ir<i  =  0,  but  t  +  D,  we  may  arKve  at  theanme  result  by  first  arrangiii;^ 
F  according  to  powers  of  y,  and  proceeding  as  before. 
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3rd.   If  a  =  0,  ?>  =  0,  and  /i  +  O,  the  present  method  fails  altogether,  but  F 

now  reduces  to 

F  =  2/wy  +  2g.v  +  2fij  +  <•, 

and  it  is  evident,  since  a^  and  y'  do  not  occur,  that  if  this  be  resolvable  into 
linear  factors  the  result  must  be  of  the  form  2h{x-\-p){y-hq).  We  must 
therefore  have  2g  =  2Jujf 

2f=2Jip, 

c  =  2hpq. 

2fq 
Now  the  first  two  of  these  give /y  =  A^^)y,  that  is,  2hpq=~^;  whence 

using  the  third, 

ch  =  2/g, 

or,  since  ^  +  0,  2fgh  -  cfi^ =0  (2) ; 

but  this  is  precisely  what  (1)  reduces  to  when  a =0,  6  =  0,  so  that  in  this  third 
case  the  condition  ia  still  the  same. 

Moreover,  it  is  easy  to  see  that  when  (2)  is  satisfied  the  resolution  is 
possible,  being  in  fact 

2hxy  +  2gx^-2/y+c=2h(x+'Qfy  +  ^\  (3), 

which  is  obviously  an  identity  \{c=2fglh. 

4th.  If  a =0,  6=0,  ^  =  0,  F  reduces  to  2gx+2/y+e.  In  this  case  we  may 
hold  that  F  is  resolvable,  it  being  now  in  fact  itself  a  linear  factor.  It  is 
interesting  to  observe  that  in  this  case  also  the  condition  (1)  is  satisfied. 

Kctuming  to  the  most  general  case,  where  a  does  not  vanish,  we  observe 
that,  when  the  condition  (1)  is  satisfied,  we  have,  provided  h^-ab^O, 

so  that  the  required  resolution  is 

(       h+sjK^-ab      g      gh-af     /=-« i  1 

I  a         ^     a    a{h^-ab)  ) 

x+ y  +  --     ...     \yh^-ab  \  \*)' 

a  ^     a    a{h^-ao)  J 

To  the  coefficients  in  the  factors  various  forms  may  be  given  by  using  the 
relation  (1) ;  but  they  will  not  be  rational  functions  unless  ^^-06  be  a  com- 
plete square,  and  they  will  be  imaginary  unless  A'  -  06  ia  positive.        I 

If  A'-a6=0,  then  (1)  gives  (grA-a/')^=0,  that  is,  gh-a/=0;  and  the 
required  resolution  is 

F=a1  a;+-y+-+— ^ \ix  +  'y  +  ^ ^ Y         (5). 

I       a*'     a  a       )   K       or     a  a       J 

The  distinction  between  these  cases  is  of  fundamental  importance  in  the 
analytical  theory  of  curves  of  the  2nd  degree. 

The  function  a6c+ 2/^^-0/"'- 6^ -cAS  whose  vanishing  is  the  condition 
for  the  resolvability  of  the  function  of  the  2nd  degree,  is  called  the  Discrimi- 
iiaiit  of  that  function. 
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It  shouU  be  noticed  that,  i! 

={lj^  +  vis  +  «){l'x+m-f  +  H.')  (S), 

a^  +  ikr!t  +  b3'=(li:  +  my){Fx+pi-y\ 
eo  that  tlie  torms  of  the  1st  degree  in  the  facton  of  F  ura  eimply  tbe.factors 
otax^  +  ihjy  +  hif'.     Wo  have  therefore  merely  to  find,  if  pombU,  valnea  for 
«  and  «'  whiuh  will  make  the  identity  (0)  complete. 

Example.  To  factoriee  3T'  +  2an/-y>  +  2z-2y-l.     Wehave  3i'  +  2zy-v' 
^{Zx-y)(x  +  y).     Hence,  if  the  factorwation  bepoatdble,  ire  muat  have 

Sx'  +  2ry-y'  +  2i!-2ff-l=(Sz-y+B)(a:  +  SF  +  M')  (7). 

Therefore,  we  must  have 

n  +  3n'=2  (8), 

«-»'=-2  (S), 

«»'=-!  (10). 

Now,  from  (8)  and  (9),  we  get  «=  - 1,  and  «'=  +1.     Since  tlie»  values 
also  satisfy  (10),  the  factarigation  is  poaaible,  and  we  have 

3a?  +  arj/-j=  +  2i-2v-l  =  (le-y-l)(i  +  3/+l). 
It  should  bo  noticed  that  the  resolvability  of 

carries  with  it  the  resolvability  of  the  homogeneous  function  of 
three  variableB  having  the  same  coefficieftts,  namely, 

F  =  flj^  +  6y'  +  cs'  +  2/^3  +  ■Igzx  +  2hry, 
as  is  at  once  seen  by  writing  zjs,  y/z,  in  place  of  x  and  y. 

EXRRCISRS  XI. 

Factorise  the  following  functiona  :— 

(1.)  {a  +  i}»  +  (a  +  f)'-(e  +  rf)>-(t  +  rf)'.         (2.)  <n>i'-(a'+6>-e=)'- 

(3.)  (a'-2fr'-c=)'-4(i'-c')'.         (4.)  {St' -  lU  +  12f  -  {i^  -  I5x  +  «)''. 

(5.)  l^-iP  +  y)x^Py]^'{x-yn;c-a)'.        (fl.)  i«-j«. 

(7,)  Jfi-y:        (8.)  a^  +  6m,  +  9i,'-4.  (P.)  2^  +  3x-% 

(10)  I'  +  ej^-lS.  (11.)  iS-IO.c  +  18.  (12.)  i»+x-30. 

(13.)  i=  +  Hj;  +  56.  (IJ.)  ^  +  ix  +  7.  (15.)  2^»+6k-12. 

(16.)  i'+2iv'{^  +  7)  +  2j.         (17.)  ^-2bzHb  +  c)  +  {b-c)Hb  +  e).     ■ 
(18.)  {ji>+ys}'-(/'  +  ?)W  (19-)  a*{i*-!<')  +  3rrrf'»'-fr^- 

(20,)p}(>!  +  j/)=-(p  +  s)(j:>-!/')  +  (j:-y)'.         (21.);<ri-15.r=  +  7U-105. 
(22.)  3?-l*iHl*8i.         (23.)  x''-iar»  +  E4j:-72. 
(24.)  ai'-at?  +  i-8.  (25.)  j-V3X  +  (V-?')^+;'(P°-9')- 

(2S.)  (/>  +  ?)j^  +  (?-7)j'-(p  +  j)J'-(p-'/). 
(27.)  ^''-n^-p+fj^  +  lp+p'+p')r-if. 
(28.)  x'-(a  +  S)»J+(n^  +  nJ'):c-<iW. 

,         (30.)  (l  +  i)»(I+j/»)-(l  +  y)>(l+a?).         (31.)  x'  +  ^V  +  /.     , 
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(32. )  Assuming  ar*  +  y* = (.z^  -i-pj^j  +  ?/")  {^  +  g^J  +  2/'),  determine  j;  and  ^. 
(33.)  ¥&ctonsoj^  +  i/-2{xr  +  y-)  +  i. 

(34.)  Determino  r  and  s  in  terms  of  a,  ;>,  and  7  in  order  that  aP~a^  may 
be  a  factor  in  x^  +/>J"'  +  qr^  +  rR-+  «. 

Factorise 

(35. )  (a?»»+")2  -  (j^^a")^  -  (ar"a«)2  +  (a"»+")2. 

(36. )  (ic2  +  a2)2(a?*  +  a-JT^  +  a*)  -  (.r*  +  x^a*  +  «»). 

(37.)  ary3_2j^/-y2.Kr  +  2»/-l.         (38.)  2^3  +  r?/ +  7a;  +  3?/ +  3. 

(39.)  2jp+xif-Sy^-ir-4y-l.         (40.)  ari/  +  7^M-3y  +  21. 

(41.)  ar»-2y2-3s2  +  7y2  +  2rj;  +  ry. 

(42.)  DetenmneX80that(jr  +  62/-l)(6a7  +  y-l)  +  X(3j?  +  2y  +  l)(2a:  +  3y  +  l) 
may  be  resolvable  into  two  linear  factors.  "* 

(43.)  Find  an  equation  to  determine  X  so  that  aa.^-\-by'+2}un/  +  2gx  +  2fy 
+  c  +  \xy  may  be  resolvable  into  t\iv'o  linear  factors  ;  and  find  the  value  of  X 
when  c=0. 

(44.)  Find  the  condition  that  (ax  +  ^y-\-yz)  {a'x-\-p'y  +  y'z)-(a''x  +  ^y 
+  y''z)^  break  up  into  two  linear  factors. 

(45.)  If  (x+p)  {x-\-2q)  +  {x-\-2p)  {x-\-q)  be  a  complete  square  in  a;,  then 
9p^-Upq  +  9q^=0. 

(46.)  If  (a:  +  &)(a;  +  c)  +  (a;  +  c)  (a:  +  a)  +  (a;  +  a)  (x  +  b)  be  a  complete  square  in 
Xf  show  that  a=h=c. 

Factorise 
—   (47.)  a'  +  ft'  +  c'-SaJc.        ^  {i8.)  a^  +  Saxy  +  y^-a^ 
(49.)  {X'-a:^)^  +  {x^-lf+(l-x)K 

Factorise  the  following  functions  of  x,  y,  2 : — * 

(50.)  2(y»  +  ar»)(s;2  +  a:»)(y-a). 

(51.)  2(a^+y»)(aj-y).        (62.)  Ia^{y^-;P).        (53.)  (2a:)>-2a:». 

(54.)  Simplify  {l{aP-\-y^-:^){a^  +  z^-y^)}/n{x±y±z), 
(55.)  Show  that  S(y*»z"  -  y'*^^)  and  laf^iy^z*"  -  yP:f^)  are  each  exactly 
divisible  by  {y  -  s)  (s  -  x)  {x  -  y). 
"iJ56.)  Show  that  naf*+^  -  {n  +  l)a^  + 1  is  exactly  divisible  by  (x  - 1)'. 

(57. )  Show  that  Sar»(y  +  2  -  ar)»  is  exactly  divisible  by  2^^  -  22y2. 
.  (58.)  Show  that  (a;+y+2)2»H-i-a:aiH-i_y*H-i-29»t+i  is  exactly  divisible  by 

{y+z){z+x){x+y), 

(59. )  (y  -  2)**+i  +  (2  -  ar)*«+i  ^ix-  y)^+^  is  exactly  divisible  by  (y  -  2)  (2  -  ar) 

{x  -  y). 

:^  (60. )  If  n  be  of  the  form  6m  -  1 ,  then  (y  -  2)"  +  (2  -  ar)"  +  (a;  -  y)"  is  exactly 
divisible  by  lofi-lay  ;  and,  if  n  be  of  the  form  6?/i  + 1,  the  same  function  is 
exactly  divisible  by  (2a?  -  2ay)*. 

(61.)  Prove  directly  that  xy- 1  cannot  be  resolved  into  a  product  of  two 
linear  factors. 

(62.)  If  a  and  b  be  not  zero,  it  is  impossible  so  to  determine  p  and  q  that 
X  ^py + qz  shall  be  a  factor  of  a? + ay^ + b:?, 

*  Regarding  the  meaning  of  2  in  (50),  (51),  &c.,  see  the  footnote  on  p.  84. 


CHAPTER  TIIL 
Rational  Fractitms. 

§  1.]  By  a  rational  algdmueal  fradion  u  meant  (imply  the 
quolient  of  any  integral  functum  by  any  other  integral  ftme&M, 

Unless  it  IB  othenriBe  stated  it  ia  to  be  understood  that  we 
are  dealing  with  functions  of  a  single  variable  x. 

If  in  the  rational  fraction  A/B  the  degree  of  the  numerator 
is  greater  than  or  equal  to  the  degree  of  the  denominator,  the 
fraction  is  called  an  improper  fraetvm,  if  less,  n  proper  fradum. 


GENERAL  ntOPOSITIONS   REQARDING   FROPER   AND 
tHPROPER  FRAOnONS. 

g  2.]  Epfri/  iitqtroper  fraction  can  be  expressed  as  the  sum  of 
an  iategnd  function  and  a  proper  frattion  ;  and,  amversely,  the  sum 
of  an  integral  function  and  a  proper  fraditnt  may  be  exhibited  as  an 
ingiroper  fraction. 

a™. 

B„ 

degree  n  of  B„,  then,  by  the  division-transformation  (chap,  v.), 
we  obtain 

B„~^-"    5;' 

which   proves   the  first  part  of  our  statement,  since  Qui-n  i^ 
integral,  and  the  degree  of  R  is  <  n. 

Again,  if  Pj,  be  any  integral  function  whatever,  and  A^/B^  a 
proper  fraction  (that  is,  m  <  n),  then 
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P„  + 


^m 


" »  "n  +  ^m 


-  -PJZ 


"B,,-        B 


n 


which  is  an  improper  fraction,  since  the  degree  of  the  numerator, 
namely,  n  + 1?,  is  >  n. 

Examples  of  these  transformations  have  already  been  given 
under  division. 

It  is  important  to  remark  that,  if  two  imjn'oper  fractions  be 
equal,  then  the  integral  parts  and  tlie  properly  fractional  parts  must  he 
'equal  separately. 

For  let 


and 


^  =  0        +  — 

n  -t>„ 

n'  -D  n' 


by  the  above  transformation. 


Then,  if 
we  have 


B 


r      9 


n 


B'n' 


Vwi-n  +  ^  —  SC  m'  -  n'  +  td7~- 


'« 


» 


Hence 


Vin-  n  ~  y  m' - n'  — . 


R'B^  —  xlB'^i' 


Now,  since  the  degrees  of  E.'  and  R  are  less  than  n'  and  n 
respectively,  the  degree  of  the  numerator  on  the  right-hand 
side  of  this  last  equation  is  less  than  n  +  n\  Hence,  unless 
Qm-n~Q'm'-n'  =  ^i  WO  have  an  integral  function  equal  to  a 
proper  fraction,  which  is  impossible  (see  chap,  v.,  §  1).  We  must 
therefore  have 

Qm-n  =  Q  m'-n',  and  consequently    -  =     -. 

N.B, — From  this  of  course  it  follows  that  vi  -Ji  =  m'  -  n'. 

As  an  example,  consider  the  improper  fraction  (ar* + 2j?2  +  3.C  +  4  )/(ar  +  a;  -f  1 ), 
and  let  us  multiply  both  numerator  and  denominator  by  ic*+2a;  + 1 ;  we  thus 
obtain  the  fraction 

(x5  +  4a?*  +  8af»  +  12ar  +  lU  +  4)/(ar*  +  3ar»+4ar*  +  3x  +  l), 

which,  by  chap,  iii.,  §  2,  must  be  equal  to  the  former  fraction.     Now  transfonii 
each  of  these  by  the  long-division  transformation,  and  we  obtain  res^xictively 


ir  +  3 

ar  +  a*  +  l 
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The  iutcgral  jmrts  of  these  sro  eqosl ;  uul  the  fnctional  ports  are  aim  uqual 
[nee  next  scctiou). 

The  sum  of  tuv  jiroper  algebraicai  fraetions  is  a  proper  algebraical 
fraction. 

After  nliat  has  been  given  above,  tlie  proof  of  litis  pro)iositioii  nill  pi««eDt 
no  iliiliirult;.  The  proposition  in  iutereatiiigaa  all  insUsce,  if  S117  were  needed, 
lliat  fmctitm  in  tlic  ulj^bniical  eense  is  a  totally  different  conception  from 
fmctioii  in  tlie  aritliuictical  sense ;  Tor  it  is  not  true  in  atitlmietic  that  the 
sum  of  tnapropi'r  fractions  is  always  a  proper  fraction  ;  for  example,  J  +  l=|, 
ivliicli  is  an  improper  fraction. 

g  3.]  Since  by  chap,  iii.,  g  2,  wo  may  divide  both  numerator 
and  denominator  of  a  fraction  by  the  same  divisor,  if  the  nu- 
merator and  denominator  of  a  rational  fraction  hava  any  common 
factors,  we  can  remove  tlicm.  Hence  ererij  nitimud  fratfrni  enn 
be  so  slmjilified  tluil  its  nttmtrator  and  denomimilor  are  algebraicull;/ 
prime  to  each  other,-  when  thus  smptijied  llie  frudtuu  is  said  to  he  at 
"its  lowest  terms." 

The  common  factora,  when  they  exist,  may  be  determined  by 
inspection  (for  example,  by  completely  factorising  both  nuracrator 
and  denominator  by  any  of  the  processes  descril>ed  in  cliap.  vii.) ; 
or,  in  the  laat  resort,  by  the  process  for  finding  the  G.C.M.,  which 
will  cither  give  us  the  common  factor  required,  or  prove  tliut 
there  is  none. 
Exampk  1. 

_£j±!l+_''_+i_ 

■j^'rZx'-^i.x'  +  'ix  +  l' 
Hycitlier  of  tlic  processes  of  cliap.  vi.  tlieO.C.M.  willbefound  toboj.-'  +  S.i'  +  I. 
Dividing  botti  uunicnitor  and  deiioiuiuHtor  by  tlilii  factor,  ivc  get,  fur  lliu 
lotvcst  tvnns  of  the  given  fraction, 


Tlie  .limplificiition  iiiight  tiave  liecn  effected  thus.  Observing  lliiil 
nrutratoruud  drnoiuinator  vauisli  wlicin  a;=  -1,  we  see  that  j'  +  l  is  1 
ion  factor.     lUnioring  this  factor  we  get 


iintor  iKitli  ^-aniNli  niiei 
Bviiig  this  we  gi't 
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x  +  'S 

X'  +  X+l 

It  is  now  obvious  that  numerator  and  denominator  arc  prime  to  eacli 
other  ;  for  the  only  possible  common  factor  is  x  +  3,  and  this  does  not  divide 
the  denominator,  which  does  not  vanish  when  x=  -2. 

§  4.]  The  student  should  note  the  following  conclusion  from 
the  above  theory,  partly  on  account  of  its  practical  usefulness, 
partly  on  account  of  its  analogy  with  a  similar  proposition  in 
arithmetic. 

If  two  rational  fractions,  P/Q,  P'/Q',  be  equal,  and  P/Q  he  at  its 

lowest  terms,  then  P'  =  AP,  Q'  =  AQ,  wliei'e  \  is  an  integral  function 

of  X,  which  will  reduce  to  a  constant  if  P'/Q'  he  also  at  its  lowest 

terms. 

To  prove  this,  we  observe  that 

p     p 

QT 
whence  P'  =  >    , 

that  is,  Q'P/Q  must  be  integral,  that  is,  Q'P  must  be  divisible 
by  Q ;  but  P  is  prime  to  Q,  therefore  by  chap,  vi.,  §  1 2,  Q'  =  AQ, 
where  A  is  an  integral  function  of  x.     We  now  have 

so  that  P'  =  AP,  Q'  =  AQ. 

If  P'/Q'  he  at  its  lowest  terms,  P'  and  Q'  can  have  no  com- 
mon factor ;  so  that  in  this  case  A  must  be  a  constant,  which 
may  of  course  happen  to  be  unity. 

DIRECT   OPERATIONS   WITH   RATIONAL  FRACTIONS. 

§  5.]  The  general  principles  of  operation  Avith  fractions 
have  already  been  laid  down ;  all  that  the  student  has  now  to 
learn  is  the  application  of  his  knowledge  of  the  properties  of 
integral  functions  to  facilitate  such  operation  in  the  case  of 
rational  fractions.  The  most  important  of  these  applications  is 
the  use  of  the  G.C.M.  and  the  L.C.M.,  and  of  the  dissection  of 
functions  by  factorisation. 
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rtt.\F. 


No  general  ni1«4  cau  lie  laid  down  for  sucli  tnuufonnatioiis  as  we  proceed 
Vf  exemplify  in  thin  faragraph.     Bot  the  following  pieces  of  general  adrke 

will  \>e  found  iiMrful. 

Never  make  a  ntep  that  yon  cannot  justify  by  reference  to  the  fundamental 
UwK  of  algebra.  Sulij'rrrt  to  this  restriction,  make  the  freest  nse  of  your  judg- 
ment a^  Ut  the  order  and  arrangement  of  steps. 

Take  the  earliest  opfKirtunity  of  getting  rid  of  redundant  members  of  a 
ftin^'tion,  iinleiw  yon  fiee  some  ilirect  reason  to  the  contrary. 

Cultivate  the  use  of  brackets  as  a  means  of  keeping  composite  parts  of  a 
function  to^cthf-r,  and  do  not  exjiand  such  brackets  until  you  see  that  some- 
thing iif  likely  to  \t*i  gaine<i  thereby,  inasmuch  as  it  may  turn  out  that  the 
uhole  brar;kct  is  a  rr^lundant  member,  in  which  case  the  labour  of  expanding 
U  thrown  away,  and  merely  increases  the  risk  of  error. 

Take  a  grKjil  look  at  ea<;h  [lart  of  a  composite  ezivression,  and  be  guided  in 
your  treatment  by  itM  construction,  for  example,  by  the  factors  yon  can  per- 
ceive it  to  contain,  by  itM  degree,  and  so  on. 

Avoid  the  unthinking  u»e  of  mere  rules,  such  as  tliat  for  long  di\ision, 
that  for  finding  the  G.C.M.,  &<*.,  as  much  as  possible  ;  and  use  instead  pro- 
vf.nHtiH  of  inH|H;ction,  such  arf  dissection  into  factors ;  and  general  principles, 
such  OH  the  theorem  of  remainders.  In  other  words,  use  the  head  rather  than 
the  fingers.  But,  if  yon  do  us4.'  a  rule  involving  mechanical  calculation,  be 
]jatient,  accurate,  and  systematically  neat  in  the  working.  It  is  well  known 
to  mathematical  teachers  that  quite  half  the  failures  in  algebraical  exercises 
arise  from  arithmetical  inaccuracy  and  slovenly  arrangement. 

Make  eveiy  use  you  can  of  general  ideas,  such  as  homogeneity  and  syni- 
metry,  to  shorten  work,  to  foretell  results  without  labour,  and  to  control 
results  and  avoid  errors  of  the  grosser  kind. 

Example  1.  Express  as  a  single  fraction  in  its  simplest  form — 


j^  +  l  J.^-l 

Trauttform  each  fraction  by  division,  then 


=Fsay. 


1'-    -r, 


Kxninplj'  li.   Express  jls  a  siiifjlo  fraction 
1  1  1 


x"'-3^---i-3^-l     jt'-jt-x  +  I     x^-'lc^  +  'lc-l    x^-2x^  +  '2jr-2x  +  l' 


{£*■  V«i*"js!M»»» 
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"We  have 

a^-3^  +  3a;-l  =  (r-l)3; 

a^-a^-x  +  l     =ar»  +  l-a-(^  +  l)  =  (a:  +  l)(jr'-a:+l-x), 

=  (x+l)[x-ir; 
a^- 23c«  +  2a;- 1  =ar*  -  1  -  2/-(jr'- 1), 

=  (^- !)(.•- 1ft 

=  (x-mx  +  l); 
a^-2j!5  +  2ar^-2a;+l  =  (^  +  l)2-2r(a:-+l), 

=  (ar»  +  l)(x-l)3. 

WTience 

111  1 


F= 


(a;-l)^~(a-  +  l)(^-l)'''     (j--l)*(^+l)     (X-  +  1MX-1)'-'  . 


_{x  +  l)-{x-l)     (x^  +  l)  +  {x-l){x-\-'i) 
(a;  + 1 )  (a;  -  1  )*      {x-  If  (jc  + 1)  "(/^  + 1 )  * 

2 2j;^ 


=  2 


ir»  +  l-x» 


(a;  +  l)(ir»+l)(a;-l)»' 
2 


2 


a4_2aJ>  +  ar*-ar»+2a;-l 


Example  8. 

V«  +  y/\       ^-xy-^-y^jKx-y/y       x^  +  xy  +  y^J' 

-(   "^   \v^2<^+?^M 


,  Example  4. 


b-e 


-H-2-  + 


c-a 


+-^+ 


a-6 


b-c    {c-a){a-b)     c-a     {a-b){b-c)     a  -b     {b-e)(c- a) 

_  2(c~a)(a-ft)  +  (6-c)'  +  2(«-fe)(6-c)  +  (c-«)»  +  2(ft-c)(c-o)4-(a-^>)' 

(d-c)(c-a)(a-6) 

_  {(6~c)  +  (c-a)  +  (a - &)} » 

=iL= 0 =0 

&c.     (Z>-c)(c-a)(a-i»)       ' 
it  being  of  coarse  supposed  that  tlie  denominator  doos  not  vani>«h. 
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Example  5. 

n^  Ifi  (? 

^  "^  {fi-h){a-c)  ^  {b-e){b^)  "^  (<;-fl)(<;-6)* 

_  - «3 (ft -J)-V^ (c- a)'<?{a-h) 

(b-c){c-'a)\a-'h) 

Now  we  observe  that  when  h=e  the  numerator  of  F  becomes  0,  hence  h-c 
is  a  factor ;  by  symmetry  c-a  and  a-h  must  also  be  factors.  Hence  the 
numerator  is  divisible  by  (ft  -  c)  (c  -  a)  {a  -  ft).  Since  the  degree  of  the  numer- 
ator is  the  4th,  the  remaining  factor,  owing  to  the  symmetry  of  the  expression, 
must  be  Pa  +  Pft  +  Pc.     Comparing  the  coefficients  of  a'ft  in 

-  rt'(ft  -  c)  -  ft»(<;  -  a)  -  c*(a  -  ft) 
and  P(a  +  ft+c)(ft-c)  (<;-«)(«- ft), 

we  sec  that  P=  +1. 

Hence,  finally,  F=rt+ft+c.  , 

Example  6. 

„            a^+pa  +  q          ,          Ir^-^ph  +  q          .          (P  +  jic-hq 
■T  =  7 m n ;  +  -n r-n .  .        i ;  + ; TT       rr-i  ~ 


{a-b)(a-c){x-a)     {b'a){b-c){x~b)    {c-a){c-b){x-c) 

_  F  —  ^^!Z.f  ^  {a^+pft  +  q)  {x  -b){x-c)  +  &c.  4-  &c. 
~  "  (ft  -c)  (d  -  a)  {a~  ft)  (.r  -a){x-  ft)  {x  -  c)    ' 

_ (ft-c)(a--fpfl+y){.r^-(ft-fc)j--4-ftc}  4-&c.  +  &c. 

&c. 

Now,  collect  the  coefficients  of  .r^,  x,  and  the  absolute  term  in  the  numerator, 
observing  that  the  two  &c.  's  stand  for  the  result  of  exchanging  a  and  ft  and  a 
and  c  respectively  in  the  first  term.  We  have  in  the  coefficient  of  or  a  part 
independent  of  ^  and  q^  namely, 

«2(ft-r)  +  ft2(c-a)  +  c2(a-ft)=-(ft-c)(c-a)(a-ft)  (1). 

The  parts  containing  p  and  q  respectively  are 

{a(ft  -c)  +  b(c  -a)  +  c[a  -  ft)} ;>  =  0 
and  {(b-e)  +  (c-a)-\-{a-b)}q  =  0. 

The  coefficient  of  x^  therefore  reduces  to  (1). 

Next,  in  the  coefficient  of  x  we  have  the  three  parts, 

-  {rta(ft2  -  c2)  +  52(c2  _  a-)  +  (^(a^  -  ft-)}  =  0, 

-  {a[h^-'(P)  +  b{c^-a^)  +  c{a^-b-)\]) 

=  -{b-c){c-a){a-b)p  (2), 

and  -  !(ft2-c2)4-(c2-a2)  +  (rt2_i,2)j^  =  0. 

Finally,  in  the  absolute  term, 

ahe  {n(b  -c)  +  h{c  -  o)  +  c{a  -  ft)}  =  0, 
nhc  [(ft  -  r)  -I-  {c  -a)  +  {a-  h)}p  =  0, 
{ftf(ft  -  r)  +  ca{c  -a)  +  ah{a  -  ft)}  q 

=  -{b-c){c-a)(a-h)q  (3). 
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Hcnco,  removing  tlio  common  factor  (^>-r)(r -^) (a- /y),  which  now  appears 
both  in  uumei-ator  ami  denominator,  and  chan<;ing  the  sign  on  both  sides,  wc 
have 

(r  -  a)  (./•  -  h)  (j:  -  r) 

The  student  should  observe  hero  the  constant  use  of  the  identities  on  pp. 
81-83,  and  the  abbi-cviation  of  the  work  by  two-thirds,  effeetcil  by  taking 
advantage  of  the  principle  of  symmetry.  In  actual  practice  the  greater  part 
of  the  reasoning  above  written  would  of  course  l>e  conducted  mentally. 


INVERSE   METHOD   OF   PARTIAL   FRACTIONS. 

§  G.]  Since  we  have  seen  that  a  sum  of  rational  fractions  can 
always  be  exhibited  as  a  single  rational  fraction,  it  is  naturally 
suggested  to  inquire  how  far  we  can  decompose  a  given  rational 
fraction  into  others  (usually  called  ^'partial  fractions")  having 
denominators  of  lower  degrees. 

Since  we  can  always,  by  ordinary  division,  represent  (and  that 
in  one  way  only)  an  improper  fraction  as  the  sum  of  an  integral 
function  and  a  proper  fraction,  we  need  only  consider  the  latter 
kind  of  fraction. 

The  fundamental  theorem  on  which  the  operation  of  dissec- 
tion into  "  partial  fractions  "  depends  is  the  following : — 

If  A/PQ  be  a  rational  proper  fraction  whose  denominator  contains 
two  integral  factors,  P  and  Q,  whicJi  are  algebraically  prime  to  each 
other  J  then  tve  can  always  decompose  A/PQ  into  the  sum  of  ttoo  proper 
fractions,  P'/P  +  Q'/Q. 

Proof — Since  P  and  Q  are  prime  to  each  other,  we  can  (see 

chap,  vi.,  §  11)  always  find  two  integral  functions,  L  and  M, 

such  that 

LP  +  MQ=1  (1). 

Multiply  this  identity  by  A/PQ,  and  we  obtain 

A      AL     AM  ,^, 

+  -u-  (2). 


PQ     Q 

In  general,  of  course,  the  degrees  of  AL  and  AM  will  be  higher 
than  those  of  Q  and  P  respectively.  If  this  be  so,  transform 
AL/Q  and  AM/P  by  division  into  S  +  Q'/Q  and  T  +  P'/P,  so  that 
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S,  T,  Q',  and  F'  are  integral,  and  the  degrees  of  F  and  Q*  less 
tlian  those  of  F  and  Q  respectively.     We  now  have 

^=S.t4.|  (3), 

where  S  -t-  T  U  integral,  and  F'/P  +  Q'/Q  a  proper  fraction.  Bat 
the  left-hand  side  of  (3)  is  a  proper  fnwtion.  Hence  S  ■»■  T  must 
vanish  identically,  and  the  result  of  out  operadons  will  be  simply 

which  is  the  transformation  required. 

To  give  the  student  a  better  hold  of  the  above  reaBoms^  we 
work  out  a  particukr  case. 
Consider  the  fraction 

Here  A=:!i!*  +  1,     V=if  +  3ir'  +  2x  +  l,     <i=^  +  x+l. 

Curying  out  tlie  process  foT  finding  thi  G.C.H.  of  P  >nd  Q,  ve  have 
l-rl  +  l)l  +  3  +  2  +  I(l  +  3 
2  +  1  +  1 
-l-l)l  +  l  +  l(-l+0 
0  +  1 

+1 

whence,  denoting  the  remuoders  by  B|  and  Ki, 

P=(«+2)Q+Ri,    Q=-iBB,+B* 
From  these  BncceiaiTely  wa  get 

Ei  =  P-(«+2)(J, 
l  =  B,=Q  +  a;E|, 

=  Q+j-P-aK«+2)Q, 
1         ={-i>-2x+l)Q  +  zP  (I}- 

In  this  ease,  tbererora, 

M=-*»-2i+l,    L=x. 

Multiplying  now  by  A/PQ  on  both  sidca  of  (1),  ire  obtun  (putting  in  tlie 
actual  valuea  of  P  and  Q  in  ths  present  case) 

p_(j^+iH-'=^tl'+  i^  +  ^l'--. 
j.i"  +  3jr'  +  Sx  +  l         j^  +  i  +  i  ' 
_-y«-2j'  +  jr'-r°-aj'  +  l        !^  +  K    . 
ar'  +  gj^  +  ac+l  ■''i'  +  x  +  i' 
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or,  seeing  that  the  integral  part  vanishes,  as  it  ought  to  do, 

which  is  the  required  decomposition  of  F  into  partial  fractions. 

Cor.  7/"  P,  Q,  R,  S,  .  .  .  />«  integ^ral  functions  of  x  which  are 
prime  to  each  otJier,  then  any  proper  rational  fraction  A/PQRS  .  .  , 
can  be  decomposed  into  a  sum  of  proper  fractions^  P'/P  +  Q'/Q  + 
R7R  +  S7S  +  .  .  . 

This  can  be  proved  by  repeated  applications  of  the  main 
theorem. 

§  7.]  Having  shown  a  priori  the  possibility  of  decomposition 
into  partial  fractions,  we  have  now  to  examine  the  special  cases 
that  occur,  and  to  indicate  briefer  methods  of  obtaining  results 
which  we  know  must  exist. 

We  have  already  stated  that  it  may  be  shown  that  every 
integral  function  B  may  be  resolved  into  prime  factors  with  real 
coefficients,  which  belong  to  one  or  other  of  the  tjrpes  {x  -  a)*", 
(x'  +  /?^  +  y)\ 

1st.  Take  the  case  where  there  is  a  single,  not  repeated, 
factor,  x-a.     Then  the  fraction  F  =  A/B  may  be  written 

(.T  -  a)Q 

say,  where  x-a  and  Q  are  prime  to  each  other.     Hence,  by  our 
general  theorem,  we  may  write 

F-  ^  +Q'  n\ 

each  member  being  a  proper  fraction. 

In  this  case  the  degree  of  P'  must  be  zero,  that  is,  P'  is  a 
constant. 

It  may  be  determined  by  methods  similar  to  those  used  in 
chap,  v.,  §  21.     See  below,  Example  1. 

P'  determined,  we  go  on  to  decompose  the  proper  fraction 
Q'/Q,  by  considering  the  other  factors  in  its  denominator. 
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(2). 


2n»l.  Suppose  there  is  a  repeated  factor  (j;  - 1)' ;  say  B  = 
(x-  -  ii)'Q,  where  Q  does  not  contain  the  factor  x-a.  We  may, 
by  the  general  principle,  write 

F— ?^-  +  « 

P'  is  now  an  integral  function,  whose  degree  is  less  than  r; 
hence,  by  chap,  v.,  g  21,  we  may  put  it  into  the  form 

P'  =  aa  +  ai(*-a)+  .  ...  +a,_|(3:-a)'"S 
and  therefore  write 

P a^  «!  ^-1     Q' 

{^-a)'''(r-a)'-l"'-   ■■   %-a"'Q 
where  n„  a„  .  .  . ,  a^.,  are  constants  to  be  determined.     See 
below.  Example  2. 

3rd.  Let  there  be  a  factor  (x*  +  (Sj;  +  y)',  so  that 

Q  being  prime  to  a^  +  ^  +  y.     Now,  we  have 
F- r. ,1 

P'  is  in  this  case  an  integral  function  of  degree  2s  -  1  at  most. 
We  may  therefore  write,  see  chap,  v.,  g  21, 


We  thus  have 
a^  +  h^ 


+  <«.- 


(»); 


where  the  2s  constants  a„  6„  &c,  have  to  be  determined  by  any 
appropriate  methods.      See  Examples  3  and  4. 

In  t!iB  particular  case  where  j'  =  1,  we  have,  of  course,  merely 


*y    « 


(I). 
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By  operating  mcc4'sm'dy  in  the  way  indirnifd  tee  can  fJeeomposf. 

every  ratiomil  fradion  into  a  sum  of  jx^t'titil  fractions,  earh  of  which 

belongs  to  one  or  otlier  of  the  two  types  prKr  -  a)**,  (a^  +  h^r)/(x^  +  f^j- 

+  y)',  where  a,  ^,  y,  p^  ^*»  ^*  ''^*<'  f^^^  ^'^^  constants,  and  r  and  s 

positive  integers. 

It  is  importiint  to  remark  that  each  such  partial  fraction 
has  a  separate  and  independent  existence,  and  that  if  necessary 
or  convenient  the  constant  or  constants  belonging  to  it  can  be 
determined  quite  independently  of  the  others. 

Cor.  If  P  he  an  integral  function  (f  x  of  the  nth  degree,  and 
a,  a,  .  .  .,  a;  p,  p,  .  .  • ,  i^ ;  y,  y,  •  •  • ,  y,  •  •  .  constants  not  less 
than  71+1  in  nnmlter,  r  of  which  are  equal  to  a,  s  eqiud  to  ft,  t  equal 
to  y,  ,  .  . ,  then  we  can  cdimys  express  P  in  the  form 

P  =  2{flro  +  a^{x  -  a)  +  .  .  .  +  <v.,(x  -  a)'*-^}(.r  -  py{x  -  y)'  .  .  ., 

where  «,„  a^,  .  .  . ,  «^_i,  .  .  .  are  constants.     In  particular,  if  r  =  1, 
s  =  1,  /  =  1,  .  .  .  ,  ice  have 

P  =  ^ij[x  -  13)  (x  -  y)  .  .  . 

These   theorems   follow   at  once,  if  wo  consider   the  fraction 

Fj{x  -  aY{x  -  fi)'{x  -  r)' . . . 

There  is  obviously  a  corresponding  theorem  where  x-  a, 
X- P,  X-  y  are  replaced  by  any  integral  functions  which  are 
prime  to  each  other,  and  the  sum  of  whose  degrees  is  not  less 
than  n+\. 

§  8.]  We  now  proceed  to  exemplify  the  practical  carrying 
out  of  the  above  theoretical  process;  and  we  recommend  the 
student  to  study  carefully  the  examples  given,  as  they  afford  a 
capital  illustration  of  the  superior  power  of  general  principles  as 
contrasted  with  "  rule  of  thumb  "  in  Algebra. 

Example  1.  It  is  required  to  determine  the  partial  fraction,  corresponding 
to  ^'  - 1,  in  the  decomposition  of 

(4jr*-16ar»  +  17^-8jJ+7)/(.r-l)(3T-2)2(a.'2+l). 
We  have 

and  we  have  to  find  the  constant  ]*- 
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From  tiip  identity  (1),  multiplying  both  udra  by  {x-1)  (a!-2)'{i?+l),  we 
deduce  the  identity 

ia«-lfU'+17.<''-&B+7=p(ie-2)'(aJ+l)  +  Q'(»!-l)  (2). 

Noir  (2)  being  true  for  rJl  vnlucit  of  x,  muit  bald  when  z=l ;  in  this  cue  it 
becomes 

i=2i>,  thatis,y=2. 
Hence  tlie  required  partial  fraction  ia  2/(a!-  1). 

If  it  bo  required  to  dcteniiine  also  the  integral  function  Q",  thii  can  bo 
done  at  once  i>y  putting  ;>=2  iu  (2),  and  subtracting  Z{x-2f(^  +  1)  from 
botb  aiilos.     We  thus  obtain 

This  being  an  identity,  tbe  lelt-htuid  dde  mutt  htdinitibU  bffx-\.*    It  is 
so  in  point  of  iact ;  and,  after  carrying  out  the  dividon,  we  get 

2r'-ei>  +  ^+l  =  Q'  (4), 

which  dotenninea  Q'. 

Tlie  student  may  verify  for  practice  that  we  do  actually  have 

Example  2.  Taking  tbe  same  fraction  as  in  Example  1,  to  <lctennine  the 
group  of  partial  fractions  corresponding  to  (x-2)^. 
1°.  We  have  now 

4jr'-16jJ+17j=-&r  +  7  _     ««        jii_     q;^ 

whence 

4,r*-lftpH17.t»-8r  +  7  =  a„(^-l)(x'  +  l)  +  «i(j:-2){j;-l){*'  +  l) 

+  Q'(^-2)=  (2). 

In  the  identity  (2)  put  x=2,  and  vre  get 

-5  =  5«ih  that  is,  no=  -1. 
Tntting  now  na=  -  1  in  (2),  subtracting  (-!)(.'■- 1)  (i*  +  l}  from  both  sidea 
and  diridiiig  bolh  sides  by  ar-  2,  we  have 

4a^-^72=  +  2j:-3  =  Oi(j;-l)(i»  +  l)  +  Q'(jr-2)  (3). 

Put  z=2  in  this  last  identity,  and  there  results 

+  h  —  ha\,  that  is,ai=  +  l, 
Tho  group  of  partial  fractious  required  is  therefore 
-l/(p;-2)=  +  l/(j--2). 
If  required,  Q'  may  lie  detcrmineil  as  iu  Example  1  by  means  of  (3). 
2°.  Another  good  method  for  determining  ng  and  rj  dejiends  o[i  thu  use  of 
"continued  division." 

If  we  put  j-=!/  +  2  on  l«itb  sidpi  of  (11.  we  have  the  identity 
4(.w  +  2)<  -lB(i)  +  2|'+17('/  +  2)'-8(if  +  2)  +  7^.(»    «i  ,     _      ^ _ 

(i/  +  i)y'!li/  +  2)^+i;  "   'fa'  (?/  +  iT{i!'+a)=+i;' 

*  If  it  is  not,  then  there  has  been  a  mistake  iu  tbe  working. 
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that  is, 


-5-  iy  +  kc.  _ai)    ai 

—  ■  o  T r 


Q" 


(4). 


Now,  by  chap,  v.,  §  20,  the  expansion  of  a  rational  fraction  in  descending 
powers  of  1/y  and  ascending  powers  of  y  is  unique.  Hence,  if  we  perform 
the  operation  of  ascending  continued  division  on  the  left,  the  first  two  terms 
must  be  identical  with  Oo/y^  +  ai/y  ;  for  Q7(l  +  y)  (3  +  4y  +  y')  will  obviously 
furnish  powers  of  y  merely. 
We  have 


5  +  9+  . 

"-"1  +  1+  . 


-5-4+  .  .  . 

+  5+  .  .  . 

therefore  ao=  - 1,  ai=  + 1. 

The  number  of  coefficients  which  we  must  calculate  in  the  numerator  and 
denominator  on  the  left  depends  of  course  on  the  number  of  ceefilcients  to  bo 
determined  on  the  right. 

Example  3.  Lastly,  let  us  determine  the  partial  fraction  corresponding  to 
ar'+ 1  in  the  above  fi-action. 
We  must  now  write 


4r*-16ar»  +  17x2-8a;  +  7     ax-^b 


Q' 


l^  Whence,  multiplying  by  (a;- 1) (a; -2)*, 
4x*-iex^  +  l7aP-Sx-h7_{ax  +  b){x-l){X'2)^  ,  ^, 
ar*+l  :?+I  ^ 

whence 

4^-16^+13  +  g^=(a;.  +  6)(^-5  +  g±i)  +  Q', 

7aar»+(75  +  a)j^+6 


(1). 


(2); 


=  (aa;  +  fc)(ic-5)  + 


+  Q', 


=  (a«  +  5)(a;-5)  +  7a  + 


+  Q'      (3). 


ar»  +  l 

{7b-\-a)x  +  (b-7a) 
ar»  +  l 

Now  the  proper  fractions  on  the  two  sides  of  (3)  must  be  equal — that  is,  we 
must  have  the  identity 

{7b  +  a)x+{b  -7a)  =  Sx-  6f 
therefore  76  +  a=8,     5- 7a  =-6. 

Multiplying  these  two  equations  by  7  and  by  1  and  adding,  we  get 

506=60,  that  is,  6=1. 
Either  of  them  then  gives  a=l,  hence  the  required  partial  fraction  is 

{x  +  iyix'+l), 
2**.  Another  method  for  obtaining  this  result  is  as  follows. 

Remembering  tha,tsi?'\'l  =  {x+i){x-i)  (see  chap,  vii.),  we  see  thataj'+l 
vanishes  when  x=i. 

Now  we  have 

ix^-16x^+l7sc^-'Sx+7  =  {axi-b)(x-l){x-2)"  +  Q'{a^+l) 

=  (aa:  +  6)(ar»-5ar»  +  8x-4)  +  Q'(ji»  +  l)      (4). 
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rut  iu  thu  identity  j;=t,  and  obaervs  tint 

.■•=i»xt'=(-l)^(-l)=+l, 

and  wo  have  8i-e  =  (ot+J)(Ti  +  l), 

=(7*  +  «)i  +  (6-7«); 
wLciim  (7»  +  ii-8)i=-6  +  ra-e, 

nu  oiuality  nliich  U  impossible  *  nnlen  botli  tides  tra  zero,  IicDce 

76  +  a-8=0,     -6+7.1-8  =  0. 
from  which  a  ind  (  ma]'  be  lUteimined  u  b«ran. 

3°.  Another  method  of  (iDding  a  and  b  might  be  lued  in  the  preaent  case. 
We  Bnppoee  that  the  partial  fraction*  comspandlng  to  all  the  factors 
except  i?-i-l  have  already  been  determined.     We  can  then  write 

From  this  we  obtain  tlis  identity 
4j^-18j?  +  I7j?-&i+7 

=2(it-2)'(^+l)-(a:-l)(j?+I)  +  (r-l}(r-2)(^  +  l) 

whence 

and,  dividing  by  (a:-]) {a: -2)', 

This  being  of  course  an  identity,  we  must  liava 
a  =  l,     6  =  1. 

Another  process  for  finding  the  constantn  in  ail  the  partial  fractious  deiieiids 
on  tbe  mclbod  of  equating  coefficients  (see  chap,  v.,  %  16),  and  leads  to  their 
dutennination  by  the  solution  of  an  equal  number  of  BioiultaucoUB  equations 
of  tliD  1st  degree. 

The  followiug  simple  case  will  sufficiently  illustrate  this  method. 
Example  i. 

To  decompose  (3a;  -  4)/(r  - 1)  (j;  -  2)  into  partial  fractions. 
We  have 

fa-l a_        6 

ix-l)[x-i)~x  - 1  ■'■*;-  2' 
therefore  Sx-i  =  aix-2)  +  bije-1), 

= (a +6)* -(2a +6). 
Htuee,  since  this  Isst  equation  is  an  identity,  ire  have 

a  +  b=3,     2a  +  b=i. 
llence,  solving  these  equations  for  a  and  b  (see  chap,  xri,),  u'e  find  n-l, 
1=2. 

*  For  no  rcil  multiple  (differing  from  zem)  of  the  imngiiiarj'  niiit  can  l>c  ,1 
real  i^uantity.  See  alKivc,  chsp.  vii.,  g  8.  Tlie  stmlciit  siioiUd  rucur  to  this 
case  again  after  wading  the  chapter  on  Complex  Numbers. 
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Example  5.  We  give  another  instructive  example.     To  decompose 


p_        x^+px-^rq 


we  may  write 


a^+jMc  +  y 


(x  -  a)  (a;  -  6)  {x-c)* 


ABC 

+ .  + 


(1). 


(x-a){x-h){x-c)    x-a    x-b    x-e 

where  A,  B,  C  are  constants. 
Now 

stP+pX'\-q=A{x-b){x-c)  +  B{x-c){x-a)  +  C{x-a){X'b)         (2). 

Herein  put  x=a,  and  there  results 

a^-\-pa  +  q=  A{a -  b){a - c)  ; 


whence 


By  symmetry 


We  have  therefore 
x^+px+q 


A  _  ft^+j»4-y 
~{a-b){a-c)' 

{b-a){b-cy 

Q^_^+pc±q_ 
(c  -  a)  (c  -  6)  * 


(x-a)(a;-6)(a:-c) 

a^-\-pa  +  q 


+ 


br^+pb  +  q 


c^+pe-hq 


{a-b){a-c){x-a)     (b-c){b-a){x-b)     (c  -  «)  (c  -  5)  (a;  -  c) 


(3), 


an  identity  already  established  above,  §  5,  Example  6.  It  may  strike  the 
student  as  noteworthy  that  it  is  more  easily  established  by  the  inverse  than 
by  the  direct  process.  The  method  of  partial  fractions  is  in  point  of  fact  a 
fruitful  source  of  complicated  algebraical  identities. 


Exercises  XII. 

Express  the  following  as  rational  fractions  at  their  lowest  terms. 

(1.)  (ar»  +  2jc»-a;  +  6)/(ar*-ar'  +  4a;-4). 
(2.)  (9x'  +  63ic2-9jj-18)/(4a:»  +  44a;  +  120). 

a^2a:»-2x-l_    _ «!+ ^e*^- 3^- 55 -J 
^  •' ar*+a:»-3ar»-6x-'2        a:*+2a:»-2a;- 1     * 

(4.)  (ar»-a:*-x-l)/(3a:3  +  5a;'+3ic  +  l)  +  (ar»  +  ^r2  +  5a:  +  3)/(j;»  +  ar«+a:-3). 
(5.)  (a:«-2a:»  +  l)/(ar»-'2j;  +  l)  +  (a^  +  2a^+l)/(ar»  +  2ic  +  l). 
(6. )  (6ar»  +  IZaaP  -  9a^x  -  ipa^)l(9a?  +  12aar»  -  lla'x  -  lOa^). 
(7.)  (l-o2)/{(l+ax)»-(a  +  ar)«}. 
(8.)  {{w  +  x  +  z){w-\-x)-y{y+z)}l{(io-\-x  +  z){w-{-z)-'ij{x-{-y)}. 

^^' ^  ir^ii^^v  { (1  - i? " (T^crr?) "^ (TTx-)^ i ' 

(10.)  {{al-\-bm)^-\-{am-'bl)^}l{{ap  +  bq)^  +  {aq-W]. 


EXEHCTBE8  XII 


|;»»  +  |t-*  +  r!'-  ({^+(l+rt._+,-)' 


^ 


l"l  ; 


(H.) 
(15.) 


(ISO 
(111 
(1«1 
(19.) 
(».) 
(21.) 
(22.) 
(23.) 

(21.1 

--^72.1 


l/(o-2ft-l/(a-26-l/(o-2ft))). 
l/(to  +  6)  -  l/(aj  -  2)  +  4/(3  -  at-). 
ar"  -  j/3     a^^„         r  g+y        i     i 

ae"-2      9rf"+*      &B+2' 
2      _1 2  2 


M(a;-])^8(j:+l)^4(j!+l)'    2tj!+T?    3(iE"+K  +  l)* 

1 1_   .^2    _    2 

{i  +  l")V  +  2)'    {x+2'^    x+\     j+2- 

(»  +  ft)/(ai  +  a)  +  {a-  b)l{x  -  «)  -  2a{;c+  i)/(i-  +  <"). 


/     1^-3^  +  2     \     /j^  +  2:c+l\ 
V  2aj!   *  V     a" 


,28  1_i_+ ? + i 

^.fi       20       180      420      280  1       f-       20       180       420      280  1 

(30.)  {(iy-l)'+(3r  +  y-2)(ar  +  3/-2jj-)}/((:cy  +  l}*-{«+s)'[. 

(31.)(l+!/'  +  ^-3;w)/{l+y+=). 

(32.)  (n(«  +  2i)  +  i(ft  +  2c)  +  <^c  +  2n))/(a'-6'-6'-2k}. 

'^^•*     -(„  +  6)(i  +  0(.-  +  2ifcr"- 


+  (ae-i>)*'+6«'' 
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(36.) 
(37.) 

(38.) 

(39.) 

(41.) 

(43.) 

-f(44.) 

^  (45.) 

>--(46.) 
(47.) 

(48.) 

(49.) 
(50.) 
(52.) 

(53.) 
(54.) 


ic-y-l  aj+y-1 

(a;^-10aV  +  5V)3  +  (5a^-10aV  +  y»)^ 

(a^-3"V)'  +  (3^-y*)' 
(ft4-c)2+2(ja-c2)^.(5_^)a 


{¥-2l^(?  + 


"•'{«- 


c)="^5>-c»'*" 


(ft  +  c)'}' 


2(62  +  c2_^9)/(^_5)(Qj_C). 

2(6+c)/(c-a)(a-e»). 
2(62+fcc+c2)/(a-6)(a-c). 
{n(l-ar»)  +  n(a;-y2)}/(l-a^2). 
{2(e»+c)3-3n(6  +  c)}/{2a»-8a2w}. 

1-a;   a;-y   y-1    (l-g)(a?-y)(y-i) 

l+a;    a;+y    y  +  1    (l+ic)(a;+y)(y+l)' 
(y-2)2+(2-x)»+(a:-y)2 


(40.)  (2:ir)(2ar^)/;rys-2(y  +  2)/a^ 
(42.)  26c(a  +  ^)/(a-ft)(a-c). 


(y-2)(2-a:)(a;-y) 


+  2 


(.4 


y-2    2-a:    ar-y 


y- 


5  -  c     c  -  g    g  -  6     (6  -  c)  (c  -  g)  (g  -  &) 
a; -a    a; -6    x-e    {x-a)(x-h){z-cy 
2(a  +;>)  (rt + q)l{a  -h){a-  c)  (a  +  A). 

Sa7(a  -  J)  (a  -  c)  (h  -  a).  (51. )  2aV(a«  -  6=)  (a«  -  c^)  {h^ + a«). 

2(y2+22-z3)/y2(a;-y)(x-2). 

a(6-c)»->-&(c-tt)'->-c(a-6)»  +  {V^-'(?){hM)-^{c^-a^){c\a)  +  {a^-}^){a^h) 

a«(6-c)  +  62(c-a)  +  c2(a-6) 

{(g-f  y)H(y-l-2)»}  {(g+a;)2+(a;-m>)«} 

{(«+y)(2+ic)  +  (y+2)(a;+t/;)}2'+"{(a;+y)(a:+t£;)-(y+2)(2+a!)}3' 


^ 


Prove  the  following  identities  : — 
(55.)  2aV(a-6)(a-c)=2a. 
(56.)  c(i**-t;)=ai*(l-wt7),    c(t^-w)=5t;(l-w?), 
where  tt=(a6-c»)/(6c-a«),     v={ah-<?)l{ca-V^). 

(57.)  2  (a+o)(a+/3)(a+7)/a(a-e»)(a-c)(a-rf)=-o/37/aifti. 


i- 


aboi 


r68  ^  (^-g'y+(g'-«^n(^'-yy    nrfi.r^ 

(58.)  -(jrc)»+(c-a)»+(a-5F-=°(^+')- 
,.Q.    (flft-crf)(a«-y+c»-rf3)-f(ffl;-ftrf)(ag+y~c»-<f») 
^  ^  (a'»-y'+c«-d2)(oa  +  6a-ca-d»)  +  4(ad-crf)(a<;-W) 

(ft->-c)(a4-rf) 
"■(e»+c)«+(a  +  rf)a' 

(60.)  a^c-5)H-y(a-c).^c»(6-a)^_^3_ 

'  (6-6)(a-c)(o-a) 

(61.)  {2(y-2)»}/{2(y-2)2} -4n(y-2)>=  {2?:2_2:y2}8. 

Decompose  the  following  into  stuns  of  partial  fractions  : — 

(62.)  (ar»-l)/(a;-2)(a;-8).  (63.)  ar»/(a:-l)(a;-2)(a;-3). 

(64.)  30a*/(aj*-l)(ai>-4).  (65.)  (ar'+4)/(ar+l)2(jt:-2)(ar+3). 
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(flfl.)  i^-2)l{x'-l).  (67.)  (a?+a +!)/(«+ !)(«?+ 1). 

(68.)  (2a:-3)/(;.-l)(a»+l)>.  (6B.)  l/(x-a)(z-J)(^-2pi+?).  y<7. 

(70.)  (l+a  +  a:')/(l-iE-!E'  +  a!>).  (71.)  18/(a^  +  (te+3). 

(72.)  (x  +  3)/(i*-l).  (78.)  !/(**'+*'-«'-«»). 

(74.)  Exprew  (3x>  +  «-*-ll/(z>-l)  w  the  nun  of  two  ntbiiKl  ftacQotu 
whose  denominBtorB  area:*-!  and  z'+l. 

(75.)  Expand  l/(3-x)(2  +  z)  in  a  aeriea  of  atcending  powen  of  z,  Qdng 
p&rtial  fnctions  and  continued  diTision. 

(76.)  Expand  in  like  manner  I/(l-i)^l+afl. 

(77.)  Showtliat 
2;(J+c+<i)/C6-o)(e-aX<I-aX«-a)=(«-«-*-«-<D/(»-<.X«-6X*-eX«-«. 


CHAPTER   IX. 


Further  Application  to  the  Theory  of  Numbers. 


ON  THE  VARIOUS  WAYS  OF  REPRESENTING  INTEGRAL  AND 

FRACTIONAL  NUMBERS. 

§  1.]  The  following  general  theorem  lies  at  the  root  of  the 
theory  of  the  representation  of  numbers  by  means  of  a  systematic 
scale  of  notation : — 

Let  rj,  fg,  r,,  .  .  .,  r^,  r«+i,  ...  dewte  an  infinite  series  of 
integers*  restricted  in  no  way  eaccept  that  each  is  to  be  greater  than  1 , 
then  any  integer  N  may  be  ea^essed  in  the  finite  form — 

where  Po<ri,  Ti<Uy  P^<Uy  .  .  .,  i'n<»"n+i.     WTien  n,  r„  rs,  .  .  . 
are  given,  this  can  be  done  in  one  way  only. 

For,  divide  N  by  ri,  the  quotient  being  Nj  and  the  remainder 
p^;  divide  Nj  by  r,,  the  quotient  being  N,  and  the  remainder 
p^,  and  so  on  until  the  last  quotient,  say  pn,  is  less  than  the  next 
number  in  the  series  which  falls  to  be  taken  as  divisor.  Then,  of 
course,  the  process  stops.     We  now  have 

N  =;?o  +  Nir,     (po<r,)  (1), 

N,=^,  +  N,ra     {pi<r,)  (2), 

N,  =p,  +  N,r8     {p»<rs)  (3), 


N„-i  =Pn-i  +Pnrn{Pn-i<rn) 


(n). 


*  In  this  chapter,  unless  the  contrary  is  distinctly  implied,  every  letter 
used  denotes  a  positive  integral  number. 
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From  (1),  using  (2),  we  get 
N  =i?o  +  r,{p,  +  N,r,), 

^Po-^PiTi  +  r.r^r 
Thence,  using  (3), 

and  so  on. 

Thus  we  obtain  finally 
N=i?o+i?in+i?«r,r,+;)/-jr/-,  +  .  .  . +;)«f,r,.. .  r»        (A). 

Again,  the  resolution  is  possible  in  one  way  only.     For  suppose 
we  also  had 

N  =po'  +Piri  +p»r,u  +  AV«r,  + .  .  .  ^Pn'rir^ . . .  r«    (B), 

then,  equating  (A)  and  (B),  and  dividing  both  sides  by  r„  we 

should  have 


+  {Pi+Pir^+Psr^r^  +  .  .  ^  ^  Tnrjr^ -- >  r^) 


P 


But  the  two  brackets  on  the  right  and  left  of  (C)  contain  integers, 
and  po/r^  and  ^o'/^i  ^^®>  V  hypothesis,  each  a  proper  fraction. 
Hence  we  must  have  po/vi  -po/r^ ;  that  is, 

Po  =Po\ 


Pi  ^Pafa  -^PaTaU  +  •   •    •  +1'»V8  •  •  •  ^n 

=  i?/+i?«>«  +  i'aVa  +  .    .    .+i'nV8...»'n  (D). 

Proceeding  now  with  (D)  as  we  did  before  with  (C),  we  shall 
prove  Pi=Pi;  and  so  on.  In  other  words,  the  two  expressions 
(A)  and  (B)  are  identical. 

Example.  Let  ^=719,  and  let  the  numbers  ri,  rj,  rs, .  .  .  be  this  natural 
aeries  2,  8,  4,  5,  .  .  .    Carrying  out  the  divisions  indicated  above,  we  have 

2)719 

3)359  ...  1 
4)119  .  .  .  2 
5)^.  .  .  8 
5  ...  4. 
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Hence  fl)=l,  Pi=2,  Pj=3t  P>=*.  P«=B ; 

wiUwehiTe    718=1  +  2  >:  2  +  3x2.  S  +  ix  2. 3. 4  +  5x2. 3. 4. 5. 

§  2.]  There  is  a  corresponding  proposition  for  resolving  a 
fraction,  namely,  r,,  r,,  -  .  .,  r„  &c,  being  as  before, 

Any  prt^er  fradum  A/B  can  be  txpressed  in  the  form 


B  ~  f,     r,f,     r,r,r,  r.r, . . .  r„        ' 

wWep|<r,,y,<r„  ,  ,  •,  Pn^»"ni  '"*''  F  "  either  zero  or  can  be  Tnade 
as  small  as  lee  please  by  toMng  a  strident  number  of  the  integers 
r„  r„  ,  .  .,  r„.  JVhen  r,,  r„  .  .  .,  r„, .  . ,  are  given,  Has  resolatioti 
can  be  effected  in  one  way  only. 

The  reader  irill  have  no  difficulty  in  deducing  this  proposition 
from  that  of  last  paragraph.     It  may  also  be  proved  thus ; — 

A_Ari_Ar,/B 

B'Br,"     r.     ' 
Now  we  may  put  Ati/B  into  the  form  p,  +  j,/B,  where  5i<B. 
We  then  have 

A_p,  +  q,fB 


where  j>,<r,,  since,  by  hypothesis,  A<K 
Hence 


(!)■ 


Treating  the  proper  fraction  q,fB  in  the  same  way  as  we  treat«d 
A/B,  we  have 

9,_P,^  1  ft 


where 

Similarly, 


P,<r„  q,< 


(2). 


where 


i'j<rii  3i<B,  &0. 


(3). 
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And,  finally, 

B       rnfn'B' 
where  i>»<r»,  ffn<B  (n). 

Now,  using  equations  (1),  (2),  •  .  .,  (n)  in  turn,  we  deduce 
successively 

_  -Pi .  ;>«  .  i^t  .    g» 
=  —  +  —  +  —  +  — 5> 

n    n*"8    nv.   nv.B 


=  :^  +  A+    ^« 


n     r,r,    TiT^z 


TtTa  •••fa 


I'S 


?n 


(A), 


•   •   • 


r,3,  which   can 


fifj . . .  r„B 
where |?j<ri,;),<r„  .  .  .,  i?n<^n,  (?n<B. 

It  appears  therefore  that  F  =  j„/rir, 
clearly  be  made  as  small  as  we  please  by  sufficiently  increasing 
the  number  of  factors  in  its  denominator.  This  of  course  in- 
volves a  corresponding  increase  in  the  number  of  the  terms  of 
the  preceding  series. 

It  may  happen,  of  course,  that  qn  vanishes,  and  then  F  =  0. 
We  leave  it  as  an  exercise  for  the  student  to  prove  that  this  case 
occurs  when  r^ra  ...  r^  is  a  multiple  of  B,  and  that  if  A/B  be 
at  its  lowest  terms  it  cannot  occur  otherwise.  He  ought  also  to 
find  little  difficulty  in  proving  that  the  resolution  is  unique  when 
Vi,  r,,  .  .  .,  r„,  .  .  .  are  given. 


Example  1.  Let  A/B =444/576,  and  let  the  nnmbers  ri,  r^,  &c.,  be  2,  i, 
6,  8,  &c. 

We  find  444^1       2  1 

576     2     2.4     2.4.6' 

Example  2.  A/B  =  11/13,  n,  rj,  &c.,  being  2,  3,  4,  5,  6,  .  .  .,  &c. 

H.l     _2_4._J_4._i .  3 3_ 

la     22. 32. 3. 42. 3. 4. 52.  3. 4. 5. 6"^2. 3. 4. 5. 6x13 

Since  ri,  r2,  &c.,  are  arbitrary,  we  may  so  choose  them  that  the  numer- 
ators^, p-2j  &c.,  shall  each  be  unity.  "We  thus  have  a  process  for  decompos- 
ing any  fraction  into  a  sum  of  others  ^nth  unit  numerators. 


Whenca 


"    1  . 


1 


1 


13  2^2.2^2.2.3  2.2.3.7  2.2.8.7.13 
Here  we  Iiave  chosen  at  each  step  the  least  multiplier  poadble.  When 
this  is  done,  it  may  be  shown  that  the  successive  remainders  diminish  down 
to  zero,  the  succesaire  multipliers  increase,  and  the  process  may  be  brought 
to  an  end.  If  this  restriction  on  the  tnnltiplier  be  not  attended  to,  the  reso- 
lution ma;  be  varied  in  most  cases  to  a  considerable  extent  Since,  however, 
W8  always  divide  by  the  same  divisor  B,  there  are  only  B  possible  remainders, 
namely,  0, 1 , 2 B  - 1 ;  hence  after  B  - 1  operations  at  moet  the  remainder 


by  the 


of  a 


^6'.8'''6r9*  6n'*"6r9**"6r^ 


3^9.3.3    8.3.3.29' 


§  3.]  The  most  important  practical  case  of  the  proposition  in 
g  1  is  that  where  r,,  r„  .  .  .  are  all  equal,  say  each  =r.  Then 
we  have  this  result — 

Every  integer  N  can  be  expressed,  and  that  in  one  way  only,  tn 
the  form 

i'n''"+i'»-i*""'+  ■    •    -  ■*- PiX  +  Pti 
where Pt,pj,  .  .  . ,  j>„  are  each < r. 

In  other  words,  detaching  the  coefficients,  and  agreeing  that 
their  position  shall  indicate  the  power  of  r  which  they  multiply, 
and  that  apposition  shall  indicate  addition  (and  not  multiplica- 
tion as  usual),  we  see  that,  r  being  any  integer  whatever  chosen 


^  - 


-'-•     ' 


# 


.•" 


^    »  ^■^.       ^ 


■  // 


If*    m  T^ 


t  ♦ 


f  -■ 


/    » 


''  / 

t,tnl  \ 

f  ft  I  ii 

Mil  M 

I  <l 

I  I     •      ill  i     I (Ill 
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Although  this  method  is  good  practice,  the  student  may  very  probably 
prefer  the  following : — 

6733e  (radix  12)  means 
6  xl2»  +  7x  123  +  3  xl2«  +  3x  12  +  11. 

Using  the  process  of  chap,  v.,  §  13,  Example  1,  we  have 

6+  7+     3+         3+         11 
+  72  +  948  +  11412  +  136980 
6  +  79  +  951  + 11415  + 136991. 

§  4.]  From  one  point  of  view  the  simplest  scale  of  notation 
would  be  that  which  involves  the  fewest  digits.  In  this  respect 
the  binary  scale  possesses  great  advantages,  for  in  it  every  digit 
is  either  0  or  1.  For  example,  365  expressed  in  this  scale  is 
101101101.  All  arithmetical  operations  then  reduce  to  the 
addition  of  units.  The  counterbalancing  disadvantage  is  the 
enormous  length  of  the  notation  when  the  numbers  are  at  all 
large. 

With  any  radix  whatever  we  can  dispense  with  the  latter 
part  of  the  digits  allowable  in  that  scale  provided  we  allow  the 
use  of  negative  digits.  For  let  the  radix  be  r,  then  whenever, 
on  dividing  by  r,  the  positive  remainder  p  is  greater  than  r/2,  we 
can  add  unity  to  the  quotient  and  take  -  (r-p)  for  a  negative 
remainder,  where  of  course  r-p<r/2.  For  example,  3978362 
(radix  10)  might  be  written  4022442,  where  2  stands  for  -  2 ; 

so  that  in  fact  4022442  stands  for  4-10*  +  O'lO*- 2-10*- 2*10* 
+  4-10" -4-10 +  2. 

Example  1.  Work  out  the  product  of  1698  and  314  in  the  binary  scale. 

1698  =  11010100010 
814=     100111010 


11010100010 
11010100010 
11010100010 
11010100010 
110101000100 

10000010001010110100  (  =  533172  radU  10). 

Example  2.  Express  1698  and  314  in  the  scale  of  5,  using  no  digit  greater 
than  3,  and  work  out  the  product  of  the  two  transformed  numbers. 
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5)1698 

• 

5)814 

b^^Ai 

5)889  .  . 
6)68  .  . 
5)18  .  . 

.  8 
.  1 
.  8 

5)68  .  , 
5)12  .  , 
2  . 

.  .  1 
.  .  8 
.  .  2 

2  .  . 

.  8 

28818 
2281 

28818 
181111 
102111 
102111 

121121808    * 

The  student  may  yerify  that  121121808  (radix  5) =588172  (radix  10). 

Example  8.  Show  how  to  weigh  a  weight  of  815  lbs. :  first,  with  a  aeries 
of  weights  of  1  lb.,  2  lbs.,  2>  lbs.,  2^  lbs.,  &c,  there  being  one  of  each  kind  ; 
second,  with  a  series  of  weights  of  lib.,  8  lbs.,  8'  lbs.,  8'  lbs.,  &c.,  there  being 
one  only  of  each  kind. 

First  Express  815  in  the  binary  scale.    We  have 

815=100111011, 

315  =  l  +  2  +  2'  +  2*+2«  +  28. 

Hence  we  must  put  in  one  of  the  scales  of  the  balance  the  weights  1  lb.,  2  lbs., 
2»  lbs.,  2*  lbs.,  2»  lbs.,  and  2*  lbs. 

Second.  Express  815  in  the  ternary  scale,  using  no  digit  greater  than 
unity.    We  have 

815=110r00. 

Hence  over  against  the  giren  weight  we  must  put  the  weights  S*  lbs.  and  8' 
lbs. ;  and  on  the  same  side  as  the  given  weight  the  weight  8^  lbs. 

§  5.]  If  we  specialise  the  proposition  of  §  2  by  making 
fj  =  fg  = . . .  =  r„,  each  =  r  say,  we  have  the  following : — Every  proper 
fraction  A/B  can  be  expressed,  and  that  in  one  toay  ordy,  in  the  form — 

B     r     r*     r^  r»        ' 

where  pi,  J?*  •  •  •>  Pn  ^^^  ^^  <  **>  ^^  F  either  is  zero,  or  can  be 
made  as  small  as  we  please  by  sufficiently  increasing  n. 

If  r  be  the  radix  of  any  particular  scale  of  notation,  the  fraction 

Pi  ,P»  .  ,Pn 

r  -s  +  .    .   .  i — - 

r      r  r** 

*  The  arrangement  of  the  multiplication  in  Examples  1  and  2  is  purposely 
varied,  because,  although  it  is  of  no  consequence  here,  sometimes  the  one  order 
is  more  convenient,  sometimes  the  other.  A  similar  variety  is  introduced  in 
§  6,  Examples  1  and  2. 
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is  usually  called  a  radix  fraction.  We  may  detach  the  coeffi- 
cients and  place  them  in  apposition,  just  as  in  the  case  of 
integers,  a  point  being  placed  first  to  indicate  fractionality.* 

Thus  we  may  write 

A 

where  pi  in  the  first  place  after  the  radix  point  stands  for  pi/r^ 
p^  in  the  second  place  stands  for  ^a/r*,  and  so  on. 

Since  the  digits  PiP^Pa  ,  .  .  Pn  Si^e  the  integral  part  of  the 
quotient  obtained  by  dividing  Ar**  by  B,  the  radix  fraction  can- 
not terminate  unless  Ar^  is  a  multiple  of  B  for  some  value  of  n. 
Hence,  if  we  suppose  A/B  reduced  to  its  lowest  terms,  so  that  A 
is  prime  to  B,  we  see  that  the  radix  fraction  cannot  terminate 
unless  the  prime  factors  of  B  (see  chap,  iii.,  §  10)  be  powers  of 
prime  factors  which  occur  in  r.  For  example,  since  r=10  =  2x5, 
no  vulgar  fraction  can  reduce  to  a  terminating  decimal  fraction 
unless  its  denominator  be  of  the  form  2*^5^ 

In  all  cases,  however,  where  the  radix  fraction  does  not 
terminate,  its  digits  must  repeat  in  a  cycle  of  not  more  than 
B  -  1  figures ;  for  in  the  course  of  the  division  no  more  than  B  -  1 
different  remainders  can  occur  (if  we  exclude  0),  and  as  soon  as 
one  of  the  remainders  recurs  the  figures  in  the  quotient  begin 
to  recur. 

Example  1.  To  express  2/8  as  a  radix  fraction  in  the  scale  of  10  to  within 
1/lOOOOOth— 

2    200000  _  66666 +  t 
8"3xl06  10*      ' 

6xl0*  +  6xl0^+6xl0«+6xl0-t-6       2/3 
■"  10*  100000* 

-A+l.+  «  +«  +1.  +  P 
*"  10  "^10»"^  105^10^  "^lO'"^' 

where  F=:_^/?_< 


100000    100000 


*  Napior  of  Merchiston  was  apparently  the  first  who  used  the  modern  form 
of  the  notation  for  decimal  fractions.  The  idea  of  the  regular  progression  of 
decimals  is  older.  Stevin  fully  explains  its  advantages  in  his  ArUhnUtique 
(1585);  and  germs  of  the  idea  may  be  traced  much  farther  back.  According 
to  those  best  qualified  to  judge,  Napier  was  the  first  who  fully  appreciated  the 
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In  other  words,  we  hare  to  the  required  degree  of  aoooracjr 

1= -66666. 

It  is  obvioos  from  tho  repetition  of  the  figores  that  if  we  take  n  6*8  after  the 
point  we  shall  have  the  value  of  2/8  correct  within  l/10**th  of  its  Valae. 

Example  2.  Let  the  fraction  be  6/64.    Since  64=2*  this  fraction  ought 
to  be  expressible  as  a  terminating  deoimaL    We  have  in  fact 

5  _  5000000  ^78125 
64""64xl0«     "10*^ 
=  •078125. 

Example  8.  To  express  2/8  as  a  radix  fraction  in  the  scale  of  2  to 

within  l/2«th, 

2_2x2»_128/8_42+2/8 

8"3x2«    "^""      2"     ' 
Neglecting  -^,  which  i8<x^  and  expressing  42  in  the  scale  of  2,  we  have 

2      101010      .,Ainin#     Jt-     t%\ 

;r= — 3 —  =  '101010  (radix  2). 
8        2* 

§  6.]  When  a  fraction  is  given  expressed  as  a  radix  fraction 
in  any  scale,  and  it  is  required  to  express  it  as  a  radix  fraction 
in  some  other  scale,  the  following  process  is  convenient 

Let  <^  be  the  fraction  expressed  in  the  old  scale,  r  the  new 
radix,  and  suppose 


then 


f  0  =  «.  + f-  _  +  ,     ,     , 


=Pi  +  <k  say. 
Now  (^  is  a  proper  fraction,  hence  p^  is  the  integral  part  of  r<f>. 

Again  ■     r<^i=jp,+^  +  .  .  . 

=Pa  +  <^  say. 
So  that  J?,  is  the  integral  part  of  r<f>i,  and  so  on. 

It  is  obvious  that  a  vulgar  fraction  in  any  scale  of  notation 
must  transform  into  a  vulgar  fraction  in  any  other ;  and  we  shall 

operational  use  of  tho  decimal  point ;  and  in  his  Coiistructw  (written  long 
before  his  death,  although  not  published  till  1619)  it  is  frequently  used.  See 
Glaisher,  Art.  "Napier,"  Encyclopaedia  Britannicaf  9th  cd.;  also  Rae's recent 
translation  of  the  Coiiatruclio,  p.  89. 
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show  in  a  later  chapter  (see  Geometrical  Progression)  that  every 
repeating  radix  fraction  can  be  represented  by  a  vulgar  fraction. 
Hence  it  is  clear  that  every  fraction  which  is  a  terminating  or  a 
repeating  radix  fraction  in  any  scale  can  be  represented  in  any 
other  scale  by  a  radix  fraction  which  either  terminates  or  else 
repeats.  It  is  not,  however,  true  that  a  terminating  radix  fraction 
always  transforms  into  a  terminating  radix  fraction  or  a  repeater 
into  a  repeater.  Non-terminating  non-repeating  radix  fractions 
transform,  of  course,  into  non-terminating  non-repeating  radix 
fractions,  otherwise  we  should  have  the  absurdity  that  a  vulgar 
fraction  can  be  transformed  into  a  non-terminating  non-repeating 
radix  firaction. 

It  is  obvious  that  all  the  rules  for  operating  with  decimal 
fractions  apply  to  radix  fractions  generally. 

Example  1.  Reduce  3*168  and  11*346  to  the  scale  of  7,  and  multiply  the 
latter  by  the  former  in  that  scale ;  the  work  to  be  accurate  to  1/1 000th 
throughout. 

The  required  degree  of  accuracy  involves  the  5th  place  after  the  radical 
point  iu  the  scale  of  7. 


•168 
7 

•346 
7 

1)*176 
7 

2) -422 
7 

l)-232 
7 

2) -954 
7 

l)-624 
7 

6) -678 
7 

4)*368 
7 

4)*746 
7 

2)*676 

5) -222 

8-168 =3*11142  (rad 

1x7). 

14-22645 
3-11142 

ll-346=14-.*22645. 

46-01601 

1*42265 

14227 

1423 

632 

32 

50*64146 
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On  account  of  the  duodecimal  division  of  the  English  foot  into  12  inches, 
the  duodecimal  scale  is  sometimes  convenient  in  mensuration. 

Example  2.  Find  the  number  of  square  feet  and  inches  in  a  rectangular 
carpet,  whose  dimensions  are  21'  3}'^  hj  18'  llj*.  Expressing  these  lengths 
in  feet  and  duodecimals  of  a  foot»  we  have 

21'  8J*=19-86. 
13'llf=ll-e9. 

If,  following  Oughtred's  arrangement,  we  reverse  the  multiplier,  and  put  the 

uuit   figure  under  the  last  decimal  place  which  is  to   be  regarded,   the 

calculation  runs  thus — 

19-86 

Sell 


19860 

1986 

1763 

18e 


209-78 

209  (radix  12)  =  288 +  9 =297  (radix  10)  feet 
•78  (radix  12)  =  7  x  12  +  8  =  92  square  inches. 

Hence  the  area  is  297  feet  92  inches. 

§  7.]  ijf  a  numher  N  he  expressed  in  the  scale  of  r,  and  if  we 
divide  N  and  the  sum  of  its  dibits  by  r- I,  or  by  any  factor  of  r-l, 
the  remainder  is  the  same  in  both  cases. 

Let         T^=Po+pir-^pgT*-\'.  .  .+Pni^' 
Hence  N-(jPo+Pi  +  .  •  -  +Pn)  =J?i{r  -  I)  ^Piii^  -  I)  +  -  •  . 

-^Pnir^-l)  (1). 

Now,  m  being  an  integer,  f^  -  1  is  divisible  by  r  -  1  (see 
chap,  v.,  §  17).  Hence  every  term  on  the  right  is  divisible  by 
r  -  1,  and  therefore  by  any  factor  of  r  -  1.  Hence,  p  being  r  -  1, 
or  any  factor  of  it,  and  fx  some  integer,  we  have 

Suppose  now  that  the  remainder,  when  N  is  divided  by  /a,  is  or, 
so  that  N  =  v/3  +  0-.     Then  (2)  gives 

P0+P1+  '    .    .  +Pn  =  (»'-/*)/>  +  <^  (3), 

which  shows  that  when  Po+Pi+  -  .  -  +Pn  is  divided  by  p  the 
remainder  is  o-. 
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Cor  1.  In  the  ordinary  scaley  if  we  divide  any  integer  by  9  or  hy 
3,  the  remainder  is  the  same  as  the  remainder  we  obtain  by  dividing 
the  sum  of  its  digits  by  9  or  by  3. 

For  example,  31692-7-9  gives  for  remainder  3,  and  so  does 
(3  +  l  +  6  +  9  +  2)-r-9. 

Cor.  2.  It  also  follows  that  the  sum  of  the  digits  of  every  midtiple 
of  9  or  Z  must  be  a  multiple  of  9  or  3.     For  example, 

2x9=18  1+8=9 

13x9  =  117  1  +  1+7  =  9 

128x9  =  1152  1  +  1+5  +  2  =  9 
128  X  3  =  384  3  +  8  +  4  =  15  =  5  X  3. 

§  8.]  On  Cor.  1  of  §  7  is  founded  the  well-known  method 
of  checking  arithmetical   calculations   called   "casting  out  the 


}} 


nines. 

Let  L  =  MN;  then,  if  L  =  /9  +  L',  M  =  fn9  +  M',  N  =  n9  +N', 
so  that  L',  M',  N'  are  the  remainders  when  L,  M,  N  are  divided 
by  9,  we  have — 

/9  +  L'  =  (m9  +  M')  (n9  +  N'), 

=  7nn81  +  (M'n  +  N'w)9  +  M'N', 
=  {mn9  +  M'n  +  Wm)9  +  M'N' ; 

whence  it  appears  that  L'  and  M'N'  must  have  the  same  re- 
mainder when  divided  by  9.  L',  M',  N'  are  obtained  in  accord- 
ance with  Cor.  1  of  §  7  by  dividing  the  syms  of  the  digits  in  the 
respective  numbers  by  9. 

Example  1.  Suppose  we  wish  to  test  the  multiplicatioii 

47923x568  =  27220264. 

To  get  the  remainder  when  47923  is  divided  by  9,  proceed  thus :  4  +  7  =  11, 
cast  out  9  and  2  is  left ;  2  +  9  =  11,  cast  out  9  ;  2  +  2  +  3  =  7.  The  remainder 
is  7.  Similarly  from  568  the  remainder  is  1,  and  from  27220264,  7.  Now 
7x1-7-9  gives  of  course  the  same  remainder  as  7-^9.  There  is  therefore  a 
strong  presumption  that  the  above  multiplication  is  correct.  It  should  be 
observed,  however,  that  there  are  errors  which  this  test  would  not  detect ;  if 
we  replaced  the  product  by  27319624,  for  instance,  the  test  would  still  be 
satisfied,  but  the  result  would  be  wrong. 

In  applying  this  test  to  division,  say  to  the  case  L/M  =  N  +  P/lirr,  since 
we  have  L=MN  +  P,  and  therefore  L-P=MN,  we  have  to  cast  out  the  nines 
from  L,  P,  M,  and  K,  and  so  obtain  L',  F,  M',  and  N'  say.  Then  the  test  is 
that  L'  -  F  shall  be  the  same  as  the  result  of  casting  out  the  nines  from  M'N'. 
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Example  2.  Let  ns  test — 

27220662-^668 = 47923 + 898-S-668, 
or  27220662 = 47928  x  668 + 898. 

Hero  L'-F=0-2=-2, 

M'.N'=7x  1=9-2. 

The  test  is  therefore  satisfied. 

§  9.]*  The  following  is  another  interesting  method  for  ex- 
panding any  proper  fraction  A/B  in  a  series  of  fractions  with 
unit  numerators : — 

^^  Qif  Qat  ?89  •  •  •)  ^n>  a^  ^11 U9  U9  •  •  'yr^ytethe  quotients  and 
remainders  respectively  when  B  is  divided  iy  A,  r„  r,, . .  .,  r,i_i  re- 
spectively, then 

All         1  (-1)*-^    ^ 

where  F  =  ( -  Vf^nlqxq^  •  •  •  JnB,  thai  is,F  is  numerically  less  than 
l/q^q^  ...qn- 

For  we  have  by  hj^pothesis 

B  =  Aqx  +  ri,  therefore  A/B  =  l/y^  -  r^/qj^ 
B  =  riq^  +  r,,  therefore  rJB  =\/q^-  r^jqfi 
B  =  rgg^a  +  n>  therefore  r,/B  =  1/^,  -  r^jqfi 
and  so  on. 

From  (2),  (3),  (4),  we  have  successively 


(IX 


(2), 
(3), 
(4), 


-  =  --  — +  — r^^ 


^1_±^J \_(% 

and  so  on. 

Since  fi,  fg,  .  .  .,  r^  go  on  diminishing,  it  is  obvious  that^  if 
A  and  B  be  integers  as  above  supposed,  the  process  of,  successive 
division  must  come  to  a  stop,  the  last  remainder  beiifg  0.    Hence 

*  In  his  Esaai  cC Analyse  Nutnirique  sur  la  TranstformcUuni  des  Fractwns 
{CEuvreSf  t,  viL  p.  318),  on  which  the  present  chapter  is  foanded,  Lagrange 
attributes  the  theorem  of  §  9  to  Lambert  (1728-1777).  Heis,  Sammlung  von 
Bcispielen  und  Au/gaben  aus  der  allgcTminen  Arithmetik  und  Algebra  (1882),  p. 
322,  has  applied  series  of  this  character  to  express  incommensurable  numbers 
such  as  logarithms,  square  roots,  &c.  In  the  same  connection  see  also  Syl- 
vester, American  Jour^  Math.,  1880. 
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every  vulgar  fraction  can  be  converted  into  a  terminating  series 
of  the  form 


Example. 


113_1_J_    1 1 

244~2     2.13  "^2.13.24     2.13.24.61 


From  this  resolution  we  conclude  Ihat  1/2-1/2.13  represents  113/244  within 
l/26th,  and  that  1/2-1/2.13  +  1/2.13.24  represents  113/244  within  l/624th. 


Exercises  XIII. 

(1.)  Express  16935  (scale  of  10)  in  the  scale  of  7. 
(2.)  Express  16'935  (scale  of  10)  in  the  scale  of  7. 
(3.)  Express  315*34  (scale  of  10)  in  the  scale  of  11. 
(4.)  Express  r7e9ce  (scale  of  12)  in  the  scale  of  10. 
(5.)  Express  Ir8e54  (scale  of  12)  in  the  scale  of  9. 
(6.)  Express  345^361  (scale  of  7)  in  the  scale  of  3. 
^(7.)  Express  112/315  (scale  of  10)  as  a  radix  fraction  in  the  scale  of  6. 
~7(8')  Express  3169  in  the  form  |?  +  g3+r3.5+s3.5.7  +  &c.,  where  j»<3, 
3<5,  r<7,  kc 

(9.)  Express  7/11   in  the  form  ;?/2+y/2.3  +  r/2.3.4+&c.,  where  p<2, 
gf  <  3,  r  <  4,  &c. 

(10.)  Express  113/304  in  the  formj9/3+ j/3.5  +  r/32  5+«/32.5«  +  ^/3'.62+&c., 
where /?<3,  q-<5,  r<3,  &c, 

(11.)  Multiply  31263  by  56341  in  the  scale  of  7. 

(12.)  Find  correct  to  4  places  81*3432x1*50323,  both  numbers  being  in 
the  scale  of  6. 

(13.)  Find  to  5  places  31*3432-7-2*67312,  both  numbers  being  in  the  scale 
of  12. 

(14.)  Extract  the  square  root  of  365*738  (scale  of  9)  to  3  places. 
(15.)  Express  887/1103  in  the  form  l/qi  -  llqiqi+llqiq^z-  kc. 
(16.)  Show  how  to  make  up  a  weight  of  35  lbs.  by  taking  single  weights 
of  the  series  1  lb.,  2  lbs.,  2'  lbs.,  &c. 

(17.)  With  a  set  of  weights  of  1  lb.,  5  lbs.,  6'  lbs.,  &c.,  how  can  7  cwt.  be 
weighed  ?  First,  by  putting  weights  in  one  scale  only  and  using  any  number 
of  equal  weights  not  exceeding  four.  Second,  by  putting  weights  in  either 
scale  but  not  using  more  than  two  equal  weights. 

(18.)  Find,  the  area  of  A  rectangle  35  ft  3^  in.  by  23  ft  6}  in. 
(19.)  Find  the  area  of  a  square  whose  side  is  17  ft.  4  in. 
(20.)  Find  the  volume  of  a  cube  whose  edge  is  3  ft  9|  in. 
(21.)  Find  the  side  of  a  square  whose  area  is  139  sq.  ft  130  sq.  in. 
(22.)  Expressed  in  a  certain  scale  of  notation,  79  (scale  of  10)  becomes  142  ; 
find  the  radix  of  that  scale. 
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(23. )  III  what  scale  of  notation  does  301  represent  a  square  integer  ? 

(24. )  A  nnmbcr  of  3  digits  in  the  scale  of  7  has  its  digits  reversed  when 
expressed  in  the  scale  of  9  ;  find  the  digits. 

(25.)  If  1  be  added  to  the  product  of  foor  consecutive  integers  the  result 
is  always  a  square  integer  ;  and  in  four  cases  out  of  five  the  last  digit  (in  the 
common  scale)  is  1,  and  in  the  remaining  case  5. 

(26. )  Any  integer  of  four  digits  in  the  scale  of  10  is  divisible  by  7,  pro- 
vided its  first  and  last  digits  be  equal,  and  the  hundreds  digit  twice  the  tens 
digit. 

(27.)  If  any  integer  be  expressed  in  the  scale  of  r,  the  difference  between 
the  sums  of  the  integers  in  the  odd  and  even  places  respectively  gives  tlio 
same  remainder  when  divided  by  r+1  as  does  the  integer  itself  when  so 
divided.     Deduce  a  test  of  multiplication  by  "  casting  out  the  elevens." 

(28. )  Tlie  difference  of  any  two  integers  which  are  expressed  in  the  scale 
of  10  by  the  same  digits  differently  arranged  is  always  divisible  by  9. 

(29.)  If  a  number  expressed  in  the  ordinary  scale  consist  of  an  even 
number  of  digits  so  arranged  that  those  equidistant  from  the  beginning  and 
end  are  equal,  it  is  divisible  by  11. 

(30.)  Two  integers  expressed  in  the  ordinary  scale  are  such  that  one  has 
zeros  in  all  the  odd  places,  the  other  zeros  in  all  the  even  places,  the  remaining 
digits  being  the  same  in  both,  but  not  necessarily  arranged  in  the  same  order. 
Show  that  the  sum  of  the  two  integers  is  divisible  by  11. 

(31.)  The  rule  for  identifying  leap  year  is  that  the  number  formed  by  the 
two  last  digits  of  the  year  must  be  divisible  by  4.  Show  that  this  is  a 
general  criterion  for  divisibility  by  4,  and  state  the  corresponding  criterion 
for  divisibility  by  2". 

(32.)  If  the  last  three  digits  of  an  integer  hc2>opipo,  show  that  the  integer 
will  be  exactly  divisible  by  8,  provided  jtJo  +  2^i  +  4 j>2  be  exactly  divisible  by  8. 

(33.)  Show  that  the  sum  of  all  the  numbers  which  can  be  formed  with  the 
digits  3,  4, 5  is  divisible  by  the  sum  of  these  digits,  and  generalise  the  theorem. 

(34.)  U p/n  and  (n  -p)ln,  p<n,  be  converted  into  circulating  decimals,  find 
the  relation  between  the  figures  in  their  periods. 

(35.)  If,  in  converting  the  proper  fraction  ajb  into  a  decimal,  a  remainder 
equal  to  b-a  occurs,  show  that  half  the  circulating  period  has  been  found, 
and  that  the  rest  of  it  will  be  found  by  subtracting  in  order  from  9  the  digits 
already  found.     Generalise  this  theorem. 

(36.)  In  the  scale  of  11  every  integer  which  is  a  perfect  5th  power  ends  in 
one  or  other  of  the  three  digits  0,  1,  r. 

(37.)  In  the  scale  of  10  the  difference  between  the  square  of  every  number 
of  two  digits  and  the  square  of  the  number  fonned  by  reversing  the  digits,  is 
divisible  by  99. 

(38.)  A  number  of  six  digits  whose  1st  and  4th,  2nd  and  5th,  3rd  and  6tli 
digits  are  respectively  the  same  is  divisible  by  7,  by  11,  and  by  13. 

(39.)  Show  that  the  units  digit  of  every  integral  cube  is  eitlier  tlie  same 
as  that  of  the  cube  root  or  else  is  the  complementary  digit  (By  the  comple- 
mentary digit  to  3  is  meant  10  -  3,  that  is,  7.) 

(40.)  If  in  the  seale  of  12  a  si^uare  integer  (not  a  multiple  of  12)  ends 


IX  EXERCISES  XIII  179 

with  0,  the  preceding  digit  ia  S,  and  the  cube  of  the  aquire  root  ends  with 
SO. 

(il.)  If  a  b«  such  that  a^-fa^r,  then  an;  nomber  is  divisible  hy  a", 
provided  the  first  m  integers  ^i^,  j9i,  .  .  .,Pm-i  of  its  expretaion  in  the  scale  of 
T  are  such  th«tpo+pia+  .  .  .  +y«-io~-'  is  divisible  bj  n~. 

H2.)  The  digits  of  a  are  added,  the  digits  of  this  sum  added,  and  w  on, 
till  a  single  digit  is  arrived  at.  This  last  is  denoted  b;  0(a).  Show  that 
1i{a  +  b)  =  ip{4>{a)  +  fp(,b}\;  and  that  the  values  of  ^8n)  for  n  =  l,  %  .  .  .,a, 
successively  consist  of  the  nine  digits  continuallj  repeated  io  descending 

(13.)  A  iiamber  of  3  digits  is  doubled  by  reveraing  its  digits  :  show  that 
the  same  holds  far  the  number  formed  by  the  first  and  last  digit,  and  that 
such  a  Dtimber  can  he  found  in  only  one  scale  out  of  three. 


.1 


CHAPTER   X. 
Irrational  Functions. 

GENERALISATION   OF  THE  CONCEPTION   OF  AN  INDEX. 
INTERPRETATION  OF  x\  zPf^,  «""•. 

§  1.]  The  definition  of  an  index  given  in  chap,  ii.,  §  1,  be- 
comes meaningless  if  the  index  be  other  than  a  positive  integer. 

In  accordance  with  the  generalising  spirit  of  algebra  we 
agree,  however,  that  the  use  of  indices  shall  not  be  restricted  to 
this  particular  case.  We  agree,  in  fact,  that  no  restriction  is  to 
be  put  upon  the  value  of  the  index,  and  lay  down  merely  that 
the  use  of  the  indices  shall  in  every  case  be  subject  to  the  laws 
already  derived  for  positive  integral  indices.  Less  than  this  we 
cannot  do,  since  these  laws  were  derived  from  the  fundamental 
laws  of  algebra  themselves,  to  which  every  algebraical  symbol 
must  be  subject. 

The  question  now  arises.  What  signification  shall  we  attri- 
bute to  re"*  in  these  new  cases  ?  We  are  not  at  liberty  to  proceed 
arbitrarily,  and  give  any  meaning  we  please,  for  we  have  already 
by  implication  defined  x^,  inasmuch  as  it  has  been  made  subject 
to  the  general  laws  laid  down  for  indices. 

§  2]  Case  of  x^^^  where p  and  q  are  ani/ positive  integers.  Let 
z  denote  the  value  of  xP^^,  whatever  it  may  be ;  then,  since  x^^^  is 
to  be  subject  to  the  first  law  of  indices,  we  must  have — 

s^  =  z  X  z  >i  z  >i  .   .  .  q  factors, 

=  xP^^  X  xP'^  X  xPf'i  X  .  .  .  ^  factors, 
=  a^/«Z+j»/g+j>/g+  .   .   .   <z  terms, 

=  xP. 
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In  other  words,  z  is  such  that  its  qth  power  is  ic^,  that  is,  z 
is  what  is  called  a  ^h  root  of  xP,  which  is  usually  denoted 
by  :^zP. 

Hence  zp'^^  ^xP. 

In  particular,  if  |?  =  1, 

x^f^=  l/x. 

We  have  now  to  consider  how  far  an  algebraical  value  of 
a  jth  root  of  every  algebraical  quantity  can  be  found. 

In  the  case  of  a  real  positive  quantity  /;,  since  Tfl  passes  con- 
tinuously* through  all  positive  values  between  0  and  +  ao  as  5? 
passes  through  all  positive  values  between  0  and  +  oo ,  it  is  clear 
that,  for  some  value  of  z  between  0  and  +  oo ,  we  must  have 
Tfl^h     In  other  words,  there  exists  a  real  positive  value  of  IJh 

Unless  the  contrary  is  stated  we  shall,  when  h  is  positive, 
take  1^^^  as  standing  for  this  real  positive  value. 

The  student  should,  however,  remark  that  when  q^  is  even, 
=  2r  say,  there  is  at  least  one  other  real  value  of  i/k  \  for,  since 
( -  z)^  =  z^y  if  we  have  found  a  positive  value  of  z  such  that 
7?^  =  A',  that  value  with  its  sign  changed  will  also  satisfy  the  re- 
quirements of  the  problem. 

Next  let  A;  be  a  negative  quantity.  If  ^  be  odd,  then,  since 
7fl  passes  through  all  values  from  -  oo  to  0  as  0  passes  through 
all  values  from  ~  00  to  0,  there  must  be  some  one  real  negative 
value  of  Zy  such  that  7fl=^h  In  other  words,  if  q  be  odd,  there 
is  a  real  negative  value  of  l/h 

If  5^  be  even,  then,  since  every  even  power  of  a  real  quantity 
(no  matter  whether  +  or  -  )  is  positive,  there  is  no  real  value 
of  z.  Hence,  if  A;  be  negative  and  q  even,  i/h  is  imaginary.  This 
case  must  be  left  for  future  discussion. 

It  will  be  useful,  however,  for  the  student  to  know  that 
ultimately  it  will  be  proved  that  l^h  has  in  every  case  q  different 
values,  expressions  for  which,  in  the  form  of  complex  numbers, 
can  be  found.  Of  these  values  one,  or  at  most  two,  may  be  real, 
as  indicated  above  (see  chap,  xii.) 

*  For  a  fuller  dlBcnssion  of  the  point  hero  involved  see  chap.  zv. 
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Only  in  the  case  where  k  is  the  pOi  power  of  a  rational 
quantity  can  {/£  be  rational. 

Example. 

^k  has  two  real  yalues,  +A  and  -K 

IfA;=+^^», 

^*^^k  has  one  real  valae,  +A. 

*^fc  has  one  real  valae,  -  A. 

In  all  thai  foUows  in  this  thapter^  we  shall  restrict  the  radicand^ 
ky  to  bepositive;  we  shall  regard  only  (he  real  positive  value  of  the  qth 
root  ofk;  and  this  {which  is  called  the  principal  yalxte  of  the 
root)  is  what  we  understand  to  he  the  meaning  of  T^^. 

The  theory  of  fractional  indices  could  (as  in  last  edition  of  this  volnme)  be 
extended  so  as  to  cover  the  case  of  a  negative  radicand,  but  only  ao  far  as  the 
order  of  the  root  is  odd.  The  practical  advantage  gained  by  this  extension  is 
not  worth  the  trouble  which  it  causes  by  complicating  the  demonstrations. 
We  think  it  better  also,  from  a  scientific  and  educational,  as  well  as  from  a 
practical  point  of  Tiew,  to  consider  the  radication  of  negative  radicands  as  a 
particular  case  of  the  radication  of  complex  radicands  (see  chap,  xii.,  §  19). 

§  3.]  We  have  now  to  show  that  the  meaning  just  suggested 
for  xPf^  is  consistent  with  all  the  Laws  of  Indices  laid  down  in 
chap.  ii.  The  simplest  way  of  doing  this  is  to  re-prove  these 
laws  for  the  newly  defined  symbol  x^f^. 

We  remark  in  the  first  place  that  it  is  necessary  to  prove 
only  L  (a),  IL,  and  III.  (a) ;  because,  as  has  been  shown  in  chap, 
ii,  I.  (fi)  can  be  deduced  from  I.  (a),  and  III.  (fi)  from  III.  (a), 
without  any  appeal  to  the  definition  of  x^. 

To  prove  L  (a),  consider  x^^^  and  off*,  where  J3,  g,  r,  s  are 
positive  integers,  and  let 

5f  =  xP/?  af /«. 

Then,  since  x^^^  and  af^'  are,  by  hypothesis,  each  real  and 
positive,  z  is  also  real  and  positive.     Also 
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all  by  the  laws  fop.  positive   integral  indices,  regarding   which 
there  is  no  question. 

Now,  by  the  meanings  assigned  to  x^^^  and  a;*"'*,  we  have 
(xPf9)Q  =  zP  and  (x'*/*)'  =  x"".     Hence 

=  xP'x^j 

by  the  laws  for  positive  integral  indices. 

It  now  follows  that  z  is  the  qsth  root  of  a;^+'^ ;  and,  since  z 
is  real  and  positive,  it  must  be  that  ^sth  root  which  we  denote 
by  af^p*+9r)lg\     Therefore 

that  is  to  say, 

The  proof  is  easily  extended  to  any  number  of  factors. 

To  prove  Law  II.,  consider  {zPf^Y^',  where  jp,  q,  r,  5  are  posi- 
tive integers, 
and  let  z  =  (zPf^y/; 

Then,  since,  by  hypothesis,  x^^^  is  real  and  positive,  therefore 
(xPl^yl*^  that  is  Zf  is  real  and  positive.     Also 

by  laws  for  positive  integral  indices ; 

by  definition  of  a  fractional  index ; 
=  (xPf^)^'', 

by  laws  of  positive  integral  indices ; 

= M'. 

by  definition  of  a  fractional  index ; 
=  xP^, 

by  laws  of  positive  integral  indices. 

Hence  ;?  is  a  g'sth  root  of  xP'^,  and,  since  z  is  real  and  positive,  we 

must  have 

z  =  xP^l^', 
that  is,  z  =  aJ^^/aX*-/'). 
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Lastly,  to  prove  Law  III.  (a),  let 

Then,  since,  by  hypothesis,  7^^^  and  yP'*  are  each  real  and 
positive,  z  is  real  and  positive.     Also 

by  laws  for  positive  integral  indices  ; 
=  a^yp, 

by  definition  for  a  fractional  index ; 

by  laws  for  positive  integral  indices. 

Hence  ;?  is  a  ^th  root  of  {xy)^  \  &nd,  since  z  is  real  and  positive, 

we  must  have 

z  =  {^"fK 

The  proof  is  obviously  applicable  where  there  is  any  number  of 
factors,  a;,  y,  .  .  . 

§  4.]  Although  it  is  not  logically  necessary  to  give  separate 
proofs  of  Laws  I.  (/3)  and  HI  {fi\  the  reader  should  as  an 
exercise  construct  independent  proofs  of  these  laws  for  himself. 

It  should  be  noticed  that  in  last  paragraph  we  have  sui)posed 
both  the  indices  'pjq^  and  r/s  to  be  fractions.  The  case  where 
either  is  an  integer  is  met  by  supposing  either  g'  =  1  or  5  =  1 ;  the 
only  effect  on  the  above  demonstrations  is  to  simplify  some  of 
the  steps. 

§  5.]  Before  passing  on  to  another  case  it  may  be  well  to 
call  attention  to  paradoxes  that  arise  if  the  strict  limitation  as  to 
sign  of  a;^'*  be  departed  from. 

By  the  interpretation  of  a  fractional  index 

But  %'^  =  a:', 

which  is  right  if  we  take  ic*^'  to  stand  for  the  positive  value  of 
if  of ;  but  leads  to  the  paradox  -^  -  -x'\{  wc  admit  the  negative 
value. 

A  similar  difficulty  would  arise  in  the  application  of  the  law, 

(a;«*)»  =  aJ^»  =  (a;'*)'» ; 
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for  example,  (4*)'  =  (4")* 

would  lead  to  ( ±  2)'  =  ±  4, 

that  is,  4  =  i  4, 

if  both  values  were  admitted.  Such  difficulties  are  always  apt 
to  arise  with  x^^^  where  the  fraction  p/^'  is  not  at  its  lowest  terms. 
The  true  way  out  of  all  such  difficulties  ia  to  define  and 
discuss  ic^  as  a  continuously  varying  function  of  n,  which  is  called 
the  exponential  function.  In  the  meantime  fractional  indices  are 
introduced  merely  as  a  convenient  notation  in  dealing  with 
quantities  which  are  (either  in  form  or  in  essence)  irrational ; 
and  for  such  purposes  the  limited  view  we  have  given  will  be 
sufficient. 

§  6.]  Case  of  n®.  This  case  arises  naturally  as  the  extreme 
case  of  Law  I.  (/3),  when  n  =  m;  for,  if  we  are  to  maintain  that 
law  intact,  we  must  have,  provided  x  4=  0,* 

that  is,  aP=l, 

This  interpretation  is  clearly  consistent  with  Law  I.  (a),  for 

x^  xofi  =  a^+^ 
simply  means 

a:»»  X  1  =  a;'**, 

which  is  true,  whatever  the  interpretation  of  a^  may  be. 

Again,  x'''^  =  (x'^y, 
that  is  aP  =  (a^f, 

simply  means  1  =  1  by  our  interpretation ; 

and  x"^^  =  (x^)"», 
or  qP  =  {afiy'\ 

gives  1  =  1"*, 

which  is  right,  even  if  m  be  a  positive  fraction,  provided  we 
adopt  the  properly  restricted  interpretation  of  a  fractional  index 
given  above.  The  interpretation  is  therefore  consistent  with  IL 
The  interpretation  sfi=l  is  also  consistent  with  III.  (a),  for 

aPf  =  {xi/y 
simply  means  1  x  1  =  1. 

*  This  provision  is  important  since  the  form  0®  is  indeterminate  (see  chap. 

XXV.) 
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§  7.]  Case  of  x'^y  where  m  is  any  real  positive  (or  signless) 
number,  and  jc  4=  0. 

Let ;?  =  x-"*,  then,  since  aj"*4=  0,  we  have 

if  Law  I.  (a)  is  to  hold  for  negative  inoices.     Whence 

=  l/ai« 
bjr  last  paragraph.     In  other  words,  «"»*  is  the  reciprocal  of  a"*. 

As  an  example  of  the  reconciliation  of  this  with  the  other 
laws,  let  us  prove  I.  (a),  say  that 

By  our  definition,  we  have 

=  l/x"»+», 

the   last  step  by  the   laws  already 
established  for  all  positive  indices ; 

by  definition  of  a  negative  index. 
Hence  x'^x'^^x'^-^K 

In  like  manner  we  could  show  that 

The  verification  of  the  other  laws  may  be  left  as  an  exercise. 

§  8.]  The  student  should  render  himself  familiar  with  the 
expression  of  the  results  of  the  laws  of  indices  in  the  equivalent 
forms  with  radicals ;  and  should  also,  as  an  exercise,  work  out 
demonstrations  of  these  results  without  using  fractional  indices 
at  all. 

For  example,  he  should  prove  directly  that 

tJxyx^'X/xV^^  (1); 

K/x^yXjz=y{xyz)  (3); 

l/x'^l  :yy^  =  :y{xlyy^  (4). 
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EXAMPLES   OF  OPERATION   WITH   IRRATIONAL   FORMS. 

§  9.]  Beyond  the  interpretations  a^'^,  «®,  ic"*^,  the  student  has 
nothing  new  to  learn,  so  far  as  mere  manipulation  is  concerned, 
regarding  fractional  indices  and  irrational  expressions  in  general. 
Still  some  practice  will  be  found  necessary  to  acquire  the  requisite 
facility.  We  therefore  work  out  a  few  examples  of  the  more 
commonly  occurring  transformations.  In  some  cases  we  quote 
at  each  step  the  laws  of  algebra  which  are  appealed  to ;  in  others 
we  leave  it  as  an  exercise  for  the  student  to  supply  the  omission 
of  such  references. 

Example  1. 

To  express  A  v  B  in  the  form  v  P. 

A!yB=ABV«=(A«)'/"»B'/'»,  by  law  of  indices  IL, 
=  (A"»B)i/«,  by  law  of  indices  IIL  (a), 

=  VCA'^B). 

Example  2. 

for  \/a=A'/*"  =  A'*/"*^, 

=  V  A^. 
Example  3. 

^xPy, ««/«  by  law  of  indices  L  (a), 

Example  4. 

To  express  vW  v  y  as  the  root  of  a  rational  function  of  a:  and  y. 

=^{xP*lytr)iiq»^ 

Example  5. 

V32=V(16x2), 

=  Vl6xV2, 
=  4x  V2. 
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Example  6. 

2  X  V2  X  \/2  X  \/4 

=  2x2*x2*x2', 
=  2^^ 

—  "  t 

=  4. 
Example  7. 

=  (aa)"^(l-a:>/o»)"^, 

Example  8. 

V(ya; + a:')  X  V(y« + tx) 

=V{a<y+«)}xV{«(y+«)}, 

=  ^xx  V(y + «)  X  V*  X  V(y  +a;), 

=V(«)x  My +«)}'. 

=  (y+a:)xV(a»). 
Example  9. 

\/240  +  V40 

=  V(16  X  3  X  5)  + V(4  X  2  X  6), 

=  V16  V3\/5  +  \/4\/2\/6i 
=  V5(4V3  +  2V2). 

Example  10. 

(V3  +  2v/2  +  3\/6)(\/3-2\/2  +  3V6) 

=(^/3  +  8^/6)''-(2\/2)^ 

=  (VS)'  +  6  V3V6  +  (3\/6)'  -  (2  V2)^ 
=  3  +  6V(3x6)  +  3*x6-2«x2, 

=  49  +  6V18, 

=  49  +  18V2. 

Example  11. 

{V(l-aj)  +  V(l+a:)}* 

=  {(l-a:)*  +  (l+a:)*}*, 
=  (l-a;)*  +  (H-a:)3 

+  4(1  -  x)^{l  +  a)*  +  4(1  -  x)\l  +  a!)3 
+  6(1 -a;)  (1+ a:), 

=  8  -  4ar«  +  4(l -z)*(l +a;)*(l -a;+l+a;) 

=  8-4ar»  +  8V(l-a^). 


Example  12. 


/  \x-y)      V   \x  +  y) 


V  {(•*•- 2/)  (^+y)) 


RATIONALISING  FACTOBS 


189 


x-k-y  +  x-y 

13. 

2a? 

Example 

- ar* +  a;~   - ic' *) X (ar  +  l+a;" 

■*) 

=ic*-a;*  +  a:*-a!"* 

+  a!*-a;*-|-a;"    -a:"^ 

+a:^-ar'*+a;"*-a;~*, 

=a;'  +  a^-a;~   -a;"*. 
£xami)le  14. 
Show  that 

We  have 

g,^ff-fV(«»-&)^a-V(a'-&)^g       /r  {g  +  V(a»  -  &)]  fa  -  V(a^  -  &)}  1 

=a  +  V[«'-{V(a'-&)n, 

Hence,  extracting  the  s(j[uare  root,  we  have 

S  =  V(a+V^)- 


RATIONALISING  FACTORS. 

» 

§  10.]  Given  certain  irrationals,  say  Jp^  ^^q^  ^r^  we  may 
consider  rational,  and  it  may  be  also  integral,  functions  of  these. 
For  example,  I  s/p  +  m  \/j  +  »  \/r,  and  Z(  \/p)'  +  m  \/(pj)  +  n{  v^9')^ 
are  integral  functions  of  \Ap,  V^,  \/r,  of  the  1st  and  2nd 
degrees  respectively,  provided  Z,  tw,  n  do  not  contain  \/p,  ^/g',  \/r. 
Again,  (/  >Jp  +  m  »Jq)\i}  s/q'¥m  \/r)  is  a  rational,  but  not  integral, 
function  of  these  irrationals.  »JQ  >Jp  +  m  ^/q),  on  the  other 
hand,  is  an  irrational  function  of  \/p  and  \/q» 

The  same  ideas  may  also  be  applied  to  higher  irrationals, 
such  as  1?^^"*,  ^'**,  &c. 

§  11.]  Confining  ourselves  for  the  present  to  quadratic 
irrationals,  we  shall  show  that  every  rational  function  of  a 
given   set   of  quadratic   irrationals,  \/p,  s/q,  \/r,   &c.,   can   be 


190  RATIONALISING  FACTOBS  CHAP. 

reduced  to  a  linear  integral  function  of  the  square  roots  of  p^  q,  r, 
and  of  their  products,  pq,  pr,  gr,  pgr,  &c 

This  reduction  is  effected  mainly  by  means  of  raiionalising 
factors,  whose  nature  and  use  we  proceed  to  explain. 

If  V  he  any  integral  function  of  certain  given  irraiionah,  and  Q 
another  integral  function  of  the  saijiie^  such  thai  the  product  QP  is 
rational  so  far  as  the  given  irrationah  are  concerned,  then  Q  is  called 
a  rationalising  factor  of  P  with  respect  to  the  given  irrationals. 

It  is,  of  course,  obvious  that^  if  one  rationalising  factor,  Q, 
has  been  obtained,  we  may  obtain  as  many  others  as  we  please 
by  multiplying  Q  by  any  rational  factor. 

§  12.]  Case  of  Monomials. 

1°,  Suppose  we  have  only  quadratic  irrational  forms  to  deal 
with,  say  two  such,  namely,  p^  and  g*. 

Then  the  most  general  monomial  integral  function  of  these 
is 

I  =  A{p^)^'''+\qi)^+\ 

where  A  is  rational.     There  is  no  need  to  consider  even  indices, 
since  (pi)-"*=y*  is  rational. 
Now  I  reduces  to 

I  =  (Ap"*j")p^j*, 

where  the  part  within  brackets  is  rational 

Hence  a  rationalising  factor  is  p^(^,  for  we  have 

Jp^qi  =  {Ap^q^)pq, 
which  is  rational. 

Example.  A  rationalising  factor  of  16 .  2^  3^  6*  is  2*3^5*,  that  is,  (30)* 

2**.  Suppose  we  have  the  irrationals  jp^'*,  q^^^,  r^'",  say,  and 

consider 

I  =  Ai>''*  q'"^^^  r"'**  * 

which  is  the  most  general  monomial  integral  function  of  these. 
A  rationalising  factor  clearly  is 

pi  -  lis  q\  -  mjt  ^l  -  n/u 
or  i/*  "  0/*  ii(^  -  wO/t  7<«  -  n)!u 


*  Where  of  course  ?<*,  m</,  n<n,  for  if  they  were  not  they  could  be 
reduced  by  a  prelimiuary  process  like  that  in  case  1°. 
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Example. 


1  =  31.3^5^7', 
=  31.3^+*.6».7^+* 


=  (31.3.7*).  3*.  5^7*. 

s         I        1 

A  rationalising  factor  is  3' .  5* .  7  . 

§  1 3.]  Case  of  Binomials, 

1°.  The  most  general  form  when  only  quadratic  irrationals 
are  concerned  is  a  \/p  +  b  \/q,  where  a  and  b  are  rational ;  for,  if 
we  suppose  p  a  complete  square,  this  reduces  to  the  more  special 
form  A  +  B  \/<7,  where  A  and  B  are  rational. 

A  rationalising  factor  clearly  is  a\/p-b  \/q.     For,  if 

I  =  a  \/p  +  b  s/q, 

I(a  x/p  -b^/q)  =  (a  ^pf  -  (b  ^q)\ 

=  a^p  -  % 
which  is  rational 

The  two  forms  a  \/p  +  b  tjq  and  a  \/p  -b  \/q  are  said  to  be  con- 
jugate to  each  other  with  reference  to  >Jq^  and  we  see  that  any  binomial 
integral  function  of  quadratic  irrationals  is  rationalised  by  multiplying 
it  by  its  conjugate. 

2*.  Let  us  consider  the  forms  ap*f^  ±  bq^^,  to  which  binomial 
integral  functions  of  given  irrationals  can  always  be  reduced.  *   Let 

z  =  ajp*/>',     y  =  b^^y 
I  =  ap^fy  -  bqfil^, 
=  x-y. 

Let  m  be  the  L.C.M.  of  the  two  integers,  y,  S.  Now,  using 
the  formula  established  in  chap,  iv.,  §  16,  we  have 

(a;"*-i  +  a;"*-2y+  .  .  .  +  xy^'^ -^  y^""^)!  =^z^  -  y^. 

Here  a;"*  -  j/^  =  (a^p'^^ly  -  b^  q^l^\  where  ma/y  and  mp/S  are 
integers,  since  m  is  divisible  by  both  y  and  S,  that  is,  «"*  -  y"*  is 
rational. 

A    rationalising    factor    is    therefore    iC"*~^  +  rc'""^y+  .  .  , 

+  xy^'^  +  y^"^,  in  which  a;  is  to  be  replaced  by  op*''',  and  y  by  b^^- 

*  Taitaglia's  problem.    See  Cossali  Sloria  delV  Algebra  (1797),  vol.  ii.  p.  266. 
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The  form  ajT^^  +  ht^  may  be  treated  in  like  manner  by 
means  of  foimalad  (4)  or  (5)  of  chap,  iv.,  §  16. 

Example. 

1=8.2*- 4.8*. 

Hero  «i  =  6,    ar=8.2*,    y=4.8*; 

and  a  rationalising  factor  is 

=  3».2'  +  3*.4.2*.8*+8».4«.2.8*+3».4».2*.8*+8.4*.2*.8*+4».8', 
=  3*.2.2*  +  8*.8.2*.3*+3».82.8*  +  3«.4».2*.8*+8.4*2*.8*  +  4».8*. 

§  14.]  Trinomials  with  Quadratie  IrrationaU.  This  case  is 
somewhat  more  complicated.     Let 

1=  'Jp+  y/q+  Jr;* 

and  let  us  first  attempt  to  get  rid  of  the  irrational  \/r.  This 
we  can  do  by  multiplying  by  the  conjugate  of  ^/p  +  Jq  +  \/r 
with  respect  to  Vr,  namely,  'Jp+  \/q-  \/r.     We  then  have 

{^/p+  ^/?-  ^/r)I  =  (^/p+  s/qY-Wr)', 

=^p  +  q-r+2s/{pq)  (1). 

To  get  rid  of  Jipq)  we  must  multiply  by  the  conjugate  of 
I?  +  J  -  r  +  2  \/{pq)  with  respect  to  \/{pq)'     Thus  finally 
{p  +  q-r--2^^(j>q)}{s/p+  slq-  ^/r)l  =  {p  +  q-ry -  [2  ^/{pq)]\ 

= j>*  +  g''  +  r^  -  2pq  -  2pr  -  2qr. 

Hence  a  rationalising  factor  of  I  is 

{p  +  q'-r-2  *J{pq)}{  s/p  +  ^q-  \/r), 
or 

(  \/p  -  \/q  +  Jr)  (  V>  -  s/q-  s/r)  (  ^/p  +  v'q  -  x^r)       (2). 

By  considering  attentively  the  factor  (2)  the  student  will  see 
that  its  constituerU  factors  are  obtained  by  taking  every  possible 
arrangement  of  the  signs  +  and  -  in 

+  ^/p±  s/q±  v/r, 

except  the  arrangement  +  +  +,  which  occurs  m  the  given  trinomial. 

*  This  is  really  the  most  general  form,  for  a\/p-{-h^Jq-\-c\Jr  may  be 
written  V(«V)  +  \J{^q)  +  V(c^)- 
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Example  1.  A  rationalising  factor  of 

\/2  -  V^  +  \/«'> 
is  ( V2  -  \/^  -  V-'>)  ( V2  +  \/3  +  \/5)  ( V2  +  \/3  -  V5). 

Example  2.  A  rationalising  factor  of 

1+2V3-3V2 
is  (1  +  2V3  +  3V2)(1-2V3  +  3V2)(1-2V3-3V2). 

In  actual  practice  it  is  often  more  convenient  to  work  out 
the  rationalisation  by  successive  steps,  instead  of  using  at  once 
the  factor  as  given  by  the  rule.  But  the  rule  is  important, 
because  it  is  general,  ami  will  furnish  a  rationalising  factor  for  a 
sum  of  any  number  of  quadratic  irrationals. 

Example  3.  A  rationalising  factor  of 

l  +  V2-\/3  +  \/4 
is  (l  +  V2-V3-\/4)(l  +  V2  +  \/3  +  \/4)(l  + V2  +  \/3-V4) 

X  ( 1  -  V2  -  V3  +  V4 )  ( 1  -  \/2  -  V3  -  V** )  ( 1  -  V2  +  \/3  +  \/4 ) 

x(l-V2  +  V3-V4). 

Before  giving  a  formal  proof  of  the  general  truth  of  this 
rule,  it  will  be  convenient  to  enunciate  one  oi*  two  general  pro- 
positions which  are  of  considerable  importance,  both  for  future 
application  and  for  making  clear  the  general  character  of  the 
operations  which  we  are  now  discussing. 

§  15.]  Every  integral  function  of  a  series  of  square  roots, 
\/p>  y/<l>  v^^>  <^^'i  ^^*  ^  exjn'cssed  as  the  sum  of  a  rational  term 
and  rational  multiples  of  \/p,  >s/q,  \/r,  &c,  and  of  their  products 

V(M  ^{Fr\  >/(i^0»  ^c-* 

First,  let  there  be  only  one  square  root,  say  \/p,  and  consider 

any  rational  integral  function  of  "Jp,  say  <^  \/p).     Every  term 

of  even  degree  in  sip  will  be  rational,  and  every  term  of  odd 

degree,  such  as  A(  V/O""*"^^  may  be  reduced  to  (kp^)  >Jp,  that 

is,  will  be  a  rational  multiple  of  \/p.     Hence,  collecting  all  the 

even  terms  together,  and  all  the  odd  terms  together,  we  have 

<Kv/i»)  =  P  +  Qv/i'  (1), 

where  P  and  Q  are  rational 

*  Such  a  sum  Is  called  a  **  Linear  Form." 
VOL.  I  0 
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Next,  suppose  the  function  to  contain  two  square  roots,  say 
<p(  Jjj,  s^q)'  First  of  all,  proceeding  as  before,  and  attending 
to  s/p  alone,  we  get 

<K^/P.   '/g)  =  P  +  QVi^, 

where  P  and  Q  are  rational  so  far  as  |>  is  concerned,  but  are 

irrational  as  regards  9,  being  each  rational  integral  functions  of 

\^q,     Eeducing  now  each  of  these  with  reference  to  Jq  we  shall 

obtain,  as  in  (1), 

and,  finally, 

=  F  +  P'^/i?  +  QV?  +  Q''^/(i^)       (2), 
which  proves  the  proposition  for  two  irrationals. 

If  there  be  three,  we  have  now  to  treat  P',  P",  Q',  Q"  by  means 
of  (1),  and  we  shall  evidently  thereby  arrive  at  the  form 
A  +  Bv/;?  +  CN/(?+Dv/r+EN%)+F  V(rp)  +  G  \/{pq)  +  }l^/(pqr\ 
and  so  on. 

Cor.  It  follows  at  once  from  the  process  by  which  we  arrived 

at  (1)  that 

</>(-  ^Jp)  =  T-qsfjK 

Hence  if  </»(  \/p)  be  any  integral  function  of  s/p,  <^(  -  \/p)  is  a 

rationalising  factor  of  <f>{  \/p) ;  and,  moi'e  generally,  if  <j5>(  ^/p,  Jq, 

isjry  ,  .  ,)  he  an  integral  function  of  s/p,  \/q,  Jr,  .  .  .,  then,  if  we 

take  any  one  of  them,  say  Jq,  and  clmnge  its  sign,   tM  product 

<K  '^Pt  'Jqt's/'ff  '  '  ')  ^  ^  '^^Pf  "  'Jqy  '>!'"' y  •  •  •)  ^^  rational,  so  far 
as  fjqis  concerned. 

Example  1.    If  ^.r)=a»+a^+ar+l,  find  the  values  of  ^(l  +  \/3)  and 
^1  -  V3)  and  0(1  +  \/S)  x  0(1  -  V^)- 

0(l  +  V3)  =  (l  +  V3>'  +  (l  +  \/3)'  +  (l  +  \/3)  +  l, 
=  l+3V3  +  3.3  +  3V3 
+  l+2\/3  +  3 

+  1  +  V3 
+  1, 
=  16  +  9V3 

0(1  -  \/3)  is  deduced  by  writing  -  V3  in  place  of  +  \/3  everywhere  in  the 
above  calculation.     Hence 

0(1-V3)  =  16-9V3; 
0(1  +  V3)  X  0(1  -  V3)  =  (16)--  (9  V3)^ 

=  256-243, 
=  13. 
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Example  2.    Find   the    value   of   a^ -k- y^  + :?  -  oryz,   when    x='\/q-\Jr, 
V  =  \/r-\/p,  z=^p-\/q. 

Since  x-\'y-{-z=\/q-^r-\-\/r-\/p'\'^Jp'\/q 

=  0, 
we  have  (chap,  iv.,  §  25,  IX.) 

2ar»  -  8irys=2ir(2.?r»  -  Sa^y), 
=  0. 
Therefore  'Za?  -  xyz = 2xyZy 

=  2Wq'-  ^/r){^yr-  ^yp)(^/p-  s/9\ 
=  %  -  r)\/p  +  2(r  -pWq  +  2{p  -  g)  V^. 

Example  8.    Evaluate  {l+y-^z){l  +  z+x){l+x+y)  when  a;  =  V2,  y = V^, 
z=\/5, 

(l  +  y+2)(l  +  z+a?)(l+ar+y) 

=  l+2(;c+y-l-s)  +  -c^  +  (y  +  2)i'+ys  +  &c.+&c. 

+  a<y3  +  2^)  +  &c.  +  &c.  +  2^y2, 
=  l+a^i  +  y2  +  22+(2  +  i/3  +  22)jc  +  (2  +  23  +  jr2)y 

'{■{2'\-aP  +  i/)z  +  2yz-\-Szx-\-Sxy  +  2xyz, 
=  11  +  10V2  +  9V3  +  7V5  +  3V15  +  3V10  +  3V6  +  2V30. 

§  1 6.]  We  can  now  prove  very  easily  the  general  proposition 
indicated  above  in  §  14. 

If  'P  be  the  mm  of  any  number  of  square  roots^  say  \/jp,  s/q, 
>Jr^  .  .  .,  a  rationalising  factor  Q  is  obtained  for  P  by  multiplying 
together  all  the  different  factors  tJiat  can  be  obtained  from  P  as 
follows : — Keep  the  sign  of  the  first  torn  uncJianged,  and  take  every 
possible  arrangement  of  sign  for  the  following  terms^  except  thai  which 
occurs  in  P  itself 

For  the  factors  in  the  product  Q  x  P  contain  every  possible 

arrangement  of  the  signs  of  all  but  the  first  term.     Hence  along 

with  the  +  sign  before  any  term,  say  that  containing  Vg,  there 

will  occur  every  possible  variety  of  arrangement  of  all  the  other 

variable  signs;  and  the  same  is  true  for  the -sign  before  ^Z^. 

Hence,  if  we  denote  the  product  of  all  the  factors  containing 

+  Jq  by  ^(  >s/q)y  the  product  of  all  those  factors  that  contain 

-  »Jq  will  differ  from  <^  s/q)  only  in  having  -  y/q  m  place  of 

+  s/q,  that  is,  may  be  denoted  by  <^  -  s/q).     Hence  we  may 

write  Q  X  P  =  </>(  ^Jq)  x  <^(  -  v/fZ)*  which,  by  §  15,  Cor.  1,  is  rational 

so  far  as  \^q  is  concerned.     The  like  may  of  course  be  proved  for 

every  one  of  the  irrationals  s/q,  \/r,  .  .  .     Also,  for  every  factor 

in  Q  X  P  of  the  form  xjp  +  k  there  is  evidently  another  of  the  form 
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tjp-k;  so  that  Q  x  P  is  rational  as  regards  Jp.  Hence  Q  x  P 
is  entirely  rational,  as  was  to  be  shown. 

§  17.]  Every  rational  function^  whether  iniegral  or  not^  of  any 
number  of  square  roots,  s/p,  \/j,  Jr^ . . .,  can  be  expressed  as  the  sum 
of  a  rational  part  and  rational  multiples  of  »Jpy  »Jq^  Jr^  <£&,  and  of 
their  products  y/{pq)y  y/ipr),  s/{gr\  Jipqr),  d:c* 

For  every  rational  iiinetion  is  the  quotient  of  two  rational 
integral  functions,  say  B/P.  Let  Q  be  a  rationalising  factor  of 
P  (which  we  have  seen  how  to  find),  then 

P-PQ" 
But  PQ  is  now  rational,  and  BQ  is  a  rational  integral  function  of 
\/^)  V^*  \/^f  *  •  •»  Aiid  can  therefore  be  expressed  in  the  required 
form.     Hence  the  proposition  is  established. 

Example  1.  To  express  1/(1  +  V2  +  V8)  as  a  sura  of  rational  multiples  of 
square  roots.     Rationalising  the  denominator  we  obtain  by  successive  steps, 

1 _     1  +  V2-V8 

1  +  V2  +  V3  "  (1  +  V2)' -  (VS)** 
_^l-fV2-V8 

2V2      ■' 
^V2(l  +  V2-V3) 
2x2 

=  i(V2  +  2-V6). 

=i+W2-lV6. 

Example  2.  Evaluate  (ai»  -  ar  + 1  )l{i? + a;  + 1 ),  where  a: = V3  +  V^. 
a-'-a;+l_9  +  2Vl5-V3-V5 

_  (9  +  2Vl5)«-2(9-f2V15)(V3  +  V5)  +  (V8  +  V5)g 

(9  +  2Vl6)»-(V3  +  V6J' 
149  -  88  V8  -  80n/6  +  88^15 

133+34V15 
_(149-88V8-80V5  +  38V16)(138-34V15) 
~     "  183«-84'^xl6  • 

^  +437  +  46n/8-114V5-12V15 
-        "  '849 


*  Besides  its  theoretical  interest,  the  process  of  reducing  a  rational  func- 
tion of  quadratic  irrationals  to  a  linear  function  of  such  irrationals  is  important 
from  an  arithmetical  point  of  view  ;  inasmuch  as  the  linear  function  is  in 
general  the  most  convenient  form  for  calculation.  Thus,  if  it  be  required  to 
calculate  the  value  of  l/(l  +  \/2  +  V3)  to  six  places  of  decimals,  it  will  be 
found  more  convenient  to  deal  with  the  equivalent  form  i  +  4V2  -  iV^- 
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GENERAUSATION  OF  THE  FOREGOING  THEORY. 


§  18.]  It  may  be  of  use  to  the  student  who  has  already 
made  some  progress  in  algebra  to  sketch  here  a  generalisation  of 
the  theory  of  §§  13-17.  It  is  contained  in  the  following  pro- 
positions:— 

I.  Every  integral  funclian  of  p^^^  can  be  reduced  to  the  form 
Ao  +  Aj/'^  +  A^^^^/n^.  +  An. ,;?(»» -iy»    where    Ao,  A„  .  .  ., 

A„_,  are  rational^  so  far  as  p^^^^  is  concerned. 
After  what  has  been  done  this  is  obvious. 

II.  Evei-y  integral  function  of  p^^^,  j^'"*,  r^'**,  ^c,  can  be  ex- 
pressed as  a  linear  function  of  p^^\  ^-^', .  .  .,  ^/'-iV'y  ^i/***,  q^^>^^ . .  ., 

fj^m-iym^.  yl/n    ^2/»^        ^  ^n-lVn  .  ^^^  ^^^  ^y-   ^^  products   of  thcSC 

quantities,  two,  three,  &c,,  at  a  time,  namely,  p^^^  q^^"*,  p^^  q^^"^,  <tc,, 
the  coefficients  of  the  linear  function  being  rational,  so  far  as  p^^\  q^f^, 
r^f^\  dc,  are  concerned. 

Proved  (as  in  §  15  above)  by  successive  applications  of  I. 

in.  A   rationalising  factor    of   Aq  +  Aj?^"  +  A^^^  +  .   .   . 
-f  An-  ,j><'*"^y'*  can  altoays  be  found. 

We  shall  prove  this  for  the  case  w  =  3,  but  it  will  be  seen 
that  the  process  is  general. 

Let  P  =  Ao  +  A.^;^  +  A,;?^  (1), 

then  ^iP  =  pA^  -h  A^^  +  A,p^  (2), 

and  ^«P  =^Ai  ^pA^p^  +  A^p^  (3). 

Let  us  now  put  x  for  p^,  and  y  for  p^,  on  the  right-hand  sides  of 
(1),  (2),  and  (3) ;  we  may  then  write  them 

(Ao-P)  +  A,a:  +  A^  =  0  (1'), 

(M.-i>^P)  +  A^  +  A,y  =  0  (2'), 

(pA,  -i^tp)  +^A^  +  A^  =  0  (3'), 

whence,  eliminating  x  and  y,  we  must  have  (see  chap,  xvi.,  §  8) 

(A„  -  P)  (V  -M.A.)  +  (M«  -p^^)  (i'V  -  A„A,) 

+  0,A.-i»JP)(A/-A.A.)  =  0  (4). 
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Whence 

=  Ao(Ao"  -p^iK)  +  pKip^'  -  AoA,)  +Mi(Ai*  -  A«A,) 
=  Ao'  +  ^Aj'  +  /A/  -  3j>A  A  As  (5). 

Hence  a  rationalising  factor  of  P  is 

(A„«  -MiA,)  +  (i?A,«  -  A^,)/  +  (A,»  -  AoA,)/     (6), 
and  the  rationalised  result  is 

Ao'  +Mi"  +/A,'  -  3i?A,A,A.  (7). 

The  reader  who  is  familiar  with  the  elements  of  the  theory 
of  determinants  will  see  from  the  way  we  have  obtained  them 
that  (6)  and  (7)  are  the  expansions  of 


and 


1 

A, 

A. 

2)1 

A. 

A, 

pi 

2)A, 

A. 

A„ 

A, 

A. 

pAj 

A„ 

A, 

Ml 

i'A, 

Ao 

(6'). 


(7'), 


and  will  have  no  difficulty  in  writing  down  the  rationalising 
factor  and  the  result  of  rationalisation  in  the  general  case. 

IV.  A  ratwnalisiiig  factor  can  he  found  for  any  rational  integral 
function  of  p^^^,  q^^^%  r^'**,  .  .  . ,  &c.,  by  first  rationalising  with 
respect  to  p^f^,  then  rationalising  the  result  with  respect  to  ^^'"*, 
and  so  on. 

V.  Every  rational  function  of  jo^^',  q^^"\  r^'",  wJtetlier  integral  or 
not,  c^n  he  expressed  a^  a  linear  function  of  p^'\  j)^^,  •  •  •  j  p^^-W  y 
^Vm^,j2/m^  .  .  .,  ^"*-iV"^a;c./  and  of  the  products  p*^^ff''r^f"'  .  .  ., 

•  the  coefficients  of  ilie  function  hcing  rational,  so  far  as  p'^f\  tj^^^'\  r^''" 
are  concerned. 

For  every  such  function  hits  the  form  l^Q  where  I*  and  Q 
are  rational  and  integral  functions  of  the  given  irrationals ;  and, 
if  R  be  a  rationalising  factor  of  Q,  PR/QR  will  be  of  the  fonu 
rci^uired. 


X  EXERCISES  XIV 

Eiample  1.  Show  that  a  ratioDalising  (actor  of  x'  +  y  -hs   u 

and  that  the  result  of  the  rationalisatioii  ia  (z  +  y-t-:)'-  ZTz^ 


EXEBCISBS    XIV. 

Express  as  roots  of  ratiooal  numbera — 
41.)2''<3"*x4'x9'.  (2.)  [l/lfi^)\ 


(3.)  iVi.^i)-^t/(Vn 


(4.)   {;/(5'3")!x{'^(15')l- 


Simplify  the  following — 

(5.)   {(a-'lb-')^(alb))    X  ^(a"l«-'li"l-"i). 

(7.)  Showthxt VC*V'')/''*^C''i/')=  V' -^"*^-^ '''*\^'^ 
Siniplifj— 


T(10.)  lx  +  . 


(11.)  l^-x*  +  l){J  +  ^-H)lx-;^  +  l). 
(12.)  (x»-..-V  +  3'y)(-^-A 
(la)  (i*  +  4j')/(3:*  +  iclj'  +  aj/). 
■i(14.)  2*-l  +  2'/{2*-l)  +  l/(2*  +  l/(2'  +  l)). 
(15.)(^-iW"/'-  +  jf^-)(.ci.'-+a:"*'^'^  +  y".)(^/._j,W.). 

(16.)   ShoWlh»tl/(3J-l)-«'/(!t'+l)-l/{3^-l)+l/(K'+l)=l|J+2. 

(17.)  lt4ix)  =  la--a-)Ha^  +  a-),     F(»r)=2/(a'  +  a-), 
then  *(i  +  ;,)=[^,)  +  #(!,)}/{l  +  ^jr)^!,)}  j 

F(a  +  y)= F(x)F{t/)/  {1  +  4'(^)f{y)  I . 
*-{18.)  lfxrly  =  l,  theiia;'-'"/j/r-"=Ev/i-">  =  j"—i'». 

(19.)  If  ,n=a',  w=o»,  «;»n'=a'",  then3v:  =  l- 

Traaarona  the  following  into  stvna  of  siiayle  imtioaal  terms : — 

(20.)  V''/(V«  +  V6>  +  V6/(V«-V*)- 

(21.)C2V6-3V3  +  W6)'. 

(22.)  (ir+l-V2  +  Va){z  +  l  +  V2-V3){'^  +  I-V2-V3).  atnuigiag  a 
cording  to  powers  of  x. 


-f 
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(23.)(i/V'+i;V")(i'-.')/{(V"+V')'-<v«-V'>'i- 

(27.)  ^/(V(J'-^)^-Vi'^■V^I+l/IV<p-J)-V/'-V^)+MVf-VI^ 
(28.)     /('zizV(llti2U    /(iziW(2i±ai. 

^      '    V    U-T  +  V(2.'  +  '^)/      V    \l-Jc-\fV^^^)f 
(29.)  (V("  +  6  +  e)  +  V(«-*  +  c))'/(V("  +  ft  +  '')-V(n-S  +  c))'. 

(SO.)  i(V(»-j)tV)'-Vl)/(V(p-!)-Vj'-Vl)l. 

(31.)  (2^-6r  +  5)/(^2ji+  s/4  +  1). 

(32.)  {^H3^2r+l)/(^+  4/2-1). 

(13.)   (^(»4.l)-v'(..-i)|i[i'{«ti)r  +  C^(«-liP- %•'-»=)). 

Siiow  tliat 

T<->(!-^i;#(;:^iH)'^'!^-^<'-">i' 

(35.)(V(;'-  +  i)  +  Vtj'''-i))-'+(V(;''+i)-V(;i'-i)r"=(P=-iMr  +  n 
(36.)  ^/[V{nH  t'("i');+V{i=+i/('<'f);]=(<''+i'V- 

Expresa  in  llncnr  rortii  — 

(38.)  (1  +  V3  +  V'5  +  V7)/(1-V3-V5  +  V?)- 

(39.)  :i(V&  +  VO/(Vt+V''-V")-*^(V''+V'-)/n(Vft  +  V'-V"). 

Itatiuiinlisc  tin-  folluwiug  :  — 

(40.)  3.5*-l'.  (41.)  IIVC'  +  C-"). 

((2.)  V^fVa+VJ-Vi-  ("■)  3.2'4l.2'-l. 

(44.)  «'  +  ft^  +  A  (45.)  ■J*  +  2*  +  l. 

(46.)  ir»=,.V(n  f")  +  .vv'(i  ■■  .'-'),Hipi.va  +  "-)-^-i/  + V((i  +  '-Ki  +  j/-)) 

<"-'^''""-""'^v(i;-)w(^'-)W(-«) 

(4S.J  If  J-lAV't.  Vc-V'O.       ?/  =  l/{Vf+N'" -%"■),       :-l/(V"+Vi 
-VO,     «-l/(V.'l-v/.l  vV), 

tlii'ii  n(^..M  .v+:-i-«:Ai;---,(/'^ii;/.  i  .■  - ■■  .:s..i„: 
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(or  tbe  Dnmw  ot  the  let,  2nd,  3rd,  .  .  .  powers  of  the  vamble,  whlrli  bnd  Iweu 
used  in  the  ayucopated  slg^bra,  the  nuuiberal,  2,  3,  .  .  .  Stifel  eveu  aatrs 
eipreuly  the  lawa  for  multiplyiug  and  di Tiding  powers  bj  adding  and  subtracting 
the  eipoQents,  and  iodicitea  the  u>e  of  negBtlve  eiponeiita  for  tlie  reciprocal)  of 

positive  iDtegral  powers.     Bombelli  {1679)  writes  ^,  J,,  i,  ^ where 

we  should  write  3^,  Ji a*, i",  .  .  .  Steyin  (1585)uses  in  a  similar  way  (o)  ,  ©_ 
Q)i  ©  f  ■  -  -I  sod  miggeats,  although  he  does  not  prBcticully  use,  fractional 
powers  such  as  ® ,  ®,  which  are  equivalent  to  the  x',  x',  of  tlia  present  day. 
Vi^  (1591)  and  Oughtred  (1631),  who  were  in  full  posseuiou  of  a  liteml 
calculus,  used  coatractions  for  the  names  of  the  powers,  thus,  A;,  Ac.  Agf,  to 
signify  A',  A',  A'.  Harriot  (1631)  simply  reiieateJ  the  letter,  thus,  aa,  ami, 
aaaa,  for  a*,  a?,  a*.  Herigone  (1634)  used  numbers  written  after  the  letter, 
thuA,  A.  A2,  A3,  ■  ,  ■  Desnartes  iotroduced  the  modern  forms  A.  A',  A',  .  .  . 
The  final  development  of  the  general  Idea  of  an  indei  unrestricted  in  maBuitude, 
that  is  to  say,  of  an  eiponenlial  function  b',  is  due  to  Newton,  and  came  i» 
company  with  his  discovery  of  the  general  fonu  of  the  binomial  coeHicienlii  as 
functions  of  the  index.  He  saj-g,  in  the  letter  to  Oldenburg  of  13tb  June  1676, 
■■Since  algebraists  write  a',  a',  a*,  4c.,  for  aa,  aaa,  aaaa,  ftc.,  bo  I  write 
o  ,  a,  o,  for  -Ja,  V'l  */'■■•''  ""^  ^  write  a'',  o"*,  a"',  ftc,  for  -,  — , 
— ,  Ac."  "  "" 

The  sign  \/ was  fir»t  used  by  Rudolff;  both  he  and  Scheubel  (1551)  used 
^  to  denote  4th  root,  ami  tfij  to  denote  cube  root.  Stifel  nsed  both  VJ 
and  tj  to  denote  square  root,  -JJii.  to  denote  4th  root,  and  so  on.  Oirard 
(1633)  uses  the  notation  of  the  present  day,  V<  V'.  ^'  Other  authors  of  the 
17th  century  wrote  V2:,  ■^3:,kT..  So  late  as  1"22,  in  the  second  edition  of 
Newton's  Artihinttica  L'ninerialii,  the  usage  fluctuates,  the  three  forms  ^3  :, 
V    !,  v  all  occurring. 

In  ao  incomplete  mathematical  treatise,  entitled  De  Arte  Logiitica,  &c., 
which  was  found  among  the  papers  of  Napier  of  Herchiston  (1550-1617  ;  pub- 
lished by  Hark  Napier,  Edinburgh,  1S39),  and  shows  In  every  line  the  firm  grasp 
of  the  great  inventor  of  logarithmi,  a  remarkable  system  of  notation  for  irrationnis 
[  I  U  111  li 

is  described.     Napier  takes  the  figure      [     ",  and  divides  it  thus  ^|T)[[<r. 
'  '  Tl|8lf» 

He  then  nsea  _l,  L'l  L,  *«..  which  are  in  effect  a  new  set  of  symbols  for  the 
uine  digits  1,  2,  3,  Ac,  as  radical  signs.  Thus  (JlO  stands  for  ^10,  \_\0  for 
v'lO,  JlO  for  ^i/xO,  4lO  for  'i/lO,  _)  I]  or  3  for  '^10 ;  and  so  on. 

Many  of  the  rules  for  operating  with  irrationals  nt  present  in  use  have  come, 
in  form  at  least,  from  the  German  mathematicians  of  the  16th  century,  more 
particalarly  from  Scheubel,  in  whose  Algebrm  Compenitvaa  Fadluque  Dacripllo 
(1551)  is  given  the  rule  o(  chap.  li.,  %  9,  for  eitracting  the  square  root  of  a 
binomial  surd.  In  substance  many  of  these  rules  are  doubtless  much  older  (aa 
old  as  Book  X.  of  Euclid's  EUmeatt,  at  least) ;  they  were  at  all  events  more  or 
less  familiar  to  the  contemporary  mathflmaticinns  of  tlie  Italian  school,  who  did 
HO  much  for  the  solution  of  equations  by  means  of  radicals,  nlthough  in  symbol- 
ism they  were  far  liehind  their  transalpine  rivuk  Ste  Hutlou's  Matktmatkai 
Dictionary,  Art.  ■'Algebra." 

The  process  explained  at  the  end  of  next  chapter  for  extracting  the  square  or 
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cube  root  by  succesaive  stepa  is  found  Id  the  worki  of  the  earliest  EoropcMl 
writers  on  alBebr«,  for  example,  Leonardo  Fibonacci  (c  1200)  and  Lnea  Pacioli  (e. 
1500].  Tlie  lint  indication  of  a  general  metbod  appeara  in  Stifel'a  Arilhmeiiea 
Integra,  where  the  necessary  table  of  binomial  coefflclents  (see  p.  81)  ta  given. 
It  is  not  quit«  clear  from  Stifel's  work  that  be  fully  undentoi>d  tbe  nature  of  the 
process  and  clearly  saw  its  connection  with  the  binomial  theorem.  Tha  general 
method  of  root  extraction,  togetfaer  with  the  triangle  of  binomial  coeffldenta,  is 
given  in  Napier's  Dt  AtU  Logiatiea.  He  indicates  along  tbe  two  sides  of  his 
triangle  the  powers  or  the  two  variablea  (piKcedena  and  aoccedens)  with  which 
each  coefGcient  is  sssociated,  and  tbna  gifea  the  binomial  theorem  in  diagram- 
niatic  form.  His  statement  far  tbe  cube  is — "  Snpplementnm  tiiplicationia  tribus 
constat  numeris :  primuB  eat,  dnplicati  prccedentis  triplnm  maltiplicRtam  per 
suceedcna  ;  SKundus  nt,  ptKcedentia  trlplum  multiplicatuni  per  dupUcatnm  auc- 
cGiIeutis ;  tertina  eat,  ipsum  triptlcatam  sncccdentis. '    la  modem  notation, 


CHAPTEE    XL 
Arithmetical  Theory  of  Surds. 

ALGEBRAICAL  AND   ARITHMETICAL   IRRATIONALITY. 

§  1.]  In  last  chapter  we  discussed  the  properties  of  irra- 
tional functions  in  so  far  as  they  depend  merely  on  outward 
form ;  in  other  words,  we  considered  them  merely  from  the 
algebraical  point  of  view.  We  have  now  to  consider  certain 
peculiarities  of  a  purely  arithmetical  nature.  Let  p  denote  any 
commensurable  number ;  that  is,  either  an  integer,  or  a  proper  or 
improper  vulgar  fraction  with  a  finite  number  of  digits  in  its 
numerator  and  denominator ;  or,  what  comes  to  the  same  thing, 
let  p  denote  a  number  which  is  either  a  terminating  or  repeating 
decimal.  Then,  if  n  be  any  positive  integer,  J^p  will  not  bo 
commensurable  unless  p  be  the  nth  power  of  a  commensurable 
number  ;*  for  if  H/p  =  k,  where  k  is  commensurable,  then,  by  the 
definition  of  v(p,  p  =  k^,  that  is,  p  is  the  nth  power  of  a  commen- 
surable number. 

If  therefore^  be  not  a  perfect  nth  power,  i^p  is  incommensur- 
able. For  distinction's  sake  Z^p  is  then  called  a  surd  numher. 
In  other  words,  we  define  a  surd  mimhei'  as  tlie  incommensurable 
root  of  a  commensurable  nuniber. 

Surds  are  classified  according  to  the  index,  n,  of  the  root  to 
be  extracted,  as  quadratic,  cubic,  biquadratic  or  quartic,  quuitic, 
.  .  .  n-tiQ  surds. 

The  student  should  attend  to  the  last  phrase  of  the  definition  of  a  surd  ; 
because  incommensurable  roots  mij^ht  be  conceived  which  do  not  come  under 

*  This  is  briefly  put  by  saying  that  /;  is  a  perfect  «th  power. 
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tlie  above  definition  ;  and  U>  them  the  demonstrotionB  of  kt  least  «onu  ot  the 
propositioiiain  this  chapter  wonld  not  apply.  Foreiample,  the  number  e(ue 
the  chapter  on  the  Exponcntiiil  Theorem  in  Part  II.  of  thia  nark)  ia  incom- 
mensurable, and  s/e  is  iocommeDSDrable  ;  hence  •/<  is  not  a  aurd  in  the  exact 
sense  of  the  definition.  Neither  ia  v'(V3  + 1),  for  V2  +  1  is  incommenanmble. 
On  the  other  hand,  \J(\/'i),  which  can  be  expressed  in  the  form  ^2,doeseame 
Dnder  that  ilefinition,  althoufrli  not  as  a  quadratic  bnt  as  a  Hquadratie  surd. 
He  ahoiild  also  observe  that  an  algebraically  irrational  fuuction,  wy  V. 
may  or  may  not  be  arithmetically  imtioaal,  that  ia,  anrd,  atrictlj  so  called, 
according  to  the  value  of  the  variable  x.     Thns  <</'  ia  not  a  aard,  but  V2  is. 


CLASSIFICATION  OF  SURDS. 

.$  2-1  A  single  surd  number,  or,  wliat  comes  to  the  same,  & 
rational  multiple  of  a.  single  surd,  is  spoken  of  as  a  rimpU  wiono- 
mial  siird  ntimber ;  the  sum  of  two  such  surds,  or  of  a  rational 
number  and  a  simple  monomial  surd  number,  as  a  dmple  biiumUU 
surd  Hiiiiiber,  and  so  on. 

The  propositions  stated  in  litst  chapter  amount  to  a  proof  of 
the  statement  that  every  rational  function  of  Bunl  numbers  can 
be  expressed  as  a  simple  surd  numlwr,  monomial,  biiiomial, 
trinomial,  &c.,  as  the  case  may  be. 

§  3  ]  Two  surds  are  said  to  lie  similtir  wlieii  they  can  be  expressrd 
as  raiUnud  multiples  of  one  and  the  same  surd ;  dissimilar  when  litis 
■    is  not  Ihf,  ease. 

For  example,  Vl8  and  -^8  can  l>e  expressed  respectively  in 
the  forms  3  •J2  and  2  ^2,  and  are  therefore  similar ;  but  JG 
and  \/2  are  dissimilar. 

Again,  ^54-  and  ^/16,  being  expressible  in  the  forms  3^2 
and  2  ^^2,  are  each  similar  to  ^2. 

All  ike  surds  thai  arise  from  the  ej^trcudion  <•/  llie  same  nth  root 
lire  said  to  be  etptiradical. 

Thus  p\  p^,  pi,  p^  are  all  equiradtcal  with  ;'■'. 

Tlinr  are  ji  -  1  distimt  suitls  e<iuirudit:al  icitli  p^'",  uainel;/,  ^'"", 
j'-'",  .  .   .,  f^"'^^",  Kiid  no  more. 

Fm;  if  we  consider  ji'"'"  where  m  ?■  ii,  then  wo  have  2'"''"  - 
^ju+i/M^  whi'i'o  /i  and  v  are  integers,  and  v  ■  n.  llencc  p'"'"  ^ 
j>"  ji''"  ;-.  a  ratioual  midtiple  of  one  of  the  sibove  series. 

.lit  the  surds  equiradtcal  wilhp^'"  are  ndiviial  fiinelUms  {imuhIij, 
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positive  integral  powers)  of  p^^'^ ;  and  every  rational  function  of  p^^'^ 
or  of  surds  equiradical  with  pi^^^  may  he  expressed  as  a  linear  function 
of  the  n-\  distinct  surds  which  are  equiradical  with  p^^\  tlwi  iSy  in 
tlie  form  K  +  Kp^^"  +  Kp^''  + .  .  .  +  A„.,;/"-i>/»  wJiere  A^,  A^, 
.  .  .y  An.  I  are  rational  so  far  as  p^f^  is  concerned. 

This  is  merely  a  restatement  of  §  1 8  of  chap.  x. 

§  4.]  The  product  or  quotient  of  tivo  similar  quadratic  surds  is 
rational,  and  if  tlie  product  or  qwtient  of  tJie  two  quadratic  stirds  is 
rational  they  are  similar. 

For,  if  the  surds  are  similar,  they  are  expressible  in  the 
forms  A  \/p  and  B  ^^p,  where  A  and  B  are  rational ;  therefore 
A\/p  xB\/p  =  ABp ;  and  A  ^/p/B  \/p  =  A/B,  which  proves  the 
proposition,  since  ABp  and  A/B  are  rational 

Again,  if  \/p  x  »^^q  =  A,  or  \/pl  \/q  =  B,  where  A  and  B  are 
rational,  then  in  the  one  case  s/p  =  (A/q)  y/q,  in  the  other  \/p 
=  B  s/q.  But  A/q  and  B  are  rational.  Hence  \/p  and  \/q  are 
similar  in  both  cases. 

The  same  is  not  true  for  surds  of  higher  index  than  2,  but 
the  product  of  two  similar  or  of  two  equiradical  surds  is  either  rational 
or  an  equirctdical  surd 

INDEPENDENCE   OF   SURD   NU3IBERS. 

§  5.]  If  p,  q,  A,  B  be  all  commensurable,  and  none  of  them  zero, 
and  sip  and  Jq  incommensurable,  then  we  cannot  have 

Jp  =  A  +  B  Jq. 

For,  squaring,  we  should  have  as  a  consequence, 

p  =  A'  +  B'q+2ABJq', 
whence 

s/q  =  (p-A'-  B'q)/2AB, 

which  asserts,  contrary  to  our  hypothesis,  that  Jq  is  commen- 
surable. 

Since  every  rational  function  of  ^/q  may  (chap,  x.,  §  15)  be 
expressed  in  the  form  A  +  B  fjq,  the  above  theorem  is  equivalent 
to  the  following : — 

One  quadraiic  surd  cannot  be  expressed  as  a  rational  function  of 
another  which  is  dissimilar  to  it. 
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Since  every  mtiooal  equation  between  >jp  and  Jq  which  is 
not  a.  mere  equation  between  conunensurablee  (for  example, 
( v'3)'  +  ( s/S)'  =  5)  is  reducible  to  the  form 

A  s/(yj)  +  B  ^/p  +  C  ^/5  +  D  =  0, 
wliere  A,  B,  G,  D  are  rational ;  and,  since  thia  equation  may  im- 
mediately be  reduced  to  another  of  the  form 

n/p  =  L  +  M  -Jq, 
where  L  and  M  are  rational,  it  follows  that 

No  ralumal  relalum^  which  is  not  a  mere  eqaaUon  hettOMtt  raiimai 
numliers,  can  siil)sisl  between  two  diasimiiar  quadratic  surdt, 

§  6.]  If  the  quadratic  surds  ^p,  -Jq,  ijr,  \/(jr)  he  dissimilar  to 
each  other,  tften  Jp  cannot  he  a  ratiaiuU  function  of  -Jq  and  >Jr. 

For,  if  this  wore  eo,  then  we  should  have 

v/p  -  A  +  B  ^/./  +  C  ^/l■  +  D  ^{qr), 
where  A,  B,  C,  D  are  all  rational. 

Now  wo  cannot,  by  our  hypotlieses,  have  three  of  the  four 
A,  B,  C,  D  equal  to  zero. 

In  any  other  case,  we  should  get  on  squaring 
p  =  {A-\-B4q  +  C  Jr  +  D  V('/'-) }', 
which  would  either  bo  a  rational  eqiiation  connecting  two  dis- 
similar quadratic  surds,  whicli  is  impossible,  as  we  have  just  seen  ; 
or  else  an  equation  asserting  the  rationality  of  one  of  the  surds, 
which  is  equally  impossible. 

An  important  particular  case  of  the  above  is  the  following  :— 

A  quadratic  surd  cannot  he  the  snm  of  tiro  dvofimilar  quadratic 
surds. 

It  will  be  a  good  exer«isQ  fur  the  student  to  prove  this 
direetly. 

g  7.]  The  theory  which  we  have  established  so  far  for 
quadratic  surds  may  be  generahsed,  and  also  extended  to  surds 
whose  index  exceeds  2.  This  is  not  the  place  to  jiuisue  the 
matter  farther,  but  tlic  reader  who  has  followed  so  far  will  find 
tho  ideas  gained  useful  iti  paving  the  way  to  an  understanding 
of  the  delicate  researches  of  Lagrange,  Abe!,  and  Galois  regarding 
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the  algebraical  solution  of  equations  whose  degree  exceeds  the 
4th. 

§  8.]  It  follows  as  a  necessary  consequence  of  §§  5  and  6 
that,  if  we  are  led  to  any  equation  such  as 

A^B^/p  +  b^/(J  +  'D  ^/(p2)  =  0, 

where  »Jp  and  \^q  are  dissimilar  surds,  then  we  must  have 

A  =  0,     B  =  0,     C  =  0,     D  =  0. 

One  case  of  this  is  so  important  that  we  enunciate  and  prove  it 
separately. 

If  X,  y,  z,  u  he  all  comijiensurable,  and  Jy  aiid  Ju  incomnmi- 
mrable,  and  %fx-\-sly  =  z  +  »Ju,  then  must  x  =  z  and  y  =  u. 
For  li  x^z^  but  =  a  +  2?  say,  where  a  4=  0,  then  by  hypothesis 

a  +  5?  +  \/y  =  z-\-  vX 
whence  a  +  >/y  =  v/t/, 

a^  +  y+2a  \/y  =  7^ 

\/y  =  {u-a^-  y)l2a, 
which  asserts  that  Jy  is  commensurable.     But  this  is  not  90. 
Hence  we  must  have  x  =  z;  and,  that  being  so,  we  must  also 
have  \/y  =  \/m,  that  is,  y  =  u. 

SQUARE   ROOTS  OF  SIMPLE   SURD   NUMBERS. 

§  9.]  Since  the  square  of  every  simple  binomial  surd  number 
takes  the  form  p  +  Jqy  it  is  natural  to  inquire  whether  J(j)  +  Jq) 
can  always  be  expressed  as  a  simple  binomial  surd  number,  that 
is,  in  the  form  »Jx  +  \/y,  where  x  and  y  are  rational  numbers. 
Let  us  suppose  that  such  an  expression  exists ;  then 

\/tp+  \/^)=  >/«+  >/y» 

whence  j)+  s/q=^'\-y  +  2  \/{xy). 

If  this  equation  be  true,  we  must  have,  by  §  8, 

x  +  y=p  (1), 

2  s/{xy)  =  s/q  (2) ; 

and,  from  (1)  and  (2),  squaring  and  subtracting,  we  get 

{x  +  yy-ixy=p'-q, 
that  is,  {^-yf^f-^  (3). 
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CHAP. 


Now  (3)  gives  either 

^-y=  +  V(/-'7)  (4), 

or  x-ij=  -  \/(p*-q)  (4*). 

Taking,  meantime,  (4)  and  combining  it  with  (1),  we  have 

(ic  +  2/)  +  («-y)=i>+  s/if-q)  (6), 

(;r  +  y)-(a;-y)=i?-  s/{f-q)  (6); 

^y=p-  \/(p'-q)'> 
^  =  i{p-^  ^/ip'-q)}  (7), 

y-hip-yip'-q)}  (8). 

If  we  take  (4*)  instead  of  (4),  we  simply  interchange  the  values 
of  X  and  y,  which  leads  to  nothing  new  in  the  end. 

Using  the  values  of  (7)  and  (8)  we  obtain  the  following 
result : — 

(j?+  »J(j>'-q)l 


whence 


that  is. 


Since,  by  (2),  2  \/a;  x  \/y=  +  ^/g,  we  must  take  either  the  two 
upper  signs  together  or  the  two  lower. 

If  we  had  started  ^vith  \/{p-  \^q),  it  would  have  been 
necessary  to  choose  ^/x  and  \^y  with  opposite  signs. 

Finally  therefore  we  have 

(9). 


•J(p+  \/?)  = 


-<A'-'- 


)  *  yf-^?^'}) 


V(p  -   Jq)  =  ± 


(yr 


^(p'-q) 


}V{ 


p-s^^ip'-q) 


2 


}) 


(9*)- 


The  identities  (9)  and  (9*)  are  certainly  true ;  we  have  in  fact 
already  verified  one  of  them  (see  chap,  x.,  §  9,  Example  1 4).  They 
will  not,  however,  furnish  a  solution  of  our  problem,  unless  the 
values  of  x  and  y  are  rational.  For  this  it  is  necessary  and 
sufficient  that  jy'*  -  5'  be  a  positive  perfect  square,  and  that  p  be 
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positive.  Hence  the  Sfpiare  root  of  jf  +  \^(/  can  he  expressed  as  a 
simple  binomial  surd  number^  provided  p  he  positive  and  i^  ~qhe  a 
positive  perfect  square. 

Example  1.  Simplify  V(19  -  4V21). 
Let  \/{19-i^21)=\/x  +  \/y. 

Then  a;  +  y=19, 

2\/x\/y=-i\/21, 
(a;-y)2=361-336 
=  25, 
a;-y=  +5  say, 
a;+y=19; 
whence  a:=12,     y=7, 

>/x=±Vl2,    Vy=T\/7, 

so  that  V(19-4V21)  =  ±(\/12-\/7). 

Example  2.  To  find  the  condition  that  V(\/P+ V?)  ™*y  ^  expressible 
in  the  form  (\/^+ Vy)  v(p  w©  have 

\/(  Vp + V?)  =  v/j»  X  V  {1  +  \/(7/p)}  • 

Now  V  {1  +  \/(?/p)}  will  be  expressible  in  the  form  \/x  +  \/y,  provided 
1  -  q/p  be  a  positive  perfect  square  ;  this,  therefore,  is  the  required  condition. 
For  example, 

\/(5\/7  +  2\/42)  =i/7x  V(5  +  2  V6) 

=  ±  v/7(  V3  +  \/2). 

Example  3.  It  is  obvious  that  in  certain  cases  \/CP+  VS'  +  V^+  V*)  ™"st 
be  expressible  in  the  form  \/^+  Vy  +  V^  where  x,  y,  z  are  rational.  To  find 
the  condition  that  this  may  be  so,  and  to  determine  the  values  of  x^  y,  z,  let 

then  p  +  ^q  +  \/r+^8=x  +  y+z  +  2\/{yz)■\■2^/(^x)  +  2^/{xy)  (2). 

Now  let  us  suppose  that 

2^J{yz)=^Jq  (3), 

2V(«r)=V  (4), 

2\/(xy)  =  s/s  (5). 

From  (4)  and  (5)  we  have  by  multiplication 

4xy/(yz)  =  ^J{rs); 
whence,  by  using  (3),  5C=i\/(W?)  W' 

Proceeding  in  like  manner  with  y  and  s,  we  obtain 

y^Wiqsir)  (7), 

z=\^(qrl8)\  (8). 

It  is  further  necessary,  in  order  that  (2)  may  hold,  that  the  values  (6),  (7), 
(8)  shall  satisfy  the  equation 

x-\-y'\-z=i)  (9), 

VOL.  I  P 
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that  is,  no  miut  bave 

V("/3)  +  V{W'-)  +  V(?r/»)=!?p  (10), 

wlicra  the  signs  tliroughout  must  be  poaitfTc,  Ednee  z,  y, :  miut  ftll  be  podtive. 
Alao,  siuce  x,  y,  z  must  all  bo  rational,  we  mnat  bAve 


wbcre  a,  fi,  7  are  iKWitire  rational  BDmberi,  such  that 

whence,  in  tum,  we  obtain 

q=fiy,     T=ya,    a=ap. 


ARITHMETICAL  HCTIIODS  F()K  FlNDtHG  APPROXUUTB  RATIONAL 
VALUBS  FOR   SURD   NUUBBRS. 

§  10.]  It  has  already  been  stated  that  a  rational  approxima- 
tton,  OS  close  as  wo  please,  can  always  be  found  for  every  surd 
number.  It  will  be  well  to  give  here  one  method  at  least  by 
which  such  approximations  can  be  obtained.  We  begin  with 
tbe  approximation  to  a  quadratic  suni ;  ntul  wo  shall  afterwards 
show  that  all  other  cases  might  bo  made  to  depend  on  this. 

§  11.]  First  of  all,  we  may  point  out  that  in  every  case  we 
may  reduce  our  problem  to  the  finding  of  the  integral  part  of 
the  square  root  of  an  integer.  Suppose,  for  example,  we  wish 
to  find  the  square  root  of  3-Ga9  con'uct  to  five  places  of  decimals. 
Then,  since  ^3-689  =  V36890000()00/10',  wo  have  merely  to 
find  the  square  root  of  the  integer  36890000000  correct  to  the 
last  integral  place,  and  then  count  off  five  decimal  places, 

§  12,]  The  following  propositions  are  all  that  are  required 
for  the  present  purpose : — 

I.  Tlie  result  of  siiblTocling  (A  +  B)°  from  N  U  (/w  same  as  the 
result  of  first  nvhtrading  A',  then  2AB,  andfinal!;/  B'. 

This  is  obvious,  since  (A  +  B)'  =  A'  +  2  AB  +  B'. 

II.  If  the  first  p  out  of  ili^  11  iliyils  of  thf,  square  root  of  the 
integer  N  Itave  heenfonml,  so  that  PIO""''  is  a  first  ujijirojimatioit 
to  n'N,  then  th:  next  p-l  digits  icill  he  the  first  p  -  1  diifiis  of  the 
iiUegrnl part  of  the  iptotient  JN  -  (P10"-J')";/liP10""'',  with  a  possible 
(.rrar  in  excess  of  1  in  the  last  lUgil. 
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Let  the  whole  of  the  rest  of  the  square  root  be  Q.     Then 

where  10i'-i<P<  10?,  Q<W'P; 

whence  N  =  (P10«-?)'  +  2PQ10'*-^  +  Q', 


^(PlO-'Py  ^        ___Q!_  (1). 

2Pio»-p         ^     2P10"-? 


Now 


Q72P10"-?<102("-i>)/2  X  10?-il0"-^<10"-2p+i/2. 

Hence  Q72P10^-''  will  at  most  affect  the  (n-2p+  l)th  place, 
and  the  error  in  that  place  will  be  at  the  utmost  5  in  excess. 
Therefore,  since  Q  contains  n-p  digits,  the  first  ^  -  1  of  these 
will  be  given  by  the  first  p  -  1  digits  of  {N  -  (P10»-^n/2P10»»-P 
with  a  possible  error  in  excess  of  1  in  the  last  digit.* 

§  13.]  In  the  actual  calculation  of  the  square  root  the  first 
few  figures  may  be  found  singly  by  successive  trials.  Proposi- 
tion I.  being  used  to  find  the  residues,  which  must,  of  course, 
always  be  positive.  Then  Proposition  11.  may  be  used  to  find 
the  succeeding  digits  in  larger  and  larger  groups.  The  approxi- 
mation can  thus  be  carried  out  with  great  rapidity,  as  will  be 
seen  by  the  following  example : — 

Let  it  be  required  to  find  the  square  root  of  N  =  680100000000000000, 
which,  for  shortness,  we  write  6801(14). 

Obviously  8(8)  <  \/N  <  9(8) ;  in  other  words,  VN  contains  9  digits,  and  the 
first  is  8. 

Now  N- (8(8))^= 401(14),  which  is  the  first  residue.  We  have  now  to 
find  the  greatest  digit  x  which  can  stand  in  the  second  place,  and  still  leave 
the  square  of  the  part  found  less  than  K,  that  is  (by  Proposition  L),  leave  the 
residue  401(14)  -  2  x  8(8)  x  x{7)  -  {a:(7)}'  positive.  It  is  found  by  inspection 
thatx=2.  Carrying  out  the  subtractions  indicated,  that  is,  subtracting 
{16(8}  +  2(7)}  X  2(7)  =  162x2(14)  from  401(14),  we  have  now  as  residue 
7700(12). 


*  The  effect  of  such  an  error  would  be  to  give  a  negative  residue  in 
the  process  of  §  13 ;  so  that  in  practice  it  would  be  immediately  discovered 
and  rectified.  As  an  example  of  a  case  where  the  error  actually  occurs,  the 
reader  might  take  the  square  root  of  5558(12),  namely,  74551995,  and  attempt 
to  deduce  from  745  the  two  following  digits.  He  will  find  by  the  above  rule 
52  instead  of  51.  If  it  be  a  question  of  th^  best  approximation,  the  rule  gives 
here,  as  always,  the  best  result ;  but  this  is  not  always  what  is  wanted. 
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The  double  of  the  whole  of  the  part  of  VN  now  found  is  164(7) ;  and 
we  have  next  to  find  y  as  large  as  may  be,  so  that  7700(12)-  {164(7)  +  y(6)} 
X  ^(6)  sliall  remain  positive.  This  value  of  ^  is  seen  to  be  4.  It  might,  of 
course,  be  found  (by  Proposition  II.)  by  dividing  7700(12)  by  164(7),  and 
taking  the  first  figure  of  the  quotient. 

The  residue  is  now  112400(10).  The  process  of  finding  the  first  four 
digits  in  this  way  may  be  arranged  thus :  — 

8(8) 
16(8) 

162(7) 
164(7) 

1644(6) 
1648(6) 

16486(5) 
16492(5) 

134840(9) 

We  might,  of  course,  continue  in  the  same  way,  figure  by  figure,  as  long  as 
wc  please  ;  and  wc  might  omit  the  records  in  brackets  of  the  zeros  in  each  line. 

Having,  however,  already  found  four  figures,  we  can  find  three  more  by 
dividing  the  residue  134840(9)  by  16492(5),  which  is  the  double  of  8246(5), 
the  part  of  \/N  already  found. 


6801(14) 
6400(14) 

8(8) 

401(14) 
824(14) 

+  2(7) 

7700(12) 
6576(12) 

+  4(6) 

112400(10) 
98916(10) 

+  6(6) 

16492(5) 


134840(9) 
131936 

29040 
16492 


817(2) 


1254S0 
115444 


10036000(4) 

The  next  three  digits  are  therefore  817.     10036000(4)  is  not  the  residue  ; 

for  we  have  only  subtracted  from  VN  as  yet   {8246(5)}'-'  and  2x8246(5) 

X  817(2).      Subtracting  also    {817(2)}^  we  get  tlie  true  residue,   namely, 

93685110000.      We  may  now  divide  this  by  2x8246817(2),   that  is,  by 

1649363400,  and  thus  get  the  last  two  figtires.     We  have  then 

10036000(4) 
667489(4) 


1649363400 


93685110000 
8246817000 

11216940000 
9896180400 

1320759600 


56 


Wo  have  now  found  the  whole  of  the  integral  2»art  of  v6801(H},  namely, 
S2i6Sl75G. 
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If  it  were  desired  to  carry  the  approximation  farther,  8  places  after  the 
decimal  point  could  at  once  be  found  by  dividing  the  tnie  residue 
(1820759600  -  562)  i,y  2  x  824681756.  If  we  require  no  more  places  than  those 
8  places,  then  the  residue  is  of  no  importance,  and  we  may  save  labour  by 
adopting  the  abbreviated  method  of  long  division  (see  Brook  Smith's  Arith- 
metic^ chap.  vL,  §  153).     Thus 


1^^^J$^^1^« 


1320759600 
3136 

1320756464 
1319490810 

1265654 
1154554 


80076736 


111100 
98962 

12138 
11545 

593 
495 

"98 
98 


We  thus  find  V6801(14)  =  824681756-80076736.  On  verifying,  the  reader 
will  find  that  in  point  of  fact 

(824681756-80076736)2=680100000000000001 -82  .  .  . 

It  will  be  a  good  exercise  for  him  to  find  out  how  many  decimal  places  of 
the  square  root  of  a  given  integer  must  be  found  before  the  square  of  the 
approximation  ceases  to  be  incorrect  in  the  last  integral  place. 

g  14.]  By  continually  extracting  the  square  root  (that  is  to 
say,  by  extracting  the  square  root,  then  extracting  the  square 
root  of  the  square  root,  and  so  on),  we  may  bring  any  number 
greater  than  unity  as  near  unity  as  we  please.     In  other  words, 

by  making  n  sufficiently  great,  N^^  may  be  made  to  differ  from  1 
by  less  than  any  assignable  quantity. 

For  let  it  be  required  to  make  N^^  less  than  1  +  a,  where  a 
is  any  positive  quantity.     This  will  be  done  if  2"  be  made  such 

that  (1  +  aY"  >  N.  Now  (chap,  iv.,  §  1 1)  (1  +  a)*"  =  1  +  2'»a  +  a 
series  of  terms,  which  are  all  positive.  Hence  it  will  be  sufficient 
if  we  make  1  +  2^a>  N,  that  is,  if  we  make  2^a>  N  -  1,  that  is, 
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if  we  make  2">{N-  l)/(i,  which  can  always  be  done,  aince  by 
mnking  n  sufficiently  great  2**  may  be  made  to  exceed  any 
quantity,  however  great 

Eiample.  How  many  times  moat  ws  aztnct  the  sqnare  root  beginmng 
with  51  in  order  that  tba  final  result  ntfty  difier  from  1  by  leu  than  MlOl ! 

Wo  moat  bave 

2">(61-1)/-O01, 
2"  >  60000. 
Now  2"=S2768,     2"=e653B, 

beDCe  we  mast  make  n=ie. 

In  other  worda,  if  wo  extract  the  square  root  aixteeD  times,  beginning 
with  61,  the  reaalt  will  be  less  than  1  -001. 

§  15.]  It  follows  from  §  14  that  we  can  approximate  to  any 
Burd  whatever,  say  ^"",  by  the  process  of  extracting  the  square 
root.  For  (see  chap,  ix^  §  2)  let  1/n  be  expressed  in  the  binary 
scale,  then  we  shall  have 

l/«  =  ,./2  +  ^/2'  +  ,./2'  +  .  .  .+ft 
where  each  of  the  numerators  a,  (i,  y,  .  .  .  ia  either  0  or  1,  and 
p.  is  either  absolutely  0  or  <l/3'',  whcro  r  ia  aa  great  as  wc 
choose. 
Hence 

=  p'l^xj>fl'^yp'^l^y.    .    .«;>"  (1). 

Now,  excepting  the  last,  each  of  these  factors  is  either  1,  or  of 
the  form  p'''^,  which  can  be  approximated  to  as  closely  as  we 
please  by  continued  extraction  of  the  square  root  If  /x  =  0,  the 
last  factor  is  1 ;  and  if  /i<  1/2'',  since  r  may  be  as  great  as  we 
choose,  we  can  make  it  differ  from  1  by  as  small  a  fraction  as 
we  choosa  It  follows  therefore  that  the  product  on  the  right 
hand  of  (1)  may  be  found  in  rational  terms  as  accurately  as  we 
please. 

Example.  To  find  an  approximate  valne  of  51' '. 

Wo  have 

1_1^     1      1    .]_     I       1_     L     L     '    J.1, 
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Now  we  have,  correct  to  the  fourth  decimal  place,  the  following  values  :— 

6r^=2-67234,  51»'''''  =  1  00096, 

bV^  =  1  -27857,  51^-*  =  1  '00023, 

5Vf^  =  1  -06336,  5l»  -'•  =  1  '00006, 

bV"^  =  1  01548,  51^- ■  =  1  -00002, 

511/2'"  =  1  -00385,  51'  -*•  <  1  -00001. 

Hence,  multiplying  the  first  nine  numhera  together,  we  get 

511/3=3-70841. 
The  correct  value  is  3-708429  .  .  . 

§  16.]  The  method  just  explained,  although  interesting  in 
theory,  would  be  very  troublesome  in  practice. 

The  method  given  in  §  1 3  for  extracting  the  square  root  may 
be  easily  generalised  into  a  method  for  extracting  an  wth  root 
directly,  figure  by  figure,  and  group  by  group  of  figures.  The 
student  will  be  able  to  establish  for  himself  two  propositions, 
counterparts  of  L  and  IL,  §  12,  and  to  arrange  a  process  for 
the  economical  calculation  of  the  residues.  A  method  of  this 
kind  is  given  in  most  arithmetical  text-books  for  extracting  the 
cube  root,  but  it  is  needless  to  reproduce  it  here,  as  the  extrac- 
tion of  cube  and  higher  roots,  and  even  of  square  roots,  is  now 
accomplished  in  practice  by  means  of  logarithmic  or  other  tables 
(see  chap,  xxi.)  Moreover,  the  extraction  of  the  nth  root  of  a 
given  number  is  merely  a  particular  case  of  the  numerical  solu- 
tion of  an  equation  of  the  wth  degree,  a  process  for  which,  called 
Homer^s  Method,  will  be  given  in  a  later  chapter. 

Our  reason  for  dwelling  on  the  more  elementary  methods  of 
this  chapter  is  a  desire  to  cultivate  in  the  mind  of  the  learner 
exact  ideas  regarding  the  nature  of  approximate  calculation — 
a  process  which  lies  at  the  root  of  many  useful  applications  of 
mathematics. 

SQUARE  BOOT  OF  AN  INTEGRAL  FUNCTION  OF  X. 

§  17.]  When  an  integral  function  of  a;  is  a  complete  square 
as  regards  r,  its  square  root  can  be  found  by  a  method  analogous 
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to  that  expliuned  in  §  1 2,  for  finding  the  square  root  of  ft  number. 
Although  the  method  is  of  little  interest,  either  theoretically  or 
practically,  we  give  a  brief  sketch  of  it  here,  because  it  illustrates 
at  once  the  analogy  and  the  fundamental  difference  between 
arithmetical  and  algebraical  operations.* 

I.  We  may  restate  Proposition  I.  of  g  12,  understanding  now 
A  and  B  to  mean  integral  functions  of  x. 

II.  IfF=p^^-t-p,x^-^  +  .  .  .+p„,andif^F  =  (qj>f  +  g,!if-^ 
+  .  .  .+?n-p+i^-^-^')  +  {5«->l""*'  +  -  ■  .  +  ?^  =  P  +  Q,say;andt/ 

we  suppose  the  first  p  terms,  namely, 'P  =  q^  +  q,X^'* +  .  .  .+q„-p+i 
a^i-y+i,  of  \/r  to  be  known,  then  the  next  p  terms  teiU  be  the  first  p 
terms  in  the  integral  part  of  (F  -  P^/2P. 
For  we  have 

r  =  P'+2PQ  +  Q"; 

hence  -^p    ^Q  +  gp- 

Now  the  degree  of  the  integral  part  of  Q'/SP  is  2(n -;>)-« 
=  n-  2p.  Hence  Q'/2P  will  at  most  affect  the  term  in  a;""*J'. 
Hence  (F  -  P')/2P  will  be  identical  with  Q  down  to  the  term  in 
j-B-Sn+i  inclusive.  In  other  words,  the  first  n-p-{n-  2p)  =p 
terms  obtained  by  dividing  F  -  P''  by  2P  will  be  the  p  terms  of 
the  square  root  which  follow  P. 

We  may  use  this  rule  to  obt^n  the  whole  of  the  terms  one 
at  a  time,  the  highest  being  of  course  found  by  inspection  as  the 
square  root  of  the  highest  term  of  the  radicand ;  or  we  may  ob- 
tain a  certain  number  in  this  way,  and  then  obtain  the  rest  by 
di  vision.  + 

The  process  will  be  understood  from  the  following  example, 

*  The  metliod  wa»  probably  obtained  by  analogy  from  the  arithmetical 
process.  It  was  first  given  by  Rccorde  iii  The  Jfhct^lmie  of  IFiUe  (black 
letter,  lEiST),  tlie  cailicst  English  work  on  algebra. 

t  Jaat  as  in  division,  we  may,  if  wo  plcusv,  arrange  the  radicand  according 
to  BscendinR  powers  of  x.  Tlie  liiiiil  resnlt  will  be  the  same  whichever  arraugu- 
mcnt  be  adopted,  ]>rovidi'd  the  railicaiicl  is  a  complete  stjuare.  If  tbia  is  not 
tlic  case  tbe  operation  may  be  prolonged  indefinitely  juat  as  hi  contituird 
dirbioii.  We  leave  the  learner  to  discover  the  incatiiiig  of  the  result  obtahieii 
in  such  cases.  The  full  discnssion  of  the  matter  would  require  some  refur- 
encc  to  the  theory  of  iuGnilc  series. 
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in  which  we  first  find  three  of  the  terms  of  the  root  singly,  and 

then  deduce  the  remaining  two  by  division  : — 

Example. 

To  find  the  square  root  of 


2  +  3 


2  +  6  +  2 


1  +  6  +  13+  4-18-12  +  14-12  +  9-2  +  1 
1 

6  +  13+   4-18-12  +  14-12  +  9-2  +  1 
6+   9 

4+   4-18-12  +  14-12  +  9-2  +  1 
4  +  12+  4 


2+6+4-4 


2+6+4-8 


-  8-22-12  +  14-12  +  9-2  +  1 

-  8-24-16  +  16 


2+   4-   2-12  +  9-2  +  1 
2+   6+  4-   8 


+  1 


+  3 


+  2 


-4 


+  1-1 


-  2-   6-   4  +  9-2  +  1 

-  2-   6-    4  +  8 

1-2  +  1 

Hence  the  square  root  is  a^  +  3a?*  +  2a;'-4ar*+a;-l;  and,  since  the  residue 
a:*-  2a;+ 1  is  the  square  of  the  two  last  terms,  namely,  x-1,  we  see  that  the 
radicand  is  an  exact  square.  Of  course  we  obtain  another  value  of  the  square 
root  by  changing  the  sign  of  every  coefficient  in  the  above  result. 

A  similar  process  can  be  arranged  for  the  extraction  of  the 
cube  root ;  but  it  is  needless  to  pursue  the  matter  further. 

§  18.]  The  student  should  observe  that  in  the  simpler  cases 
the  root  can  be  obtained  by  inspection ;  and  that  in  all  cases  the 
method  of  indeterminate  coefficients  renders  any  special  process 
for  the  extraction  of  roots  superfluous.  This  will  be  understood 
from  the  following  example. 

Example. 

To  extract  the  square  root  of 

aJ«  +  6j^  +  13a:«  +  4af-18a:«-12ar5  +  14a;*-12ar«  +  9ar-2a:+l         (1). 

If  the  radicand  be  a  complete  square,  its  square  root  must  be  of  the  form 

a^-\-pQe*-^q3^-\-rx^  +  sx-{-t  (2). 

The  square  of  (2)  is 

si^^-\-2pa^  +  (jP-\-2q)a:^-{-{2pq  +  2r)aF  +  {2pr  +  ^  +  2s)j^  +  .  .  .        (3). 

Now  this  must  be  identical  with  (1) ;  hence  we  must  have 

2/>=6,     p^  +  2q=lS,     2pq-it2r=A,     2pr  +  g2  +  2s= -18. 
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Tlie  lirat  of  these  eqaatians  gives  p=3  ;  p  being  tiiiu  knomi,  the  MCObd 
pveaq-2;  p  nnd  7  being  known,  the  third  gives  r=  -4;  and  j),  ;,r  being 
knonn,  the  laat  givas  >  =  1.  We  could  now  find  t  in  like  matmer ;  but  it  ii 
obvious  from  t]ic  coefficient  of  z  that  f=  -  1. 

Hence  one  value  of  the  square  root  ia 

ic»+3a!*+2ii»-4j!'+!e-I. 

A'.B.— The  equating  of  the  coefficients  of  the  renuining  temu  of  (1)  and 
(3)  will  simpl;  give  equations  that  an  satisfied  by  the  valaes  of  p,  q,  r,  * 
alreadj  found,  always  supposing  that  the  given  radicand  is  an  eiact  square. 

A  process  exactly  similar  to  the  above  will  fnniish  the  root  of  an  exact 
enbr,  an  exact  4th  power,  and  so  on. 


EXERCISBS  XV. 
Express  the  following  as  linear  functions  of  the  irrationals  involved. 

(1.)  i/(Vu  +  V3  +  Vi*).  (2.)  Via/fi  +  VaXVa-Vs). 

(3.)  (1-Vi  +  V3)/(1  +  V2+V3)  +  (1-V2-V3)/(1  +  V2-V3). 

{i. )  (3  -  V5)/(  V3  +  V5)'  +  (3  +  V5)/(  V3  "  V5)=- 

(5.)  V6/(V3  +  V5-W2)-V2/(V3  +  V2-\/5). 

(6.)  (7-2V5)(6  +  V7)(31  +  13V5)/(8-2V^)(3  +  \/5){ll  +  4V7). 

(7.)  V(2S  +  10V0).  (8.)  V(3/2+V2)- 

.  (8.)  V{123-22V2).  (10.)  v'(l*V'2  +  12V2e). 

'(tl.)  V[(8  +  4V10)/(8-4V10)!. 
(12.)  V(7  +  *V3)+V(6-2V6). 
(13.)  V(15-4V1*)  +  1M1S+*V14)- 
(14.)  l/v'(16  +  2V63)+lMie-2V63). 
(15,)  l/V(18V3  +  6V21)  +  V'[lfiV3-fiV2I). 

(16.)  Calculate    to   five  places  of   decimals  the   value   of   {■v'(6  +  2v'fi) 
-V'(5-2V8)I/M6  +  2V8)  +  V(6-2V8)!. 

(17.)  Calculate  to  aeveu  places  of  decimals  the  value  of  V(V^  + V13) 

+  V(V1S-V13). 


_^    Simplify — 

\  (IS.)  Vls+VC-j'Jj+Via-VP-;')!- 
(19.)  v{«+>-t+!V('(«-<))|. 
(20.)  vl»"-n-V(«"-«l. 


l-',/{(>-,-J^)(f^p-.))- 

(Si)  s)i.»th.tv{8+v(2-v«;  =  .\/{'-^'|^"^''} 


s/{^- 


■V(2 +  v/2)  1 


'^  '1 


\. 


\. 
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(25.)  M  a'd  =  hc,  then  »s/{a  +  \/b  +  \/c  +  ^d)  can  always  bo  expressed  in 
the  form  (\/-*'+\/2/)(\/^+ n/^')-  Sliow  that  this  will  Iw  advantageous  if 
a-  -  h  an<l  a-  -  c  arc  perfect  s<inares. 

(26.)  If  ^(<f  + V*)=^  + Vi/i  where  a,  />,  ;»*,  y  arc  rational,  and  ^b  and 
V?/  irrational,  then  ^{a-\/h)=x-  ^Jy.  Hence  show  that,  if  rt--6  =  r*, 
where  z  is  rational,  and  if  x  be  such  that  4ar*-3j3=a,  then  ^{ti-\-\/h) 
=x+\/{^"-z). 

(27.)  Express  in  linear  form  -^(99  -  35 V8). 

(28.)  ,.  „  ^(395  +  93Vl8). 

(29.)  „  „  >C/(n7V2  +  74V5). 

(30.)  Show  that  4/(90  +  34V7)-  -<!^(90- 34V7)  =  2\/7. 

(31.)  If  j;=  v^(2^  +  ?)+  \/{p-ql  and  p^-r  =  r^,  show  that  ar»-3ra;-2i? 
=  0. 

5  1  1 

(32.)  Upy  -\-qy  +r=Oy  whore  jp,  y,  r,  y  are  all  rational,  and  y^  irrational, 
then  p  =  0,  q  =  Of  r=0.     Ilcuce  .show  that,  if  x,  y,  s  be  all  rational,  and 

^  t  y  >  ~  all  irrational,  then  neither  of  the  equations  a!*  +  y  =2,  x  +y  =z^  is 
possible. 

(33.)  Find,  by  the  full  use  of  the  ordinary  rule,  the  value  of  \/l^  t^  5 
places  of  decimals ;  and  find  as  many  more  figures  as  you  can  by  division 
alone.     Use  the  value  of  -y/lO  thus  found  to  obtain  \/'004. 

j     Extract  the  square  root  of  the  following : — 
sy  (34.)  {yz  +  zx-^xyf  -  4xijz{z  +  x). 

(35.)  25a^  +  9f  +  sP-^6yz-10zx-Z0xy. 

(36.)  9JC*  +  24a:»  +  10ic2-8.i;+l. 

(38.)  4ai^-l23rhj  +  253phf -24x1/ +  ley*, 

(39.)  JC«-6a?*  +  4ar»  +  9ar»-12a;  +  4. 

(40.)  4a^-12a:»  +  5ar*  +  22j5»-23jr-8a;+16. 

(41.)  27{p+q)^{p^  +  ff-2{p^+4pq  +  q^y'. 
"TI42.)  aP-2xy/x  +  ^x-2\/x+'l. 

(43.)  Extract  the  cube  root  of 

&c»  -  12j:8  +  6af  -  37a^ + 3&c5  -  9a^  +  54  js  -  27.C2  -  27. 
(44.)  Extract  the  cube  root  of 

lS(p^-^jPq+pf  +  f)±2s/Z{5p'  +  Sp^  -  ZjHi^-  -  .V). 

(45.)  Show  that  \  can  bo  determined  so  that  x*  +  6Jc^  +  7ar-6j;  +  \  shall  be 
an  exact  square. 

(46.)  Find  a,  6,  c,  so  that  Qfi-S^  +  aji*  +  bx^  +  air-44x+4  shall  be  an 
exact  square.  \ 

(47.)  If  aic*+6jc^  +  ca:^  be  subtracted  from  {x^-\-2x  +  4'f  the  remainder  is  an 
exact  square ;  find  a,  6,  e. 

(48.)  l{afi-\-a3fi  +  b3i^-^ai^+dxP-\-ex+/he  an  exact  square,  show  that 

d=^*-ia'b  +  ib^  +  iac, 

e=-  ^s  +  Ja»6  -  Ja^c  -  ^ab-  +  ^bc, 


(37.)  a:*-4ar»  +  2ar5+4x  +  l. 
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And  that  the  sqnare  root  is 

ar»  +  irtj^*  +  ( -  ia» + J  J)aj  +  (iV»^  -  Jffft  +  Jc). 

(49. )  4a^ + 12^''*  +  6 jr*  -  2^;*  are  th©  first  four  terms  of  an  exact  square ;  find 
the  remainiug  three  terms. 

(50.)  If  a:«+3(ic'  +  fjr«+/F»+flr2j»+Aa:+*»  be  a  perfect  cube,  find  ite  cube 
root ;  and  determine  the  coefficients  e,  f,  g,  A,  in  terms  of  d  and  k, 

(61.)  Show  that 

ft3(a-6)(c-6){(a-6)3+(c-6)»}-aWK«^+«')  +  &^«-^+c) 
is  an  exact  cube. 

(52.)  Express  V{l+a;+x'+flB'  +  .  ,  ,  ad  oo]   in  the  form  rt+&c+caB*+ 
.  .  .  as  far  as  the  4th  power  of  x.    To  how  many  terms  does  the  square  of 
your  result  agree  with  1  +a'+a:*+a'+.  .  .  ? 

(53.)  Express,  by  means  of  tlie  ordinary  rule  for  extracting  the  square 
root,  l^{\-x)  as  an  ascending  series  of  integral  powers  of  a^  as  far  as  the 
4th  power. 

(54.)  Express  >/(x+l)  as  a  descending  series  of  powers  of  ar,  calculating 
six  terms  of  the  series. 

(55.)  Show  tliat  Lambert*s  theorem  (chap,  ix.,  §  9)  can  be  used  to  find 
rational  approximations  to  surd  numbers.  Apply  it  to  show  that  \/2  =  1  +  1/2 
-  1/2.5  + 1/2.5.7  -  1/2.5.7.197  approximately ;  and  estimate  the  error. 
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CHAPTER  XII. 
Complex  Numbers. 

ON   THE   FUNDAMENTAL   NATURE   OF  COMPLEX   NU3IBERS. 

§  1.]  The  attempt  to  make  certain  formulae  for  factorisation 
as  general  as  possible  has  already  shown  us  the  necessity  of  in- 
troducing into  algebra  an  imaginary  unit  i,  having  the  property 
i*  =  -  1.  It  is  obvious  from  its  definition  that  i  canmt  be  equal  to 
any  reed  quantity y  for  the  squares  of  all  real  quantities  are  positive. 
The  properties  of  i  as  a  subject  of  operation  are  therefore  to  be 
deduced  entirely  from  its  definition,  and  from  the  general  laws 
of  algebra  to  which,  like  every  other  algebraical  quantity,  it 
must  be  subject 

Since  t  must,  when  taken  along  with  other  algebraical  quan- 
tities, obey  all  the  laws  of  algebra,  we  may  consider  any  real 
multiples  of  t,  say  yi  and  y'i,  where  y  and  y'  are  positive  or 
negative,  and  we  must  have  yi  =  iyy  yi-^yi  =  {y  +  ij)i  =  i(y  +  y')> 
and  so  on ;  exactly  as  if  t  were  a  real  quantity. 

By  taking  all  real  multiples  of  i  from  -  oo  i  to  +  oo  t,  we  have 
a  continuous  series  of  purely  imaginary  quantity, 

—  GO  i .  .  .  -  t  .  .  .  Oi  .  .  .  +  t .  .  .  +  00 1  I., 

whose  unit  is  t,  and  which  corresponds  to  the  series  of  real 
quantity, 

-00    ..    .-1.    .     .0.     .    .+  1..     .  +  00  II., 

whose  unit  is  1. 

No  quantity  of  the  series  I.  (except  Oi)  can  be  equal  to  any 
([uantity  of  the  series  II.,  for  the  square  of  any  real  multiple  of  i, 
say  yi,  is  yV  =  y*(  -  1)  =  -  y*,  that  is,  is  a  negative  quantity. 
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Hence  iw  purely  ima/jfinary  quantity  except  Oi  can  be  equal  to  a  real 
quantity.  Since  Ot  =  (  +  a  -  a)t  =  +  {ai)  -  (a«)  =  0,  if  the  same 
laws  are  to  apply  to  imaginary  as  to  real  quantity,  we  infer  thai 
Oi  =  0.  Hence  0  is  the  middle  value  of  the  series  of  purely 
imaginary,  just  as  it  is  of  the  series  of  real  quantity ;  it  is,  in 
fact,  the  only  quantity  common  to  the  two  series. 

Conversely^  if  yi  =  0,  we  infer  that  y  =  0.  For,  since  yi  =  0, 
yix  yi  =  Oj  that  is,  -  y'  =  0 ;  hence  y  =  0. 

§  2.}  If  we  combine,  by  addition,  any  real  quantity  x  with  a 
purely  imaginary  quantity  yi,  there  arises  a  mixed  quantity  x  +  yiy 
to  which  the  name  complex  number  is  applied. 

We  may  consider  the  infinite  series  of  complex  numbers 
formed  by  giving  all  possible  real  vahies  to  x,  and  all  possible 
real  values  to  y.  We  thus  have  a  doubly  infinite  series  of  com- 
plex quantity.  The  student  should  note  at  the  outset  this  double 
character  of  complex  quantity,  on  account  of  the  contrast  which 
thus  arises  between  purely  real  or  purely  imaginary  quantity 
on  the  one  hand,  and  complex  quantity  on  the  other.  Tims  there 
is  only  one  way  of  varying  z  continuously  (without  repetition  of 
intermediate  values)  from  -  1  to  +2,  say,  if  ;:  is  to  be  always 
real ;  and  only  one  way  of  varying  z  in  like  manner  from  -  i  to 
+  2i,  if  z  is  to  be  always  purely  imaginary.  But  there  are  an 
infinite  number  of  ways  of  varying  z  continuously  from  -  1  + 1 
to  2  +  3i,  say,  if  there  be  no  restriction  upon  the  nature  of  z, 
except  that  it  is  to  be  a  complex  number. 

This  will  be  best  under- 
stood if  we  adopt  the 
diagrammatic  method  of 
representingcomplex  niini- 
bors  originally  suggested 
by  Argand. 

Let    XOX',   YOY'   be 
two  rectangular  axes.  Wo 
shall  call  XOX'  the  axis  of 
^'G.  1.  reiil   quantity,  or  ;r-axis  ; 

and  VOY'  the  axis  uf  purely  imaginary  (quantity,  or  y-axis.     To 
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represent  any  complex  number  x  +  yi  we  metosure  from  0  (called 
the  origin)  a  distance  OM,  containing  o-  units  of  length,  to  the 
right  or  left  according  as  a;  is  positive  or  negative ;  and  we  draw 
MP,  containing  y  units  of  length,  upwards  or  downwards  accord- 
ing as  y  is  positive  or  negative.  The  point  P,  or,  as  is  more 
convenient  from  some  points  of  view,  the  "  radius  vector  "  OP,  is 
then  said  to  represent  the  complex  number  x  +  yi.  It  is  obvious 
that  to  every  conceivable  complex  number  there  corresponds  one 
and  only  one  point  in  the  plane  of  XX'  and  YY' ;  and,  conversely, 
that  to  every  one  of  the  doubly  infinite  series  of  points  in  that 
plane  there  corresponds  one  and  only  one  complex  liumber. 

If  P  lie  on  the  axis  XX',  then  y  =  0,  and  the  number  x  +  yi  \s 
wholly  real.  If  P  lie  on  the  axis  YY',  then  a:  =  0,  and  x  +  yiis 
wholly  imaginary.  Now  there  is  only  one  way  of  passing  from 
any  point  on  XX'  to  any  other  point,  if  we  are  not  to  leave  the 


axis,  namely,  we  must  pass 
along  the  a:-axis ;  and  the 
same  is  true  for  the  axis  YY'. 
If,  however,  we  are  not  re- 
stricted as  to  our  path,  there 
are  an  infinity  of  ways  of 
passing  from  one  point  in  the 
plane  of  XX'  and  YY'  to  any 
other  point  in  the  same 
plane.     If  we  draw  any  con- 
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tinuous  curve  whatever  from  P  to  Q,  and  imagine  a  point  to 
travel  along  it  from  P  to  Q,  the  value  of  x  corresponding  to  the 
moving  -  point  will  vary  continuously  from  the  value  OM  to  the 
value  ON,  and  the  value  of  y  in  like  manner  from  MP  to  NQ. 
Hence  there  are  as  many  ways  of  varying  x  +  yi  from  OM  +  MPi 
to  ON  +  NQi  as  there  are  ways  of  drawing  a  continuous  curve 
from  P  to  Q. 

Similar  remarks  apply  when  P  and  Q  happen,  as  they  may 
in  particular  cases,  to  be  both  on  the  ar-axis,  or  both  on  the 
^-axis,  provided  that  there  is  no  restriction  that  the  varying 
quantity  shall  be  always  real  or  always  imaginary.     There  are 
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many  other  properties  of  complex  numbers,  which  are  best  under- 
stood by  studying  Argand's  diagram,  and  we  shall  return  to  it 
again  in  this  chapter.  In  the  meantime,  however,  to  prevent 
confusion  in  the  mind  of  the  reader,  we  shall  confine  ourselves 
for  a  little  to  purely  analytical  considerations. 

§  3.]  If  x  +  iji  =  0,  then  a;  =  0,  y  =  0.*  For  it  follows  from 
x  +  yi  =  0  that  x=  -yi.  Hence,  if  y  did  not  vanish,  we  should 
have  a  real  quantity  x  equal  to  a  purely  imaginary  quantity  -  yi^ 
which  is  impossible.  We  must  therefore  have  ^  =  0 ;  and  conse- 
quently x=  -  Oi  =  0. 

Cor.  Hence  if  x  +  yi  =  x'  +  ij%^  then  must  x  =  x'  and  y  =  y*. 

For  «  +  yi  =  jc'  +  y'i  gives,  if  we  subtract  xf  +  i/i  from  both  sides, 

(x-ic')  +  (y-y')t  =  0. 
Hence  x-x'  =  0,     y-y'  =  0, 

that  is,  x  =  x\  y  =  t/' 

RATIONAL  FUNCTIONS   OF  COMPLEX   NUMBERS. 

§  4.]  We  have  seen  that  so  long  as  we  operate  upon  real 
quantities,  provided  we  confine  ourselves  to  the  rational  opera- 
tions— addition,  subtraction,  multiplication,  and  division,  we 
reproduce  real  quantities  and  real  quantities  only.  On  the 
other  hand,  if  we  use  the  irrational  operation  of  root  extraction, 
it  becomes  necessary,  if  we  are  to  keep  up  the  generality  of 
algebraical  operations,  to  introduce  the  imaginary  unit  i.  We  are 
thus  led  to  the  consideration  of  complex  numbers.  The  ques- 
tion now  naturally  presents  itself,  "  If  wo  oi)orate,  rationally  or 
irrationally,  in  accordance  with  the  general  laws  of  algebra  on 
quantities  real  or  complex  as  now  defined,  shall  we  always  re- 
produce quantities  real  or  complex  as  now  defined ;  or  may  it 
happen  that  at  some  stage  it  will  be  necessary  in  the  interest  of 
algebraic  generality  to  introduce  some  new  kind  of  imaginary 
quantity  not  as  yet  imagined  1 "  The  answer  to  this  question 
is  that,  so  far  tit  least  as  the  algebraical  operations  of  addition, 

*  Here  and  liLTeaftcr  in  this  chapter,  when  we  write  the  fonn  .r  +  ///,  it  is 
understood  tliat  tliis  denotes  a  complex  number  in  its  simplest  form,  so  that 
.1-  and  y  are  real. 
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subtraction^  multiplication,  division,  and  root  extraction  are 
concerned,  no  further  extension  of  the  conception  of  algebraic 
quantity  is  needed.  It  is,  in  fact,  one  of  the  main  objects  of  the 
present  chapter  to  prove  that  algebraic  operations  on  complex 
numbers  reproduce  only  complex  numbers. 

§  5.]  The  sum  or  product  of  any  nwmber  of  complex  numbers^  and 
the  quotient  of  two  complex  numbers^  rnay  he  expressed  as  a  complex 
number. 

Suppose  we  have,  say,  three  complex  numbers,  a;,  +  y,t,  x^  +  yjt, 
jCa  +  yjk,  then 

(a^  +  y,i)  +  (a:,  +  y«t)  -  {x^  +  y^x)  =  {x,  +  ic,  -  a^)  +  (y,  +  y,  -  y^)i, 
by  the  laws  of  algebra  as  already  established. 

But  x^+x^-  x^  and  y^-^-y^-  y^  are  real,  since  x^,  x^  x^,  y^,  y„  y, 
are  so.  Hence  (^i  +  a;,  -  a^)  +  (y,  +  y,  -  y^i  is  in  the  standard  form 
of  a  complex  number.  The  conclusion  obviously  holds,  however 
many  terms  there  may  be  in  the  algebraic  sum. 

Again,  consider  the  product  of  two  complex  numbers,  x^  +  y^i 
and  x^  +  yjt.     We  have,  by  the  law  of  distribution, 

{x,  +  yfy  (ajg  +  yj)  =  x,x^  +  y^^?  +  x^ji  +  x^^i. 

Hence,  bearing  in  mind  the  definition  of  t,  we  have 

(«i  +  yiO  {x^  +  yj)  =  {x,x^  -  yiya)  +  {xxV^  +  »^i)», 

which  proves  that  the  product  of  two  complex  numbers  can  be 
expressed  as  a  complex  number. 

To  prove  the  proposition  for  a  product  of  three  complex 
numbers,  say  for 

P  =  (aJi  +  yiO  {x^  +  y,0  (a^,  +  ysO, 

we  have  merely  to  apply  the  law  of  association,  and  write 

We  have  already  shown  that  the  function  within  the  crooked 
brackets  reduces  to  a  complex  number ;  hence  P  is  the  product 
of  two  complex  numbers.  Hence,  again,  by  what  we  proved 
above,  P  reduces  to  a  complex  number.  In  this  way  we  can 
extend  the  theorem  to  a  product  of  any  number  of  complex 
numbers. 
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Lastly,  consider  the  quotient  of  two  complex  numbers.  We 
have 

aJ.  +  ya»         (a^)'  -  M'     ' 

.  x;-^y;  ' 

_  /a?igi  +  yiyg\  _  /^yg-^\ . 
~U/+y.V    V"?T]^r 

This  proves  that  the  quotient  of  two  complex  numbers  can 
always  be  reduced  to  a  complex  number. 

Cor.  1.  Since  every  rational  function  involves  only  the  opera- 
tions of  addition,  subtraction,  multiplication,  and  division,  it 
follows  from  what  has  just  been  shown  that  every  rational  function 
of  one  or  more  complex  numbers  can  be  reduced  to  a  complex  number. 

If  <t^x  +  yi)  be  an  integral  function  oix  +  yi,  whose  coefficients 
are  all  real,  and  we  reduce  it  to  the  form  X  +  Yt,  where  X  and  Y 
are  real,  then  it  is  obvious  that  X  can  contain  only  even  powers 
of  y,  and  Y  only  odd  powers  of  y.  If,  therefore,  we  change  the 
sign  of  y,  X  will  remain  unaltered,  and  Y  will  simply  change  its 
sign.     Hence,  if  </>(«  +  yi)  =  X  +  Yi,  then  </>(«  -  yi)  =  X  -  Yi. 

Cor.  2.  If  <ti{x  +  yi)  be  any  rational  function  of  x  +  yi,  having  all 
its  coefficients  real,  and  if 

</)(a;  +  yi)  =  X  +  Yi, 
then  <f>{x  -  yi)  =  X  -  Yi. 

Cor.  3,  Still  more  generally,  if  </)(a;,  +  y^i,  x^  +  yai, .  .  . ,  aVi  +  VtS) 
be  any  rational  fundion  of  n  complex  numbers,  heaving  all  its  coefficients 
real,  and  if 

</>(aJi+yii,     0C9  +  y2h     .  .  .,     Xn  +  yJ)  =  '^  +  Yi, 
then        <l){x,  -  y^i,    x^  -yji,     .  .  . ,     x^-  yj)  =  X  -  Yi. 

Cor.  4.  If  all  the  coefficients  of  the  integral  function  <^<?)  be 
real,  and  if  ff^z)  vanish  when  z  =  x  +  yi,  then  </)(-e)  vanishes  wften 
z  =  x-  yi, 

*  Hero  we  perform  an  operation  which  we  might  describe  as  "realising" 
the  denominator  j  it  is  analogous  to  the  process  of  rationalising  described  in 
chap.  z. 
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For,  by  Cor.  1,  <f){x  +  yi)  =  X  +  Yi  where  X  and  Y  are  real. 
Hence,  if  <^a;  +  yi)  =  ^i  ^e  have  X  +  Yi  =  0.  Hence,  by  §  3,  X  =  0 
and  Y  =  0.     Therefore  <^a;  -  yi)  =  X  -  Yi  =  0  -  Ot  =  0. 

Cor.  5.  If  all  the  coefficients  of  the  integral  function  <f>(Zij 
^81  •  •  •  I  ^n)  be  real,  and  if  the  function  vanish  when  z^,  z^  ,  .  . ,  z^ 
are  equal  to  x^  +  y^iy  x^  +  yai,  .  .  . ,  x^  +  yni  respectively,  then  the 
function  will  also  vanish  when  z^,  z„  .  .  . ,  Zn  are  equal  to  Xi  -  y^i, 
^a  ^Vah  '  '  '  y  ^n-  Vn^  respectively. 

Example  1. 

3{3  +  2i)-2{2-8i)  +  (6  +  8i)  =  9  +  6t-4  +  6i  +  6  +  8i, 

=  ll  +  20t. 
Example  2. 

(2  +  8i){2-6i)(3  +  2i)  =  (2-6i)(6-6  +  9i  +  4i), 

=  (2-5i)13t, 
=  26i  +  65, 
=  65  +  26*. 
Example  3. 

(6+c-at)(c+a-&i)(a  +  6-CT) 

=  {n(6 + c)  -  2*c(6 + c)}  +  {ahc  -  Sa(a  +  6)  (a + c)}  i, 
=  2o4c+  {aJc-2a»-2a«(6  +  c)-3a^i, 
=  2a5c-  {a'+&'+c'+(6  +  c)(c+a)(a  +  6)}i. 
Example  4. 
To  show  that  the  values  of  the  powers  of  i  recur  in  a  cycle  of  4. 

Wehavei=t.  '?=-!,     i^=.i^xi=-i,       i<=(i^)3=+l, 

i5=i*xt  =  i,     i«=i<xi^=-l,     t^^i^xi^^-i,     i8=t*xt*=+l; 

and,  in  general, 

Example  5. 

3-H6t_(8-H6t)(2-H3i)^6-164-19i_      9      19. 

2-8i"  4  +  9  13        "■     13"^13*" 

Example  6. 

(x+yt)»»=aj"+„Ciaj»-V')  +  nCa«^-'(yiT+.  .  ., 

In  particular 

(x + yi)*= (a^  -  6xV  +  y*)  +  (4«»y  -  4ary»)t. 
Example  7. 

♦V  ^/«    ox     (2  +  3t)«-(2  +  3i)  +  l 

then  ^2^^^3^)=;24.3^)^+(2  +  8i)  +  r 

-5  +  12i-2-8i  +  l 
""-6  +  12i  +  2  +  8i+l* 


t*«+a=-.l, 


i4n+«=-i,  ^4(f.+l)=+l. 
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CHAP. 


_-6  +  9i  _8(-2+8i)(-2-150 
-2  +  15i""  229  * 

=j9{4  +  45-6t+8W}, 

147  .   72  . 


229  '  229 

From  this  we  infer  that 

^o    ^.,    147     72  . 
^^"^*)  =  229"2r9*' 

a  conclusion  which  the  stadent  shoold  yerify  by  direct  calcolation. 


CONJUGATE  COMPLEX  NUMBERS,   NORMS,  AND  MODULI. 

§  6.]  Two  complex  numbers  which  di£fer  only  in  the  sign 
of  their  imaginary  part  are  said  to  be  conjugaie.  Thus  -3-21 
and  -  3  +  2i  are  conjugate,  so  are  -  4i  and  +  4i ;  and,  generally, 
x-k-yi  and  x-yL 

Using  this  nomenclature  we  may  enunciate  Cor.  3  of  §  5 
as  follows : — 

If  the  coefficients  of  the  rational  function  <^  be  real,  then 
the  values  of 

and  <K^i-yih     ^-Vih     •  .  M     a^n-yn*)» 

where  the  values  of  the  variables  are  conjugate,  are  conjugate 

complex  numbers. 

The  sum  and  tlie  product  of  two  conjugate  complex  numbers  are 
real. 

For  (a;  +  yi)  +  (a;  -  yi)  =  2x, 

and  (x  +  yi)(x  -  yi)  =  aj"  -  y V  =  aj"  +  y". 

Conversely,  if  both  the  sum  and  the  product  of  two  complex  numbers 
be  real,  then  either  both  are  real  or  they  are  conjugate. 

For  let  (x  +  yi)-\'(oif +  y'i)  =  s  (1), 

(x  +  yi){xf  +  y'i)=p  (2), 

where  both  s  and  p  are  real 

We  may  write  (1)  and  (2)  as  follows, 

{x  +  2f)  +  {y  +  y')^  =  s  (1'), 

(xsf  -  yy')  +  (ay  +  x'y)i  =p  (2'). 
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From  (V)  and  (2')  we  infer,  by  §  3,  that 

x  +  xf      =5  (3),  y  +  y'      =0  (4), 

xxS^yxf^'p  (5),  ay  +  a;'y=0  (6), 

Now  (4)  gives  y'  =  -  y,  and  this  reduces  (6)  to 

y(a:'-a;)  =  0  (7). 

Hence  either  y  =  0  or  0^-2;  =  0. 

If  y  =  0,  then  y'=  -y  =  0,  and  the  two  complex  numbers 
are  both  real. 

If  a/  -  a;  =  0,  then  7!  -x.     Hence,  since  y'  =  -  y,  we  have 

that  is  to  say,  7!  +  y'i  is  the  conjugate  of  a;  +  yi. 

The  equations  (3)  and  (5)  enable  us  to  calculate  the  values 
of  X  and  y,  and  therefore  of  x!  and  y',  in  terms  of  5  and  jp.  The 
results  are  a;  =  a;'  =  s/2,  y=i  -^  =i  J(p  -  sY4),  as  the  reader  will 
easily  verify. 

I       §  7.]  By  the  norm  of  the  complex  number  aj  +  yi  is  meant 
«*  +  y* ;  this  is  often  denoted  by  norm  (x  +  yi),  so  that 

norm  (x  +  yi)  =  a;*  +  y*. 
We  have  also  norm  (x  -  yi)  =  aj*  +  ( -  y)'  =  aj*  +  y*. 

Hence,  since  (x  +  yi)(x  -  yi)  =  of  +  t^y  it  follows  that  a  complex 
number  and  its  conjugate  have  the  same  norm  /  and  the  norm  is  the 
product  of  the  two. 

By  the  modulus  of  a  complex  number  is  meant  the  positive 
value  of  the  square  root  of  the  norm.  The  modulus  of  a;  +  yi  is 
often  denoted  by  mod  (x  +  yi).    We  have,  therefore,  by  definition 

mod  (a; +  yi)=  +  \/{oi^  +  i^. 

It  is  obvious  that  a  complex  number  and  its  conjugate  have  the 
same  wjodvlus ;  and  that  this  modulus  is  the  positive  value  of  the 
square  root  of  their  product. 

In  other  words, 

mod  (a;  +  yi)  =  mod  (a;  -  yi)  =  +  »s/{(x-\-yr){x-yi)}. 

Examples. 

Nonn(-8  +  4i)=(-8)H4»=25. 

Mod(-8  +  4i)=+V{(-8)*  +  4a}=5. 

Mod(-8-4i)=+V{(-8)«  +  (-4)2}=5. 

Mod  (1  +  i)  =  +  V(l* + 1«) = \/2. 
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MOO  i^x  +  yi)^  ^/{^«  +  yi)Mz-  y»)} 


It  Bhotdd  be  noticed  that  if  y  =  0,  that  is,  if  the  complex 
number  be  wholly  real,  then  the  modulus  reduces  to  +  ^sf, 
which  is  simply  the  value  of  x  taken  irith  the  poeitive  sign, 
or,  say,  the  numerical  value  of  x.  For  example,  mod  ( -  3) 
=  +  \/'(-3)*=  +3.  For  this  reason  Continental  writers  fre- 
quently use  "modx,"  where  a;  is  a  real  quantity,  as  an  abbreviar 
tion  for  "the  numerical  value  of  a;"  We  shall  occasioQally 
make  use  of  this  convenient  contraction.* 

For  retuoDS  that  will  be  onderftood  by  nferring  onM  mora  to  S  Z>  the 
ordiDar;  algebraical  ideaa  of  greater  and  leaa  which  apply  to  real  quantitiei 
cannot  be  attached  to  complex  nnmberiL  The  reader  will,  bowevei,  find  that 
for  many  pnrpoua  tha  meaanre  of  the  "  magtiltads  "  of  a  complex  nomber  U 
its  moduloa.  We  cannot  at  the  preaant  ataga  explain  precisely  how  "magni- 
tude" i«  here  to  be  nndentood,  but  wa  may  remark  that,  ia  Aigand'a  diagram, 
the  repreaentatiTe  pointa  of  all  complex  numban  whose  moduli  are  leea  than 
p  lie  within  a  circle  whose  centre  ia  at  the  origin  and  whose  radios  is  p. 

%8.]  1/  a  complex  number  vanish  Us  modulus  vanishes,-  and, 
conversdy,  if  Ike  modulus  vanish  the  complex  nwmSer  vanishes. 

For  if  x  +  yi=0,  then,  by  g  3,  x=0  and  y  =  0.  Hence 
^/(^  +  y')  =  0. 

Again,  if  -J^x'  +  y^  =  0,  then  z*  +  y*  =  0 ;  but,  since  both  x 
and  t/  are  real,  both  x*  and  y*  are  positive,  hence  their  sum 
cannot  be  zero  unless  each  be  zero.     Therefore  x  =  0  and  y  -  0. 

If  tvx>  complex  numiers  are  equal  their  vtodvH  are  equal ;  hut  the 
converse  is  not  true. 

For,  if  x  +  p  =  3;  +ifi,  then,  by  g  3,  x  =  x\  y  =  y'.  Hence 
^/(a='  +  y^=^/(^"  +  y"). 

On   the   other   hand,    it   does   not  follow  from  \/(a'  +  y^ 
=  -/(a;^  +  y")  that  x^x',  y  =  y'.    Hence  the  converse  is  not  true, 
g  9.]  Provided  all  the  coefficients  in  tfi(x  +  t/i)  be  real,  we  have 
seen  {§  5,  Cor.  2)  that  if 

.^a:  +  yO  =  X  +  Y», 
where  X  and  Y  are  real,  then 

,K*-y«)  =  X-Yf. 
Now  norm  ij>(x  +  p)~  norm  (X  +  Yt), 

=  X=  +  Y', 
=  (X  +  YO(X-YO, 
=  <j.{x  +  yi)  4,ix  -  yi). 


llid  many  German  n 


ra  luUoniiifr  him  use  {x\  for  mod^. 
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Hence 

norm  <f>(z  +  yi)  =  ^"^^^  H^  ~"  y*)  =  ^(^  +  yO  <K^  ~  y*)     (1)- 
From  this  again  it  follows,  since  the  modulus  is  merely  the  positive 
value  of  the  square  root  of  the  norm,  that 

nwd  <f)(x  +  yi)  =  rnod  <l>{z  ■- yi)  =  +  '>/<f){z  +  yt)  <f)(z  -  yi)   (2). 
In  like  manner  it  follows  from  §  5,  Cor.  3,  that 
mod  <t)(z,  +  y,i,     z^  +  y^i,     .  .  .,     Zn  +  yJ) 
=  mod  <f>{z^  -  y,t,     x,  -  y,i,     .  ,  .,     a:,*  -  ynO> 
=  +  vl^(a;i  +  yit,    a;,  +  ygt,     .  .  . ,    avi  +  ynO 

x4>(^i-y,iy     z,-y^i,     .  .  .,     av»-ynO]  (3). 

A  similar  theorem  holds  also  for  the  norm. 

The  theorems  expressed  by  (2)  and  (3)  are  very  useful  in 
practice,  as  will  be  seen  in  the  examples  worked  below. 

It  should  be  observed  that  (3)  contains  certain  remarkable 
particular  cases. 

For  example,  let  4>{x,  +  y^i,  z^  +  y^h  .  .  . ,  Xn  +  yn%)  =  («,  +  y^t) 
(Za  +  yj) ...  {zn  +  yniy     Then  we  have 
mod  {{z,  +  y,i)  («,  +  yj)  . . .  (iCn  +  Vni)} 
=  +  \/[(iCi  +  yxO  (aj,  +  y,t) . . .  (xn  +  yni) 

>^  (ag  -  yiO  (a^«  -  y«0 '-»(-«»"  ynO]i 

=  +  v^(a?i'  +  y')  (g,'  +  yg')  ■ . .  (gn'  +  Vn), 

=  ( +  A'  +  yi*)  ( +  v^aj/  +  y,*) . . .  ( +  A7Ty7), 

=  mod  (a?!  +  yii)  x  mod  (ir,  +  y^t)  ^  •  •  •  ^  ^^  (^  +  ^n*)  (4)« 
In  other  words,  the  m^odulus  of  the  product  of  n  complez  numbers 

is  equal  to  the  product  of  their  moduli. 

Again,  let  <^  be  the  quotient  {z^  +  yS)l{z^  +  yj)*     By  (3)  we 

have — 

vc«  +  y«t/         V    V  Va;,  +  y^iJ      \x^  -  ygt/  ) 

+  v/(«.'  +  y/j' 

^  mod  (a;,  -f  y.t) 
mod  (a:^  +  ygi) 


(5). 


>r 


y 


C^    -w^^* 


-  rv\  -^ 
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In  other  words,  the  modulus  of  (he  gwtient  of  too  eompitx  num- 
bo's  is  tlie  quotient  of  th^r  moduli. 

§  10.]  The  particular  cases  (4)  and  (6)  of  last  paragraph  are 
so  im]>ortaiit  that  we  shall  give  an  independent  proof  of  them. 
We  do  so  the  more  willingly  that  we  shall  light  upon  some  in- 
teresting results  by  the  way. 

Consider,  in  the  first  place,  the  product  of  two  complex 
numbers,  x,  +  yit,    x,  +  y^     We  have 

(x,  +  y,i)  (i^  +  W^  =  (iVi  -  yjO +  (*.?■  + aiy,)t ; 
hence 

norm  {{a:,  +  y.i) (x,  +  y^)}  =  norm  {{x^  -  yg^  +  (xj/,  +  ayf,)i}  j 
=  («A  -  V<S.)'  +  (ay.  + 1^,)', 
by  definition ; 

=  ^W  +  y.V  +  i^iV  +  ^%'i 

=  x,\x,'  +  y,*)  +  y,'(y,'  +  a;'), 
=  (^,'  +  y,')(^'  +  y.'), 
-  norm  {x,  +  y,i)  «  norm  (x,  *  y^). 
Hence 

mod  { (3^  +  y,i)  {x,  +  y,t) }  =  mod  (x,  +  y,i)  «  mod  (a^  +  y^). 

Having  proved  the  theorem  for  two  factors,  we  can  establish  it 
for  three  thus — 

Mod  {(x,  +  y,i)  {x,  +  y^)  (x,  +  y,i)} 

=  mod  [{(z,  +  y,t)  {X,  +  t,,i)}(x,  +  y.t)] ; 
=  mod  {{r,  +  y,i)  {x,  +  y,i)}  x  mod  {^i,  +  y,i), 
by  the  case  already  eatablished,  since  (x,  +  y,t)  (x,  +  yj.)  is  a  com- 
plex number ; 

=  mod  (a^  +  y,i)  x  mod  (x^  +  y,i)  x  mod  (x,  +  y,i), 
once  more  by  the  case  first  established. 

By  proceeding  in  this  way  we  establish  the  theorem  for  any 
number  of  factors. 

Cor.  In  the  course  of  tlie  above  demonstration  we  arrived 
at  the  identity 

(^'  +  y,')  (^'  +  y')  =  (•n^s  -  yft)'  +  (■^,?/i  +  ^^^y,)'. 

If  we  give  tor,,  y„  x^,  y^  positive  integral  values,  this  gives  us 
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the  proposition  that  the  product  of  two  iniegerSf  each  of  which  is  the 
sum  of  two  square  integers^  is  itself  the  sum  of  two  square  integers ; 
and  the  formula  indicates  how  one  pair  of  values  of  the  two 
integers  last  mentioned  can  be  found.     Again 

+  (yia%  +  y^^^  +  y^i^  -  y^^^^ 

Hence,  if  we  calculate  the  norm  directly  from  this  last  result, 
and  also  by  the  rule  for  a  product,  we  have 

(^*  +  y^  (^* + y!)  {^ + yt)  =  (^1^%  -  ^iMs  -  ^^x  -  a^iy«)' 

This  shows  that  the  product  of  three  sums  of  two  integral  squares 
is  the  sum  of  two  integral  squares,  and  shows  one  way  at  least  of 
finding  the  two  last-mentioned  integers. 

Similar  results  may  of  course  be  obtained  for  a  product  of 
any  number  of  factors. 

Next  consider  the  quotient  {x^  +  yii)j{x^  +  yj).     We  have 


norm 


\x»  +  y»iy  \\x!  +  y,'J      \  a^'  +  ya'  /    /  ' 


(a^'  +  y/r 

_(x^'^yr)(^"-^y!) 
~      (o^'  +  y.?     ' 


X*  +  yx 
ail  +y2 


Hence 
mod 


norm  (ic,  +  yji) 
norm  {x^  +  y^) 

mod  («,  +  y,i) 
yjkJ  "  mod  (a^  +  yj)' 


K  +  yS\  ^ 

V««  +  y2»/ 


Example  1. 

Find  the  modulus  of  (2  +  8t)  (8  -  2i)  (6  -  4i). 

Mod{(2  +  8i)(3-2i)(6-4i)} 

= mod  (2  +  Si)  x  mod  (3  -  2i)  x  mod  (6  -  4t), 

=  V(13)xV(13)xV(52), 

=26V(18). 


Example  2. 

Find  the  nom  of  (V2+tV8)tV8  +  >\/6)/{V2  +  «V6)- 

f(Vg  +  iV3}(V3  +  .V5)i       f(V2-fV8)(V3-'V5)\ 
"t  V2  +  .V6  /"t   "        V^2-*V6  /' 

_(2  +  3}(3  +  5)_40 
~       2+5  7* 

Eiample  3. 

Find  the  modulufl  of  {(|9  +  t)  +  (^  -  7)*}  {(T  +  «)  +  (T  -  "W  «»  +  ffl  +  ("  - /J)!}- 
The  modulus  is  v'({(/J  +  t)'+GS-t)'}  {{7  +  a)»+{7-«t)'}  l(«  +  p)'+(«-^)'}) 
=  Vi  8(^  +  7^  (7* +  «')(«* +  P')f- 
Example  4. 

To  represent  23  x  20  x  34  as  the  mm  of  two  integnl  Bqaarea. 
Using  tlie  fonnala  of  g  10  wa  hara 
26  X  20x  34  =  (l'+5=)(2'  +  4')(3'  +  5'). 

=  (1.2.3- 1.4.6-2. 6.6-3.6.4)»+(6.2.3  +  4. 3.1  +  6. 1.2-6.4.6)', 
=  124=+ 48=. 

§  11.]  The  modvlns  of  the  sum  of  n  complex  jiwrnJers  is  never 
greater  than  the  sum  of  their  modvJi,  and  is  in  gfjieral  less. 

For  two  complex  numbers,  z,  =  Xi  +  yii,  z,-x,  +  i/,i,  this 
amounts  to  proving  that 

+  s/{(a:.  +  i,)'  +  (y,  +  y^'}>+  '/ix,'  +  y,')+  n/{V  +  y.*)- 

Since  all  the  square  roots  are  positive,  this  again  amounts  to 
proving  that 

(=r.  +  z,)' +  (y,  +  y,)>:..' +  ,,' +  V  +  y."  +  2  VK^.' +  y.-X^,' +  y.-)}; 

that  is,  if  we  subtract  x'  +  y'  +  x'  +  y/  from  both  sides,  we  have 
to  prove  that 

2^>^.  +  2y,y.> 2  s/{ (z,' +  y.')(z.' +  ?.>)} ; 
that  is,  that      ir,z,  +  y,y,J.  «/{(ir,'  +  y,')(3r,'  +  y,')}. 

If  the  left-hand  side  be  negative,  as  might  happen,  then  it 
is  obviously  not  greater  than  the  right,  which  is  positive  by  our 
previous  understanding ;  and  our  theorem  is  established. 

If  the  left-hand  he  positive,  it  will  be  sufficient  to  prove  that 

u-iV/  +  ^x,x^^,  +  t/''j'>-rX'  +  y'y'  +  ^'y'  +  ^'y' ; 

that  is,  that  0 ^J-'y'  +  x'y,'  -  2x,x^iyt ; 

Uiat  is,  that  0  :^  {x^,  -  x^^f. 
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Now,  since  iCi,  x^,  y„  y,  are  all  real  (xif/a  -  x^^Y  cannot  be  less 
than  0,  and  will,  in  fact,  be  greater  than  0  unless  x^i/g  -  x^i  =  0. 
The  theorem  is  therefore  proved  for  two  complex  numbers. 

Consider  now  three  complex  numbers,  ;?i,  z^,  z^.  Then,  re- 
membering that  z^  +  jsTg  is  a  complex  number,  we  see  by  the  case 
just  proved  that 

mod {z^-\-z^-\- z^  =  mod  {{z^  +  z^  +  z^} 

:^mod  {zi  +  z^  +  mod  z^. 
Also,  by  the  case  just  proved, 

mod  {z^  +  z^  :^mod  z^  +  mod  z^. 
Hence  mod  (z^  +  2?,  +  z^  ^  mod  z^  +  mod  z^  +  mod  z^. 

Proceeding  in  this  way  we  establish  the  theorem  for  any 
number  of  complex  numbers.* 

It  will  be  seen  immediately  that  Argand's  diagram  gives  an 
intuitive  proof  of  the  present  theorem. 

§  1 2.]  We  have  seen  already  that,  when  PQ  =  0,  then  either 
P  =  0  or  Q  =  0,  provided  P  and  Q  be  real  quantities.  It  is 
natural  now  to  inquire  whether  the  same  will  hold  if  P  and  Q 
be  complex  numbers. 

If  P  and  Q  be  complex  numbers  then  PQ  is  a  complex 
nimiber.  Also,  since  PQ  =  0,  by  §  8,  mod  (PQ)  =  0.  But  mod 
(PQ)  =  mod  P  X  mod  Q,  by  §  10.  Hence  modPxmodQ  =  0. 
Now  mod  P  and  mod  Q  are  both  real,  hence  either  mod  P  =  0 
or  mod  Q  =  0.     Hence,  by  §  8,  either  P  =  0  or  Q  =  0. 

We  conclude,  therefore,  that  if  PQ  =  0,  then  either  P  =  0  or 
Q  =  0,  whether  P  and  Q  he  real  guantities  cr  complex  numbers, 

DISCUSSION   OF  COMPLEX   NUMBERS  BY  MEANS   OF 

ARGAND'S  DIAGRAM. 

§  13.]  Returning  now  to  Argand's  diagram,  let  us  consider 
the  complex  number  x-{-yiy  which  is  represented  by  the  radius 
vector  OP  (Fig.  1).  Let  OP,  which  is  regarded  as  a  signless 
magnitude,  or,  what  comes  to  the  same  thing,  as  always  having 

*  The  student  will  observe  that  we  cannot  infer  tlie  truth  of  a  similar 
theorem  for  the  norms. 
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the  positive  Bign,  be  denoted  by  r,  and  let  the  angle  XOP, 
measured  counter-clock-wise,  be  denoted  by  0. 

We  have  seen  that  if  OP  represent  a  +  yi,  then  x  and  y  are 
the  projections  of  r  on  X'OX  and  Y'OY  respectiTely,  Hence 
we  have,  by  the  geometrical  definitions  of  cos  B  and  sin  0, 

r=+V(a^  +  /)  (1), 

x/r  =  cos  8,     yjr  ~  sin  B,  (2). 

From  (I)  it  ai)pear8  that  r,  that  is  OP,  is  the  modnlns  of  the 
complex  number.  The  equations  (2)  uniquely  determine  the 
angle  0,  provided  we  restrict  it  to  bs  less  than  2ir,  and  agree 
that  it  is  always  to  be  measured  counterelock-wise  bxna  OX.* 
We  call  0  the  amplitude  of  the  complex  number.  It  follows 
from  (2)  that  every  complex  number  can  be  expressed  in  terms 
of  its  modulus  and  amplitude ;  for  we  have 

a;  +  jrt  =  r(coa  fl  + 1  sin  6)  (3). 

This  new  form  possesses  many  important  advantages. 

Since  two  conjugate  complex 
numbers  differ  only  in  the  sign  of 
the  coefficient  of  t,  it  follows  that 
the  radii  vectorcs  which  represent 
them  are  the  images  of  each  other 
in  the  axis  of  x  (Fig.  3),  Hence 
two  such  have  the  same  modulus, 
as  we  have  already  shown  analytic- 
ally ;  and,  if  the  amplitude  of  the 
one  be  0,  the  amplitude  of  the  other 
will  be  Stt  -  0.  In  other  words,  the 
amplitudes  of  two  conjugate  com- 
con jugate  angles. 

letimes  it  is  more  convenient  to  allow  6  to  iiicrcasc  from  -  ir  to  +  jr ; 
0  tfUplHjso  tlio  raJiua  01'  to  revolve  countor-clock-wisc  fjom  OX'  to 
I,  In  cilhtr  way,  the  amplitude  is  iuiii[acly  dctenuined  nlitn  the 
.3  X  and  II  of  the  complex  uumber  are  given. 
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§  14.]  If  OP,  OQ'  (Fig.  4)  represent  the  complex  numbers 
X  +  yi     and     of  +  y't,    and     if  Y 

PQ  be  drawn  parallel  and  equal 

— > 
to  OQ',  then  OQ  will  represent 

the  sum  of   x  +  yi   and   x'  +  y'i 

For  the  projection  of  OQ  on  the 
a;-axis  is  the  algebraic  sum  of  the 

projections  of  OP  and  PQ  on  the 

same  axis,  that  is  to  say,  the  projection  of  OQ  on  the  x-axis  is 

X  +  x'.  Also  the  projection  of  OQ  on  the  y-axis  is,  by  the  same 
reasoning,  y  +  Z-  Hence  OQ  represents  the  complex  number 
(x  +  x')  +  (y  +  y%  which  is  equal  to  (a;  +  yi)  +  {x'  +  y'i). 

By  similar  reasoning  we  may  show  that  if  OP,,  OPg,  OPg,  OP4, 

OPa,  say,  represent  five  complex  numbers,  and  if  PiQ,  be  parallel 

and  equal  to  OP,,  Q^Qg  parallel  and  equal  to  OPg,  and  so  on,  then 

OQ5  represents  the  com- 
plex number  which  is 
Pb  the  sum  of  the  complex 
numbers  represented  by 
0P„  0P„  OP3,  0P„ 
Q4   OP,. 

This  is  precisely  what 
is  known  as  the  polygon 
law  for  compounding 
vectors.  Since  OQ5  is 
never  greater  than  the 
perimeter  OPiQ^QsQ^Q,, 
and  is  in  general  less. 
Fig,  5  gives  us  an  in- 
tuitive geometrical  proof 
that  the  modvlus  of  a  svm  of  complex  numbers  is  in  general  less  than 
the  sum  of  their  modtUi     It  is  equally  obvious  from  Fig,  4  tluit  Vie 
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modulus  of  the  sum  of  ttoo  complex  numbers  is  in  general  greater  than 
the  difference  of  the  moduli,  '*  Sum  of  complex  numbers  "  in  these 
theorems  means,  of  course,  algebraic  sum. 

§  15.]  K  we  employ  the  new  form  obtained  for  a  complex 
number,  and  work  out  the  product  of  two  complex  numbers, 
ri(cos  O^  +  i  sin  0^)  and  ra(cos  S^  +  i  sin  0,),  we  have 

ri(cos  6i  +  i  sin  6^)  rJ(cos  ^g  + 1  sin  0^) 
=  »*i^a{(cos  $1  cos  0,  -  sin  ^^  sin  6^  +  (sin  6^  cos  O^  +  cosOi  sin  0^}, 
=  r,r^{cos  {6,  +  e,)+i  sin  {0^  +  «,)}  (1). 

We  thus  prove  that  the  product  of  two  complex  numbers  is  a 
complex  number,  whose  modulus  rif,  is  the  product  of  the  moduli 
of  the  two  numbers,  results  already  established ;  and  we  have 
the  new  theorem  that  the  amplitude  of  the  product  is  the  sum  of  the 
amplitudes  of  the  factors. 

This  last  result  is  clearly  general ;  for,  if  we  multiply  both 
sides  of  (1)  by  an  additional  factor,  r3(cos  O^  +  i  sin  ^3),  we  have 

ri(cos  6i  +  i  sin  ^1)  7*^(008  B^  +  i  sin  0^  rj(cos  6^  +  i  sin  ^3) 

=  rira{cos  (^1  +  6i)  +  i  sin  (^1  +  6^)}  rs{co8  ^3  +  i  sin  ^3), 
=  ri?a?3{cos  (^1  -i-  Og  +  ^3)  + 1  sin  {O1  +  6^+  ^3)}, 

by  the  case  already  proved, 

=  ri7',r3{co8  {6^  +  6^+  6^)  +  *  sin  (6^  +  6^+  0.^)}. 

Proceeding  in  this  way  we  ultimately  prove  that 

ri(cos  Oi  +  i  sin  0^)  r2(cos  ^,  +  i  sin  6^  . ,  ,  r„(cos  On  +  i  sin  6n) 
=  ^i^« •  •  •  ^n{cos(^i  +  6i  +  ,  ,  ,  +  On)  +  i  sin(^i  +  ^g  +  .  .  .  +  6n)}  (2). 

This  result  may  be  expressed  in  words  thus — 

The  product  of  n  complex  numbers  is  a  complex  number  whose 
modulus  is  the  product  of  the  moduli^  and  whose  amplitude  is  the  sum 
of  the  amplitudes  of  the  n  complex  numbers. 

K  we  put  Ti  =  fg  =  .  .  .  =  r,i,  each  =  1  say,  we  have 

(cos  0^  +  i  sin  ^1)  (cos  ^^  +  i  sin  ^j,) . . .  (cos  S^-^i  sin  ^„) 

=  cos  (^1  +  ^d  +  .  .   .  +  Oj)  +  i  sin  {0^-¥  0^  +  .  .  .  +  0^^    (3). 

This  is  tho  most  general  form  of  what  is  known  as  Demoivres 
Theorem. 
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If  we  put  0^  =  0^  =  ,  ,  ,  =  6ni  each  =  6,  then  (3)  becomes 

(cos  ^  +  i  sin  6)^  =  cos  nO  +  i  sin  nO  (4), 

which  is  the  usual  form  of  Demoivre's  Theorem  *    It  is  an  analy- 
tical result  of  the  highest  importance,  as  we  shall  see  presently. 


Since         cos  ^  -  i  sin  0  =  cos  (27r  -  6)  +  i  sin  (27r  -  ^), 

we  have,  by  (3)  and  (4), 

n(cos  0^-i  sin  6^) 
and  (cos  ^  -  i  sin  6)^ 


cos  (26,)  -  i  sin  (2^,) 
cos  nO-i  sin  7i6 


(3'); 
(4'). 


The  theorem  for  a  quotient  corresponding  to  (1)  may  be 
obtained  thus — 

r(cos  ^  +  i  sin  ^)  _  r(cos  ^  + 1  sin  6)  (cos  ^  -  i  sin  0') 

Ti^Wi^e)  r'(cos  '^  +  sin  '6')  ' 

f 
=  ->  {(cos  ^  COS  ^  +  sin  0  sin  0') 

+  (sin  ^  cos  ^  -  cos  0  sin  ^)i}, 
=  p  {cos  (^  -  ^)  +  i  sin  {$  -  $')}         (5). 

Hence  the  quotient  of  tioo  complex  numbers  is  a  complex  number 
whose  rrwdvlus  is  the  quotient  of  the  moduliy  and  whose  amplitude  is 
the  difference  of  the  amplitude  of  the  two  complex  numbers, 

§  16.]  There  is  an  instractive  way  of  looking  at  the  results 
of  last  paragraph  which  is  worthy  of  the  reader's  notice. 

We  JBAj  write  r(co8  d  + 1  sin  ^)  in  the  form 

r(co8  ^  +  i  sin  6)  l(cos  0  + 1  sin  0)  (1). 

Now  l(cosO +  »  sinO)  is  represented  by  a  vector  OA  of  unit 
length  lying  along  OX.  Hence  we  may  regard  r(cos  ^  + 1  sin  0) 
as  an  operator  which  performs  the  double  function  of  turning 
OA  through  an  angle  0  and  of  lengthening  it  in  the  ratio  r :  1 ; 
so  that  it  finally  converts  OA  into  OP. 

*  This  theorem  was  first  given  in  Demoivre's  Miscellanea  AnaZytica  (Lond. 
1730),  p.  1,  in  the  form 

a;=Jv^{Z+V(w''-l)}+J/^{^+V(^-l)}»  where  a;=cos5,  l^co&nd. 
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If  this  view  of  r(cos  6  +  i  siaO)  be  admissible,  then  in  the 
product 

/(cos ^  + 1  sin  ff) r(cos 0  +  i&m0)  (2) 

/(cos  ^  +  i  sin  0')  must  perform  the  same  function  as  r(cos  0  + 
t  sin  0)  did  in  (1).     That  is  to  say,  r'(cos  ^  + 1  sin  0')  must  be  re- 
garded as  turning  OP  through  an  angle  0^,  and  lengthening  it  in 
the  ratio  r'/r. 

The  final  result  is  clearly  the  same  as  if  we  had  turned  OA 
through  the  angle  0  +  0',  and  lengthened  it  in  the  ratio  r/  :  1. 
In  other  words,  the  operators 

/(cos  ^  +  i  sin  ^)  r(cos  0  + 1  sin  0) 
and  rr'lcos  (^  +  ^)  +  i  sin  (^  +  0')} 

ought  to  be  equivalent. 

This  agrees  with  §  16  (1).  We  can  now  proceed  to  combine 
as  many  operators  of  the  form  r(cos  ^  + 1  sin  ^)  as  we  please ; 
and  we  see  intuitively  that  their  combined  effect  is  that  of  an 
operator  whose  modulus  is  the  product  of  their  moduli,  and  whose 
amplitude  is  the  sum  of  their  amplitudes.  We  thus  obtain  a 
proof,  or  at  least  a  beautiful  illustration,  of  §  1 5  (3)  and  (4). 

IRRATIONAL  OPERATIONS  WITH   COMPLEX  NUMBERS. 

§  17.]  Since  every  irrational  algebraical  function  involves 
only  root  extraction  in  addition  to  the  four  rational  operations, 
and  since  we  have  shown  that  rational  operations  with  complex 
numbers  reproduce  complex  numbers  and  such  only,  if  we  could 
prove  that  the  nth  root  of  a  complex  number  has  for  its  value, 
or  values,  a  complex  number,  or  complex  numbers  and  such  only, 
then  we  should  have  established  that  all  algebraical  operations 
with  complex  numbers  reproduce  complex  numbers  and  such 
only. 

The  chief  means  of  arriving  at  this  result  is  Demoivre's 
Theorem  ;  but,  before  resorting  to  this  powerful  analytical  engine, 
we  shall  show  how  to  treat  the  particular  case  of  the  square  root 
without  its  aid. 

Let  us  suppose  tliat 

J{x  +  yi)  =  X  +  Yi  (1). 
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Then  a;  +  yi  =  X' -  YV  2XYi. 

Hence,  since  X  and  Y  are  real,  we  must  have,  by  §  3, 

X'-V  =  x  (2), 

2XY  =  y  (3). 

Squaring  both  sides  of  (2)  and  (3),  and  adding,  we  deduce 

whence,  since  X'  +  Y*  is  necessarily  positive,  we  deduce 

X'  +  r=  +  v/(a^  +  sO  (4). 

From  (2)  and  (4),  by  addition,  we  derive 

2X'=  +  V(a^  +  y^  +  aj, 


that  is. 

We  therefore  have 


X 


■}     (6). 


In  like  manner  we  derive  from  (3)  and  (4),  by  subtraction,  &c., 

Y=  ±  a/  J-^  J(3t!'  +  f)-x] 

Since  a^  +  i/  is  numerically  greater  than  a?,  +  \/(«'  +  ^  is 
numerically  greater  than  x.  Hence  the  quantities  under  the  sign 
of  the  square  root  in  (5)  and  (6)  are  both  real  and  positive.  The 
values  of  X  and  Y  assigned  by  these  equations  are  therefore  real. 

Since  2XY  =  y,  like  signs  must  be  taken  in  (5)  and  (6),  or 
unlike  signs,  according  as  y  is  positive  or  negative. 

We  thus  have  finally 

if  y  be  positive  ; 


if  y  be  negative. 

Example  1. 

Express  ^(S  +  6i)  as  a  complex  number. 

Let  \/{S  +  6i)=x  +  yi, 

Then  ar-y2=8,     2xy=6. 

Hence  {x^+y^f  =  64  +  ^6  =  100 

Hence  a:'  +  y'  =  10; 

and  x^-y^=S', 

VOL.  I 


(8), 


B 


therefore  2z*=18,     Z/=2. 

Hence  x=  ±S,      y=  ±1. 

Since  2xi/=e,  vre  mnet  have  either  x=+i  and  v=  +1,  or  111= -8  and 
y=-l. 

Finally,  therefore,  we  have 

V(8  +  6i)=±{a  +  i); 
the  cDirectnese  of  which  can  be  immediately  verified  by  aqnariDg. 

Example  2. 

V,3-™^.{y(.ffl±-')-<y('«-')}- 

Example  3. 

Express  i^i  +  i)  anil  V(  ~  ^)  «*  complex  nnmben. 
Let  's/(  +  i)=x  +  vii 

then  (=a?-l(*  +  aiyi. 

Hence  !t'-v'=0  («),  2*v=l  (^). 

From  (a)  we  have  (x  +  y){a:-y)  =  0  ;  that  is,  either  y=  -i  or  y=x.  The 
former  alternative  is  incansiBteiit  ^^ith  (JS) ;  hence  the  latter  must  be  accepted. 
We  then  have,  from  (^),  2i»  =  l,  whence  3r'  =  l/2  ami  ic=±l/V2-  Since 
y=x,  wo  have,  finally, 

Similarly  we  abow  that 

v-(=±':^'  (')■ 

Example  1. 

To  ezprees  the  4th  roota  of  + 1  and  - 1  as  complex  numbcr& 

i/  +  l  =  ^/W+i)  =  ^/±l  =  ^+lor  ^-1  =  ±1  or  ±i. 
Hence  we  obtain  four  <th  roots  of  + 1,  namely,  +1,  - 1,  + 1,  -  i. 
Again  ^''-l  =  ^/(^/-l)  =  v'±'■ 

Hence,  by  Exsmplc  3, 

g  1 8.]  We  now  proceed  to  the  general  case  of  the  nth  root 
of  any  complex  number,  r(co3  ^  +  i  sin  0). 

Since  r  is  a  positive  number,  Z/r  has  (see  chap,  x.,  g  2) 
one  real  positive  valwe,  which  we  may  denote  by  r^/". 

Consider  the  n  complex  nunibera — 
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.,J       iir  +  e      .   .    47r+^\ 

r'"(  COS +  %  sm 1 

\  n  n     / 


(3), 


a/n 


(cos 


2STr+e 


+  tsm 


257r  +  e 


n 


n     / 


(5  +  1). 


.1/n 


(cos 


2(n-l)7r+^ 


+  ism 


2(n-l)7r  +  ^ 


)         (^). 


No  two  of  these  are  equal,  since  the  amplitudes  of  any  two 
diflfer  by  less  than  27r.  The  nth  power  of  any  one  of  them  is 
r(cos  ^  +  i  sin  d) ;  for  take  the  (5  +  l)th,  for  example,  and  we  have 


Ll/n^, 


2^  +  ^      .   .    2sTr 
COS + 1  sm  - 


n 


^or 


257r  +  ^      ,   ,    2sTr 
COS + 1  sm 


n 


257r  +  ^      .  .       257r 
cos  n + 1  sm  n  - 


n 


by  Demoivre's  Theorem, 
=  r(cos  (257r  +  tf)  + 1  sin  {^sir  +  d) ), 
=  r(cos  ^  + 1  sin  9), 
Hence  the  complex  numbers  (1),  (2),  .  .  .,  (n)  are  n  different 
nth  roots  of  r(cos  d  + 1  sin  6), 

We  cannot,  by  giving  values  to  s  exceeding  n  -  1,  obtain  any 
new  values  of  the  nth  root,  for  the  values  of  the  series  (1),  (2), 
.  .  .,  (n)  repeat,  owing  to  the  periodicity  of  the  trigonometrical 
functions  involved.    We  have,  for  example,  r^''*(cos.  (2n7r  +  0)/n  + 
i sin.  (2n7r  +  d)jri)  =  r^(cos.  Ojn  +  i  sin.  Ojn) ;  and  so  on. 

We  can,  in  fact,  prove  that  there  cannot  be  more  than  n 
values  of  the  nth  root  Let  us  denote  the  complex  number 
r(cos  0  + 1  sin  ^)  by  a,  for  shortness ;  and  let  z  stand  for  any  nth 
root  of  a.  Then  must  s^  =  a^  and  therefore  s^-a  =  0.  Hence 
every  nth  root  of  a,  when  substituted  iov  zm  ;s^  -  a,  causes  this 
integral  function  of  2:  to  vanish.  Hence,  \i  z^^z^y,  .  .,  ^r^  be  5  nth 
roots  of  a,  0  -  z^y  z-z^f .  ,  ,f  z-Zg  will  all  be  factors  of  2**  -  cu 
Now  ^i*^  -  a  is  of  the  nth  degree  in  z,  and  cannot  have  more  than 


244  TITH  HOOTS  OF  ±  1  CHiP. 

n  factors  (see  chap.  v„  §  16).  Henc«  a  cannot  exceed  n ;  that  is 
to  say,  there  cannot  be  more  than  n  nth  roots  of  a. 

We  conclude  therefore  that  every  complex  numier  Juu  n  nth 
roots  and  iw  rrun-e  /  afid  each  of  these  nih  roots  can  be  enpressed  as  a 
eonv^ex  number. 

Cor.  1.  Since  every  real  number  is  merely  a  complex  number 
whoso  imaginary  part  vanishes,  it  follows  that  «wry  reai  number, 
toheffier  posilive  or  negative,  has  n  nth  roots  and  no  more,  each  of 
which  is  express&le  as  a  complex  mtmher. 

Cor.  2.  The  imaginary  nih  roots  of  any  reai  number  can  be 
arranged  in  conjugate  pairs.  For  we  have  seen  that,  if  x  +  yi  be 
any  nth  root  of  a,  then  (x  +  yt)"  -  a  =  0.  Hence,  if  a  be  real 
(but  not  otherwise),  it  follows,  by  §  5,  Cor.  4,  that  (x  -  yi)"  -  o  =  0 ; 
that  is,  X  -  yi  is  also  an  nth  root  of  a. 

N.B. — This  does  not  hold  tor  the  roots  of  a  complex  number 
generally. 

g  19.]  Every  real  positive  quantity  can  be  written  In  the 
form 

r(cosO  +  tsinO)  (A); 

and  every  real  negative  quantity  in  the  form 

r(cOS3r  +  isiUff)  (B); 

where  r  is  a  real  positive  quantity.  Hence,  if  we  know  tlio  n 
nth  roots  of  cos  0  + 1  sin  0,  that  is,  of  +  1,  and  the  n  nth  roots  of 
cos  IT  + 1  ein  ff,  that  is,  of  -  1,  the  problem  of  finding  the  n  nth 
roots  of  any  real  quantity,  whether  positive  or  negative,  is 
reduced  to  finding  the  real  positive  value  of  the  nth  root  of  a 
real  positive  quantity  r  (see  chap,  xi.,  §  15). 

By  means  of  the  nth  roots  of  ±  1  we  can,  therefore,  com- 
pletely fill  the  lacuna  left  in  chap,  x.,  §  2.  In  addition  to  their 
use  in  this  respect,  the  wth  roots  of  ±  1  play  an  exceedingly  im- 
portant part  in  the  theory  of  equations,  and  in  higher  algebra 
generally.  We  therefore  give  their  fundamental  properties  here, 
leaving  the  student  to  extend  his  knowledge  of  this  part  of 
algebra  as  he  finds  need  for  it. 

Putting  !■=  1  and  d^d  in  1,  .  .  .,  n  of  g  18,  and  romem- 
boring  that  P'"  =  1,  we  obtain  for  the  «  wtli  roots  of  +  1 
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cos  —  +  »  sin  — 
n  n 
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(1), 
(2), 


2sTr      .   .    2sir 
COS  —  + 1  sin  — 
n  n 


(s+l), 


Putting  r 


2(n- l)7r     .  .    2(n-l)7r 

cos  -^^ —  + » sm — 

n  n 

1,  ^  =  TT,  we  obtain  for  the  nth  roots  of 

IT         .     .      TT 

COS  -  +  *  sin  - 
n  n 

cos  —  + 1  sm  — 
n  n 


(n). 


-1 


(1'), 
(20, 


(2s+lW      .  .    (25+l)7r 
cos  ^ —  + 1  sm  ^ — 


n 


n 


(s^n 


(2w-l)7r      .  .    (2n-l)7r 
cos  i —  + 1  sm  -         - 


n 


n 


(«'). 


Cor.  1.  Since  cos .  2(n  -  l)7r/n  =  cos .  27r/n,  sin .  2(n  -  ly/n 

-  sin .  27r/n  ;     cos  .  2(n  -  2)7r/n  =  cos  .  47r/n,     sin  .  2(7*  -  2)7r/n 

-  sin.  47r/n,  and  so  on,  we  can  arrange  the  roots  of  +  1  as  follows:- 

nth  roots  of  +  1,  n  even,  =  2m  say, 


-  27r  .  .   .    27r  47r  ,  .   .    47r 

+  1,  cos — ±i8m — ,     cos — ±tsin — ,  .  .  ., 
n  n  n  ,  n 

2(m-l)Tr  ^.  .    2(m-l)7r       , 

cos ±tsm  -^^ ,  -  1 

n  n 

nth  roots  of  +  1,  n  odd,  =27n+l  say, 

,  2ir  ,  .   .    2ir  iir  ,  .   ,    ^tt 

+  1,  COS  —  ±  t  sm  — ,     cos  —  ±  *  sm  — ,  .  .  . , 
n  n  n  n 

2m7r      .   .    2ni7r 

cos  —  ±t  sin 

n  n 


(C); 


(D). 
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Similnrlf  me  can  arrange  the  roots  of  -I  ai  foUom  .■ — 
nth  roots  of  -  1,  n  eveo,  =  2m  aaj. 


COB  ^ — - — '—  ± » Bin  i i- 

n  » 

nth  roots  of  -  1,  n  odd,  =  2m  +  1  baj, 

v  Sir  ,  .   ,    3* 

-,   cos  —  ± » Bin  — ,  .  .  ., 

«  n  n 

(2m-l)r^.   .    (2m-l)s-        , 
cofli ^±»Bmi ',  -1 


(E); 


(FX 


From  (C),  (D),  (E),  (F)  we  see,  in  accordance  with  chap,  x., 
§  2,  that  the  nth  root  of  +  1  hna  one  real  value  if  n  be  odd,  and 
two  real  values  if  n  be  even ;  and  that  the  nth  root  of  -  1  has 
one  real  value  if  n  be  odd,  and  no  real  value  if  n  be  even. 

■We  have  also  a  verification  of  the  theorem  of  §  18,  Cor.  2, 
that  ihe  imaginary  root«  of  a  real  quantity  consist  of  a  set  of 
pairs  of  conjugate  complex  numbers. 

Cor.  2.  The  first  of  the  imi^nary  roots  of  -t- 1  in  the  series 
(1),  .  .  .,  (n),  namely,  COB. 2n-/jn- tain. 2ff/n,  is  called  a  jjrimiiiw* 
nth  root  of  +  1,     Let  us  denote  this  root  by  m. 

Then  since,  by  Demoivre's  Theorem, 

.      /        2ff      .    .     25r\'  2Sir      .    .     2sir 

(u*=(co8  —  +  tsm  —  I  =coa —  +  ism — , 

\  ■     n  n/  n  n  ' 

and,  in  particular, 

/       2x     .   .    2jrN»  „        .  .    „ 

(u"  =  I  COS  —  +  t  sin  —  I    =  cos  2ir  +  t  sm  Sir, 

=  1. 

*  By  a  primitivo  imaginary  nth  ront  of  + 1  in  general  is  meant  an  nth  root 
which  is  not  also  a,  root  of  lower  order.  For  piample,  coa.2ir/3  +  i3in.2i/3 
y  a  6th  root  of +],  but  it  ia  also  a  cul)e  root  of  + 1,  therefore  coa.2i/3  + 
tflin.2ir/3  la  not  a  primitive  6th  root  of  +  1,  It  ia  obvious  tbnt  co3.2i/n  + 
t  sin  ,2ir/»  ia  a  primitive  nth  root ;  but  there  are  in  genera!  others,  and  it  may 
bo  shotru  that  any  one  of  these  has  the  property  of  Cor.  2. 
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we  see  that,  if  (a  be  a  primitive  imaginary  nth  root  0/  +  1 ,  then  the 
n  nth  roots  of  +\  are 

(a^  u).,  (t),   .   .   .,0)**  (G). 

Similarly,  if  w'  =  cos.w/n  +  i  sin.Tr/w,  which  we  may  call  a  primitive 
imaginary  nth  root  of  -I,  then  the  n  nth  roots  of  -I  are 

(u'l,  (o'3,  co'5,  .   .   .,  a)'2»-i  (H). 

§  20.]  The  results  of  last  paragraph,  taken  in  conjunction 
with  the  remainder  theorem  (see  chap,  v.,  §  15),  show  that 

Every  binomial  integral  function,  x^  ±  A,  can  be  resolved  into  n 
factors  of  the  1st  degree,  whose  coefficients  may  or  may  not  be  wholly 
real,  or  into  at  most  two  real  factors  of  the  \st  degree,  and  a  number 
of  real  factors  of  the  2nd  degree,* 

Take,  for  example,  a^  -  a**.  This  fanction  vanishes  whenever  we  sub- 
stitute for  X  any  2mth  root  of  a** ;  that  is,  it  vanishes  whenever  x  has  any 
of  the  values  ow,  au^,  •  •  • »  oo)^  where  u  stands  for  a  primitive  2mth  root 
of +1. 

Hence  the  resolution  into  linear  factors  is  given  by 

pAn  _  a^^=(x  -  out)  (x  -  flwtf*) ...  (a;  -  aul^). 

To  obtain  the  resolution  into  real  factors,  we  observe  that,  corresponding 
to  the  roots  +a  and  -a,  we  have  the  factors  x-a,  x+a;  and  that,  corre- 
sponding to  the  roots  a(cos. 5r/m±i sin. 9ir/7ii),  we  have  the  factors 

(sw       .  .    «ir\/  5T  .     .  .    aT\ 

x-acos a»sm —  1 1  a; -a  cos — +ai8m—  1, 
m  m/\  m  my 

a; -a  cos — I  +a^sin'' — , 

=2*  -  2aa;  cos  —  +  a'. 
m 

Hence  the  resolution  into  real  factors  is  given  by 

T  2t 

a5'^-a''*=(a;-a)(aj+a)(a:'-2aa;cos  — +a*)(a^-2aajcos  —  +  a*) . .  . 

We  may  treat  jc^+a**,  a^**+*  -  oP"^'^,  and  a^»»H-i +(i«m+i  jjj  ^  similar  way. 

Example  1. 

To  find  the  cube  roots  of  +  1  and  -1.  We  have  +I  =  l{cos0  +  »8in0}. 
Hence  the  cube  roots  of+1  are 

cos  0  + 1  sin  0,     cos .  2t/3  d:i  sin .  2«-/3, 
that  is  to  say,  +1,  -l/2±iV8/2. 

*  The  solution  of  this  problem  was  fii*st  found  in  a  geometrical  form  by 
Cotes  ;  it  was  published  without  demonstration  in  the  Harmonia  Mensurarum 
(1722),  pw  113.  Demoivre  {Misc.  Anal.,  p.  17)  gave  a  demonstration,  and  also 
found  the  real  quadratic  factors  of  the  trinomial  1  +  2  cos  03f*+a^, 
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Ag&in  -l  =  I(cosr  +  iimT).     Hence  tbs  coba  rooti  of  - 1  ue 

coB.x/3±tnu.T/S,     ooer+ian'r, 
that  U  to  u;,  lj2±i^/SI2,  -  1. 

Eiample  2. 

To   find   the  cn^  Toota  of  l-t-i.     We  bare   l  +  l  =  V2(I/v'2+il/V2) 
=  V2(cOBlG°-t-t  BiD45°}.     Hence  tha  cube  roots  of  l+i&ra 

2*(oosl5'+iMiil5°),    2'(coBl36°+i»inl36°),    2*(eo«2SB*+t«iii265*), 
that  is, 

2*(coBl6*+*Binl6°),     2*(-co8<5'+»am«*),     2*(-M8  75*-*mii76''), 
that  is, 

■.t/ys+liiVa-i-v    J,{_±.iJ^\   M   ys-i    .V3  +  i\ 


that  is, 


(V3+l)+(V3-l)i     -1+i       (V8~l)+(VS+l)i 


Hera  it  will  be  obMired  that  the  roots  are  not  arKUgcd  in  conjugste  pairs,  as 
thej  would  necesaarilj  have  been  had  the  radicand  been  real. 

Example  3. 

To  lind  approximately  odd  of  the  imaginary  7th  roots  of  + 1.    One  of  the 
imaginary  roots  is 

cos  61°25'13"  +  i  sin  61''26'43". 
By  the  table  of  natural  aines  and  cosines,  this  gives 

■8234898+78183181 
as  one  approximate  volne  for  the  7tb  root  of  -I- 1. 

Example  4. 

If  wbe  one  of  the  imaginary  cube  roots  of  +1,  to  show  that  l  +  u  +  u'^O, 
and  that  (wx  +  w'y)(M^  + ivy)  is  real. 

We  have  1 +  u  +  itf==(l -«")/{! -u)  =  0,  since  10"  =  !  andl-u*0. 

Again, 

{iia+ u'y)  (afe  +  oiy)  =  wW+ («*  +  «')ay  + 1^. 

Now  w*!:!  ;  and  u'+bf^^ufu+ii^—u+bf^  -1,  since  l+ii'+<i^=0. 


FUNDAMENTAL  PROPOSITION    IN   THE   THEORY   OF   EQUATIONS. 

§21.]  If  /{z)  =  A„  +  A,z  +  A^+  .  .  .  +A^  he  an  inkgral 
function  of  z  of  the  nlk  degree,  -whose  coefficients  A„,  Ai,  ,  .  .,  A„ 
are  given  complex  numbers,  or,  in  paHiailar,  real  immbcrs:,  vhere,  of 
course,  A„  +  0,  thenf{z)  can  always  he  expressed  as  the  produd  of  n 
factors,  each  of  the  1st  degree  in  x,  sai/z-s^,  z  -  z^,  z-s,,  .  .  ., 
2  -  2n.  ^H  2|.  ■  ■  -1  *n  being  in  general  complex  numbers. 
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It  is  obvious  that  this  proposition  can  be  deduced  from  the 
following  subsidiary  theorem  : — 

One  value  of  z^  in  general  a  complex  number^  can  always  he  found 
which  causes  f{z)  to  mnish. 

For,  let  us  suppose  that  flz^)  =  0,  then,  by  the  remainder 
theorem,  f{z)  =fi(z)  {z  - ;?,),  where  fi{z)  is  an  integral  function  of  z 
of  the  (n  -  l)th  degree.  Now,  by  our  theorem,  one  value  of  z  at 
least,  say  Za,  can  be  found  for  which /(;2r)  vanishes.  We  have, 
therefore,  f{Zi)  =  0  ;  and  therefore  f(z)  =fa{z)  {z  -  z^,  where  /a(;8f) 
is  now  of  the  (n  -  2)th  degree ;  and  so  on.  Hence  we  prove 
finally  that 

f(z)=A(z  -  Z^)  (Z-Z,),,,{Z-  Zn)j 

where  A  is  a  constant 

§  22.]  To  prove  the  subsidiary  theorem  of  last  paragraph, 
we  have  to  show  that  a  value  of  z  can  always  be  found  which 
shall  render  mod  f{z)  smaller  than  any  assignable  quantity.  This 
will  be  established  if  we  show  that  however  small  mod f{z)  be, 
provided  it  be  not  zero,  we  can  always,  by  properly  altering  z, 

make  mod/(^)  smaller  stilL 

Let  us  suppose  that  z  is  altered  to  z  +  h,  where  A  is  a  com- 
plex number,  say  r(cos  ^  + 1  sin  0). 

Since 

f{z  +  h)^A^-¥  A^(z  +  h)  +  At{z  +  Kf  +  .  .  .  +An{z  +  h)^, 
we  have,  arranging  according  to  powers  of  A, 

f{z  +  h)=f(z)  +  B,h  +  BJi'  +  .  .  .  +AnA«  (1). 

Here  A^  depends  neither  on  h  nor  on  z,  and,  by  our  hypothesis, 
cannot  vanish.  Bj,  Bg,  .  .  .,  Bn-i  are  all  functions  of  z,  and 
one  or  more  of  them  may  vanish.  Let  us  suppose  that  B^ 
{m<n)  is  the  first  that  does  not  vanish. 

We  may  divide  both  sides  of  (1)  by /(-?),  and  write 

l%t^^l  + 1-  A"  +  %^' A™+i  + +  ^A»      (2). 

Now  Bto//^^),  &c.,  are  all  complex  numbers,  henco  we  may 
write 

^  =  Om{COS  a,„  +  t  sm  a,„), 
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whoro  bm,  b„^u  &c,  arc  all  finite,  unce  mod^l^?)  is,  by  hTpothe- 

818,   +0. 

Also  A"  =  r"(co8  m0  +  ian  m0),  &c. 

Hence,  using  Demoivr«'s  Theorem,  we  may  write  (2)  in  the 
form 

^-^^yf  =  1  +  J„  r"{co8  (ffld  +  <^»)  +  i  Bin  (m^  +  a«)} 

+  6„+ir"+i{oos(m+ld+o,„+,)  +  i  &in(m+  lfl  +  om+i)} 

+  6„r"{co8  (ntf  +  a„)  + 1  sin  {n6  +  a^)}  (3). 

Hence  we  have  h,  and  therefore  r  and  9,  at  onr  disposal  Let 
us  so  choose  $  that  m^  -i-  a„  =  ir,  and  let  us  denote  the  resulting 
values  of  m+  18  +  a„+„  m  +  2^  +  a,n+„  &c^  hy  ffm+i,  ^'m+n  &c- 

We  then  have,  from  (3), 

•^^^^  =  1  -  S„r™  +  6„+,r™+'(co8  ^„+,  +  i  sin  $'„+,) 


+  fi„r''{cosil'„  +  »sine'„f  (4). 

Now  since  mod(l  -  Jmr"')  =  1 -6,„r",*  and  since  (by  §  11) 
the  modoluB  of  a  sum  never  exceeds  the  sum  of  the  moduli  of 
the  constituents,  we  deduce  from  (4)  that 

mod  (^^^)  >  1  -  6m»™  +  6b,+iT^+'  +  ■  ■  ■+*«»■'* 

Here  r  is  still  at  our  disposal. 

Since  by  making  r  infinitely  small  each  of  the  terms 
^m+i^lbm,  ^m+j'^/^mi  •  ■  -i  ^ii*^"™/^?!!  i^  made  infinitely  small, 
and  therefore  tlioir  sum  is  made  infinitely  small,  it  follows  that 
for  some  finite  value  of  r  the  quantity  inside  the  crooked  bracket 

*  This  assumes,  of  course,  tliat  1  -  b,„r^  is  positive  ;  but  it  iviU  bo  seen 
from  what  follows  thit  wo  may  always  suppose  r"<l/i„,  in  which  ease 
1  -  6»,7~  is  iiositive. 


♦    4 
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on  the  right-hand  side  of  (5)  will  be  positive ;  and  hence  the  whole 
of  the  right-hand  side  of  (5)  can  be  made  <  1  by  making  r  suffi- 
ciently small 

We  conclude  therefore  that  it  is  possible  so  to  choose  r  and 
6,  that  is,  80  to  choose  A,  that 

that  is,  so  that  i^ <  <  i  - 

modf{z) 

that  is,  so  that  mod/(5f  +  h)<  mod  f(z). 

In  other  words,  so  long  as  mod/(<2:)  is  not  zero,  wo  can  so  alter 
;?  as  to  diminish  mod/(-?). 

It  follows  then  that  one  value  at  least  can  always  be  found 
for  z  such  that  mod/(^)  =  0,  that  is,  such  that/(5r)  =  0. 

We  have  now  established  that  in  all  cases 

f(z)  =  A{Z-Z,){Z-'Z^)...{Z-  Zn)y 

where  A  is  a  constant 

z^f  Zg,  .  .  .',  Zn  may  be  real,  or  they  may  be  complex  numbers 
of  the  general  form  x  +  yL  They  may  be  all  different,  or  two 
or  more  of  them  may  be  identical,  as  may  be  easily  seen  by 
considering  the  above  demonstration. 

§  23.]  The  general  proposition  established  in  last  paragraph 
is  equivalent  to  the  following : — 

If  f{z)  be  an  integral  function  of  z  of  the  nth  degree^  there  are 
n  values  of  z  for  which  f(z)  vanishes.  These  values  may  be  real  or 
complex  numbers^  and  may  or  may  not  be  all  unequal. 

We  have  already  seen  in  chap,  v.,  §  16,  that  there  cannot  be 
more  than  n  values  of  z  for  which  f{z)  vanishes,  otherwise  all  its 
coefficients  would  vanish,  that  is,  the  function  would  vanish  for 
all  values  of  z.  We  have  also  seen  that  the  constant  A  is  equal 
to  the  coefficient  A^.     We  have  therefore  the  unique  resolution 

f{z)  =  An{z  -  Z,)  (Z-Z^)..,(Z-  Zn). 

§  24.]  If  the  coefficients  of  f{z)  be  all  real,  then  we  have 
seen  that  if  f(x  +  yi)  vanish  f{z  -  yi)  will  also  vanish.  In  this 
case  the  imaginary  values  among  z^  z^^  .  .  ,^  z^  will  occur  in 
conjugate  pairs.  ^  .    .  t 
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If  a  +  j8i,  a  -  ^i  be  Bnch  a  conjiigate  pair,  then,  correspond- 
ing to  them,  we  have  the  factor 

that  is  to  say,  a  real  factor  of  the  2nd  degree. 

It  may  of  course  happen  that  the  conjugate  pair  a.  ±  /3t  is 
repeated,  say  s  times,  among  the  values  z^,  z^  .  .  .,  z^  In  that 
case  we  should  have  the  factor  (z  -  a)'  +  )6*  repeated  i  times ;  so 
that  there  would  be  a  factor  {(z  -  a)'  +  ^'  in  the  function /(i). 

Hence,  every  integral  functum  of  Z,  whose  eo^uAmU  are  all  rtai, 
can  be  resolved  info  a  product  of  real  f odors,  each  of  wAicfc  u  eiOter 
a  positive  integral  power  of  a  real  inUgral  function  of  the  1st  degree, 
or  a  po^ive  integral  power  of  a  reiU  integral  function  of  the  2nd 
de^ee. 

This  is  the  general  proposition  of  which  the  theorem  of  §  20 
is  a  particular  case. 

EXEBCISES  XVI. 


2  +  39i    7-2flf 

6a-7V(15)  +  (V3-6V5)i 
^"■l  3-(v'a-3V6)' 

(6.)  Show  that 

T  (.i±w3)%(zi-yi)-=.,, 

if  n  bo  any  integer  which  is  not  a  multiple  of  3. 

(7.)  Expanil  and  arrange  according  to  the  powora  of  x 

(^-I-iV2)(-«-l+'V2)(^-2  +  iV3)(«-2-iV3). 
.-(8.)  Showtliat 

(9.)  Show  tliat 

{(V3  +  l)  +  (V3-l).r=16(l  +  i)- 
(10.)  If  {+)](  bo  n  vhIhc  of  a;  for  wliicU  aiP  +  bx  +  c-O,  a,  b,  c  licing  all 
real,  then  aifij  +  inj  =  0,  af=a^  +  bi  +  c. 

>   K  A'  .        -  J,  \<  TV 


f.K»^4 
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(11.)  If  v/(aJ+y*)  =  X  +  Yi,  show  that  4(X3-Y2)=ir/X  +  yA^ 
(12.)  If  71  bo  a  multiple  of  4,  show  that 

l  +  2i  +  3i*  +  .  .  .+(7i  +  l)i»»=i(n  +  2-ni). 

(13.)  Show  that  in  general 

mod  (i4 + r)  >  mod  tt  -  mod  t?. 

(14.)  Find  the  modulus  of 

(2  -  30  (3  +  4i) 
_\,  (6  +  4i)(16-8i)* 

y  (15.)  Find  the  modulus  of 

(16.)  Find  the  modulus  of 

bc{b  -  ei)  +  cd(c  -  ai)  +  ab{a  -  bi), 
(17.)  Show  that 

mo{\{l  +  ix+v^3i?  +  ^3?-\-,  .  .  adoo)  =  l/\/(l+a'*)»  ^here  a:<l. 

(18.)  Find  the  moduli  of  {x+yi)'*  and  {x+yi)'*/{x-yi)\ 


Express  the  following  as  complex  numbers :— - 

(19.)  V^^T+24i.  (20.)  V6  +  tVl3. 

,  (21.)  V- 7/36  +  21/8.  (22.)  \/Aab  +  2(a^'^^i, 

'^  (23.)  Vl  +  2a;V(«'-l)i.  (24.)  VlTiV(«*^). 

(25.)  Find  the  4th  roots  of- 119  +  120i. 

(26. )  Resolve  afi-a^  into  factors  of  the  1st  degree. 

(27.)  Resolve  a^'  +  l  into  real  factors  of  the  1st  or  of  the  2nd  degree. 

(28.)  Resolve  afi+afi+a^+a^+a^+x  +  l  into  real  factors  of  the  2nd 
degree. 

(29.)  Resolve  jc''*-2  cos^a'*a:^+a*^  into  real  factors  of  the  1st  or  of  the 
2nd  degree. 

(30. )  If  (tf  bo  an  imaginary  nth  root  of  + 1,  show  that  1  +  w + «^  + . . .  +  w"-^  =  0. 

(31.)  Show  that,  if  <a  be  an  imaginary  cube  root  of+1,  then 

Q?  +  y*+s?-Zxyz={x+y  +  z){x  +  ufy  +  w^z){x-j-icihf+caz\ 
and 

(x-\-wy+(iAif+{x+ufly  +  (,fz)^={2x-y-z){2y'-z-x){2z-'X-'y). 

(32. )  Show  that  (a: + y)*»»  ~  z^  -  y^  is  divisible  hy  3^  + xy  +  y^  for  every  odd 
value  of  m  which  is  greater  than  3  and  not  a  multiple  of  3. 
(38.)  Show  that 

{(Xcos?^--Y8in?r!!:)  +  (xsin?^+Ycos?^)t}"=(X  +  YtO". 

Historical  Note, — Imaginary  quantities  appear  for  the  first  time  in  the  works 
of  the  Italian  mathematicians  of  the  16th  century.  Cardano,  in  his  Artis  Magna 
aivede  Regvlia  Algebraicis  Liber  Units  (1545),  points  out  (cap.  xxxvii.,  p.  66) 
that,  if  we  solve  in  the  usual  way  the  problem  to  divide  10  into  two  partvS  whose 
product  shall  be  40,  we  arrive  at  two  formulae  which,  in  modem  notation,  may 
be  written  5  +  \/  - 15,  5  -  \/  - 15.    He  leaves  his  reader  to  imagine  the  meaning 
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of  these  "  sopbistic  "  numbers,  but  sbows  that,  if  we  add  and  multiply  tbem 
in  formal  accordance  with  the  ordinary  algebraic  rules,  their  sum  and  product 
do  come  out  as  required  in  the  evidently  impossible  problem;  and  he  adds 
' '  hucusque  progreditur  Aritlimetica  subtilitas,  ciyus  hoc  extremum  ut  dixi  adeo 
est  subtile,  ut  sit  inutile.*'  Bombelli  in  his  Algebra  (1522),  following  Cardano, 
devoted  considerable  attention  to  the  theory  of  complex  numbers,  more  especially 
in  connection  with  the  solution  of  cubic  equations. 

There  is  clear  indication  in  the  fragment  De  Arte  Logisliea  (see  above,  p.  201) 
that  Napier  was  in  possession  to  some  extent  at  least  of  the  theory.  He  was 
fully  cognisant  of  the  independent  existence  of  negative  quantity  ("  quantitates 
defectivsB  minores  nihilo"),  and  draws  a  clear  ^stinction  between  the  roots 
of  positive  and  of  negative  numbers.  He  points  out  (Napier's  Ed.,  p.  85)  that 
roots  of  even  order  have  no  real  value,  either  positive  or  negative,  when  the 
radicand  is  negative.  Such  roots  he  calls  *'  nugacia ; "  and  expressly  warns 
against  the  error  of  supposing  that  U  -  9  =  -  U  9.  In  this  passage  there  occurs 
tlie  curious  sentence,  **Hujus  arcani  magni  algebraic!  fondamentum  snperius, 
Lib.  i.  cap.  6,  jecimus :  quod  (quamvis  a  nemine  quod  sciam  revelatum  sit)  quan- 
tum tamen  emolument!  adferat  huic  arti,  et  casteris  mathematicis  postea  patebit." 
There  is  nothing  farther  in  the  fragment  DeArte  Logistica  to  show  how  deeply  he 
had  penetrated  the  secret  which  was  to  be  hidden  fh)m  mathematicians  for  200 
years. 

Tlie  theory  of  imaginaries  received  little  notice  until  attention  was  drawn  to 
it  by  the  brilliant  results  to  which  the  use  of  them  led  Euler  (1707-1783)  and  his 
contemporaries  and  followers.  Notwithstanding  the  use  made  by  Euler  and 
others  of  complex  numbers  in  many  important  investigations,  the  fundamental 
principles  of  their  logic  were  little  attended  to,  if  not  entirely  misunderstood. 
To  Argand  belongs  the  honour  of  first  clearing  up  the  matter  in  his  Essai 
sur  une  manOre  de  reprSsenter  les  quantitis  imaginaires  dans  les  constructions 
gkym6triqu€s  (1806).  He  there  gives  geometrical  constructions  for  the  sum 
and  product  of  two  complex  numbers,  and  deduces  a  variety  of  conclusions 
therefrom.  He  also  was  the  first  to  thoroughly  understand  and  answer  the 
question  of  §  21  regarding  the  existence  of  a  root  of  every  integral  function. 
Argand's  results  appear  to  have  been  at  first  little  noticed  ;  and,  as  a  matter 
of  history,  it  was  Gauss  who  first  initiated  mathematicians  into  the  true  theory 
of  the  imaginaries  of  ordinary  algebra:  He  first  used  the  phrase  complex 
number^  and  introduced  the  symbol  %  for  the  imaginary  unit.  He  illustrated  the 
twofold  nature  of  a  complex  number  by  means  of  a  diagram,  as  Argand  had 
done  ;  gave  a  masterly  discussion  of  the  fundamental  principles  of  the  subject  in 
his  memoir  on  Biquadratic  Residues  (1831)  (see  his  Works,  vol.  ii.,  pp.  101  and 
171);  and  furnished  three  distinct  proofs  of  the  proposition  that  every  equation 
has  a  root. 

From  the  researches  of  Cauchy  (1789-1857)  and  Riemann  (1826-1866)  on 
complex  numbers  has  sprung  a  great  branch  of  modern  pure  mathematics,  called 
on  the  Continent  function -theory.  Tlie  student  who  wishes  to  attain  a  full 
comprehension  of  the  generality  of  even  the  more  elementary  theorems  of  algebraic 
analysis  will  find  a  knowledge  of  the  theory  of  complex  quantity  indispensable  ; 
and  without  it  he  will  find  entrance  into  many  parts  of  the  higher  mathematics 
impossible. 

For  further  information  we  may  refer  the  reader  to  Peacock's  Algebra^  vol.  ii. 
(1845);  to  De  Morgan's  Trigonoinctry  and  Double  Algebra  {\^i^)t  where  a  list 
of  most  of  the  English  writings  on  the  subject  is  given  ;  and  to  Hankel's 
Vorlesnnge.Ji  iibcr  die  coinple.x^n  Zahlen  (1867),  where  a  full  historical  account 
of  Continental  researches  will  be  found.  It  may  not  be  amiss  to  add  that  the 
theory  of  complex  numbers  is  closely  allied  to  Hamilton's  theory  of  Quaternions, 
Grassnianu's  Ausdehuuugslehre,  and  their  modem  developments. 
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CHAPTER    XIIL 
Ratio  and  Proportion. 

RATIO   AND   PROPORTION   OF  ABSTRACT   QUANTITIES. 

§  1.]  The  ratio  of  the  abstract  quantity  a  to  the  abstract  quantity 
h  is  simply  the  quotiejit  of  a  by  b. 

When  the  quotient  a-T-b,  or  a/6,  or  v  is  spoken  of  as  a  ratio, 

it  is  often  vnritten  a:b;  a  is  called  the  antecedent  and  b  the  con- 
sequent of  the  ratio. 

There  is  a  certain  convenience  in  introducing  this  new  name, 
and  even  the  new  fourth  notation,  for  a  quotient  So  far,  how- 
ever, as  mere  abstract  quantity  is  concerned,  the  propositions 
which  we  proceed  to  develop  are  simply  results  in  the  theory 
of  algebraical  quotients,  arising  from  certain  conditions  to  which 
we  subject  the  quantities  considered. 

If  a  >  5,  that  is,  if  a  -  5  be  positive,  a :  6  is  said  to  be  a  ratio 
of  greater  inequality, 

li  a<b,  that  is,  if  a  -  6  be  negative,  a:b  is  said  to  be  a  ratio 
of  less  inequality. 

When  two  ratios  are  multiplied  together,  they  are  said  to  be 

compounded.     Thus,  the  ratio  aa' :  bb'  is  said  to  be  compounded  of 

the  ratios  a :  b  and  a' :  b'. 

The  compound  of  two  equal  ratios,  a :  b  and  a :  b,  namely, 

a* :  b^f  is  called  the  duplicate  of  the  ratio  a  :  b. 

Similarly,  a' :  6*  is  the  triplicate  of  the  ratio  a  :  6.* 

*  Formerly  a' :  6*  was  spoken  of  as  the  double  of  the  ratio  a  :  b.     Similarly 

\/a :  \Jh  was  called  the  half  or  snbduplicate  of  a :  &,  aud  a^  :  Ir  the  sesquipli- 
cate  of  a  :  &. 
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g  2.]  Four  ahstracl  wwmfierg,  a,  b,  e,  d,  are  said  to  be proportiotuU 
wlien  the  ratio  a:bis  equal  to  tht  ratio  C : d. 

We  then  write 

aib  =  c:d.* 
a  and  d  are  called  the  extremes,  and  b  and  c  the  means,  of  the  pro- 
portion,    a  and  c  are  said  to  be  homologues,  and  5  and  li  to  be 
liomologues. 

If  a,  b, c d,  e,  f,  &C.,  be  such  t^atB.:b  =  h:c=  ::d  =  d:e  =  e:f 
=  &D.,  a,  h,  c,  d,  e,  f,  &c,  are  said  to  be  in  conlimied  proportian. 

If  a,  b,  c  be  in  continued  proportion,  b  is  said  to  be  a  mean 
proportional  between  a  and  c 

If  a,  b,  c,  dhe  in  continued  proportion,  b  and  c  are  said  to  be 
fico  mean  pi'tqwrtionals  between  a  and  d ;  and  so  on. 

%  3.]  If  b  be  posilive,  and  a>b,  the  ratio  a:b  is  diminished  by 
adding  the  same  positive  quantity  to  both  antecedent  and  consequent; 
and  increased  by  subtracting  the  same  positive  quantitif  (<6)  from 
both  antecedent  and  consequent. 

If  a<b,  the  words  "  increased "  arid  " diminished "  mtist  be  inier- 
dtanged  in  the  above  slatemenL 

»_±.  _;.>(- »)-»(*!£) 

<*-«) 

Now,  if  a>b,  h-a  ia  negative;  and  x,b,b  +  x  are  all  positive 
by  the  conditions  imposed ;  hence  xip  -  a)/b{b  +  a:)  ia  negative. 

Hence  -. 7  is  negative, 

b  +  x     b         ° 


a-x    a    rta-b) 
Agam,  j__-.^^^_^. 

But,  since  a>b,  «-6  is  positive,  and  x  and  b  are  positive,  and, 
since  x<b,b-:e.  is  positive.     Uenca  T{it  -  h)jb{b  - .e)  is  positive. 

'  Formerly  in  wriliuK  |>roportioii»  tlio  sign  : :  (originally  iutroduced  by 
Oughtrcd)  Haa  usnl  iustvad  or  tli«  ocdiuary  sign  ut  viiuality. 
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Hence 


a-x     a 
b-x     b' 


The  rest  of  the  proposition  may  be  established  in  like  manner. 

The  reader  will  obtain  an  instructive  view  of  this  proposition 
by  comparing  it  with  Exercise  7,  p.  267. 

§  4.]  Permviations  of  a  Proportion, 


If 


then 


and 


a:b=c :d 
b:a  =  d:c 
a:c  =  b:d 
c:a  =  d:b 


*  For,  from  (1),  we  have 
Hence 

that  is, 

that  is, 

which  establishes  (2). 

Again,  from  (1), 


a 
b 


c 
d' 


'ir"d^ 
b  d 

a     c ' 
b:a  =  d:  c, 


a 
b 


c 
d' 


multiplying  both  sides  by  -,  we  have 

c 

a     b     c     b 
b     c     d     c 


that  is, 


a 
c 


b 
d' 


a:c  =  b:df 


(1). 

(2), 
(3). 
(4)- 


that  is, 

which  proves  (3). 

(4)  follows  from  (3)  in  the  same  way  as  (2)  from  (1). 

§  5.]  The  product  of  the  extremes  of  a  proportion  is  equal  to  the 
product  of  the  means  ;  and,  conversely,  if  the  product  of  two  quantities 
be  equal  to  the  product  of  two  others,  the  four  form  a  proportion,  the 
extremes  being  the  constituents  of  one  of  the  products,  the  means  the 
constituents  of  tJie  otlier, 

VOIi.  I  s 
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BULS  OF  THREE 

For,  if 

n-.b.f.d. 

that  is, 

a     c 
I'd' 

then 

!.M.^xH 

whence 

oJ-ic 

Again,  if 

^-&i 

then 

adlM^bclbd, 

whence 

a     c 
I'd- 

Cot.  If  three  of  the  tenns  of  a  proportion  be  given,  the  renuuning 
one  is  uniquely  determined. 

For,  when  three  of  the  quantities  a,b,c,da,te  given,  the  equation 
ad  =  bc, 
which  results  by  the  above  from  their  being  in  proportion,  be- 
comes an  equation  of  the  let  degree  (see  chap,  xvi.)  to  deter- 
mine the  remaining  one. 

Suppose,  for  example,  tliat  the  1st,  3rd,  and  4th  t«nns  of  the  proportion 
«i^  4>  4>  Bnd  i  ;  sod  let  x  denote  the  unknown  2nd  tenn. 
Then  i:'  =  j!Sl 

whence  Jxx  =  Jx(. 

Multiplying  by  I,  we  h»vc  3r=ix|x|, 

=  A. 
§  6.]  Melalions  connecting  quaTiiities  in  continued  propfrrtion. 
If  three  quantities,  a,  b,  c,  be  in  continued  proportion,  then 
a:c  =  a':b'=b':(^; 
and  J=  ^/{ttc). 

If  four  qiiantilies,  a,  h,  c,  d,  be  in  continueil  proportion,  then 
a:d  =  a':h'  =  h':l^  =  ^:,r. 
and  b  =  v'(a''0.     e  =  l/(a^. 

For  the  general  proposition,  see  Exercise  12,  p.  207. 
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For,  if 


then 


Therefore 


whence 


a  :h  =  h  :Cy 
a  ^b 

a  b  b  b 
-  X  -  =  -x  -, 
0     c     c     c 


b'    a 


a 
c^?"  b 


(!)• 


Also  ac  =  6', 

whence  b=  \^{ae)  (2). 

Equations  (1)  and  (2)  establish  the  first  of  the  two  proposi- 
tions above  stated. 

a:b-h:c  =  c:d^ 


Again,  if 


a     b 


a 


tllCll 

b     c     b     d' 

Also 

a    a 
b'V 

hence 

a 
b 

a     a    a     b     c 
""  b""  b"  V'c'' d 

that  is, 

0?     a 
b'~d' 

therefore 

a     a'     b'     c' 

Further, 

since 

a     a* 

whence 

b  =  i/{a'd). 

Also,  since 

a     c' 

<?  =  a^\ 

whence 

c  =  l/{ad') 

(3). 


(4> 


(5). 

It  should  be  noticed  that  the  result  (2)  shows  that  the  finding  of  a  mean 
proportional  between  two  given  quantities  a  and  c  depends  on  the  extraction 
of  a  square  root.     For  example,  the  mean  proportional  between  1  and  2  is 

\/(lx2)  =  V2  =  l'4142  .  .  . 
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Again,  (4)  and  (5)  anablr  iia  to  inBurt  two  mean  proportioiula  betweeo  tirn 
ivcn  qiiantitin  by  extracting  c«rUin  cnbe  roots.  For  iiAmple,  tb«  too 
lean  proportianala  between  1  and  2  m« 


v'(lx2»)=-^  =1-6874  .  .  . 
V2 


Conyene\y,  of  cooTM,  tlie  finding  of  the  cube  root  of  2,  which  again  eorre- 
sponda  to  the  famoiu  Deliau  problitn  of  antiquitj,  the  duplication  of  the 
cube,  coold  be  made  to  depend  on  the  finding  of  two  mean  proportionals,  a 
result  well  known  to  the  Greek  geometera  of  Plato's  tune. 

g  7.]  After  wliat  has  been  done,  the  etudent  will  have  no 
difficult}'  in  showing  that 


(1). 

(2)- 


•/ 

a:6  =  .:4 

an> 

nta:mb  =  iie:nd 

aW 

ma:nb  =  mf:t>d 

5  8.]  Also  that 

e- 


Cor. 
If 


b  =  c-d, 
"  =  <:":  (f. 


(Here  it,  see  chap,  x.,  may  be  positive  or  n^ativo,  integral  or 
fractional,  provided  a",  Sec.,  be  real,  and  of  the  same  sign  as  a, 
&c.) 

§9.]  If  a:b  =  e:d, 

then  a±b:h^c±d:<l  (1), 

a  +  b:a-b  =  c  +  d:c-d  (2), 

In  +  nib  :pa  +  <}b  -lc  +  md  :pc  +  qii  (11), 

hr  +  jiib'  •.pa''  +  qb'  =  fc'  +  tiul'  ipc''  +  qd'  (4), 

where  I,  m,  ji,  §,  r  are  any  quantities,  jjoaitive  or  negative. 
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Also,  if  ttj :  ft,  =  fla :  ft,  =  (/j  :  ^3  =  .   .   .  =  (/«  •  ^n> 

then  each  of  these  ratios  is  equal  to 

a,  +  fl^  +  .  .  .  +  a,i :  6,  +  5i  +  .  .  .  +  6„  (5) ; 

and  also  to 

V(W  +  W  +  .  .  .  +  /nO :  VQh'  +  y/  +  .  .  .  +  WnO  (6). 

Though  outwardly  somewhat  different  in  appearance,  these 
six  results  are  in  reality  very  much  allied.  Two  diflferent 
methods  of  proof  are  usually  given. 


FIRST  METHOD. 


Let  us  take,  for  example,  (1)  and  (2). 
Since 


a  _c 


therefore 


whence 


a     ^      c     ^ 
a±b     c±d 


b  d    ' 

this  establishes  the  two  results  in  (1). 
Writing  these  separately  we  have 

a  +  h  _^c-k^  d 
a-b     c-d 


whence 


b  d    ' 

(a  +  b)  /  (a-b)     (c  +  d) /  (c-  d) 


_(c_+d)J  {Cj-d) 
"      d~l        d     ' 


that  is, 


b     I        b 

a-^  b _c  +  d 
a-b     c-d* 

which  establishes  (2). 

Similar  treatment  may  be  applied  to  the  rest  of  the  six 
results. 


EXPRESSION  IN  TEEMB  OF  FEWEST  VAWABLES         chaf. 


SECOND  METHOD. 
Let  US  take,  for  example,  (2). 

Since  ajb  =  cjd,  we  may  denote  each  of  these  ratios  by  t 
me  symbol,  p,  say.     We  then  have 


whence  « =  c^i  c  =  pd 

Now,  using  (a),  we  have 

tt  +  t  /)6  +  d 

a-h  pb-b' 

*(fti) 
»(p-i)' 

/>-!■ 

In  exactly  the  same  way,  we  have 

c  +  d    pd-^d 

'c-d~pd^' 

_p+l 

p-1- 

Hence  ,=^     .  =      — .• 

a-b     p-\     c-a 

Again,  let  us  take  (5). 

1-ir    1  A,     f^    f^  till        I 

We  have      t-=,  =,=...  ==-,  each  =p,  say, 

0,     0,     6,  i„ 

hence  ii  =  p^j,     »i  =  i^'u     ■  ■  ■>     <^  =  f>^nt 

tteefore       ». -^«.^  ■■■  -^ »..»■'-.  ^A^  ■■■  Y". 

6,  +  6j  +  .    .    .   +  (i„  t,  +  Jj  +  .    .   ,   +  /'„ 


fcsrti*.  »^.*--'  -*-=r 
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Finally,  let  us  take  (6). 


Since 
we  have 


a: = {phy = p%\ 
a/  =  (pb^Y  =  p^b/j  &c. 


(see  chap,  x.,  §  4).     It  follows  that 

1/{W  -t-  Z/l/  4-   .    .    .    +  InQ/)  ^      ^  ^  ^  ««  ^  ^^ 

Of  the  two  methods  there  can  be  no  doubt  that  the  second 
is  the  clearer  and  more  effective.  The  secret  of  its  power  lies 
in  the  following  principle : — 

In  establishing  an  equation  between  conditioned  qaanl'dies,  if  we 
first  exp'ess  all  Hie  quantities  involved  in  the  equation  in  terms  of  the 
fewest  quantities  possible  under  the  conditions,  then  tlie  verification  of 
the  equation  involves  merely  the  establishment  of  an  algebraical  identity. 
In  establishing  (2),  for  instance,  we  expressed  all  the  quantities 
involved  in  terms  of  the  three  6,  d,  p,  so  many  being  necessary, 
by  §  5,  to  determine  a  proportion. 

A  good  deal  of  the  art  of  algebraical  manipulation  consists 
in  adroitly  taking  advantage  of  this  principle,  without  at  the 
same  time  destroying  the  symmetry  of  the  functions  involved. 

§  10.]  The  following  general  theorem  contains,  directly  or 
indirectly,  all  the  results  of  last  article  as  particular  cases ;  and 
will  be  found  to  be  a  compendium  of  a  very  large  class  of 
favourite  exercises  on  the  present  subject,  some  of  which  wDI 
be  found  at  the  end  of  the  present  paragraph. 

If  <^a:,,  a\|,  .  .  .,  Xn)  be  any  homogeneous  integral  function  of  tlie 
variables  x^,  x^,  .  .  .,  ar^  of  tlie  rth  degree^  or  a  homogeneous  function 
of  degree  r,  according  to  th^  extended  notion  of  homogeneity  and 
degree  given  at  the  foot  of  p.  73,  and  if 

a, : bi  =  a^:b^=  ,  .  .  =  a,t :  b^ 

tlien  each  of  tliese  ratios  is  equal  to 


This  tlieorem  ia  an  immediate  consequence  of  the  property 
of  homogeneous  functions  given  in  chap,  iv.,  p.  73. 

Example  1. 

Which  ia  the  greater  ratio,  aj'+B*:**^,  ora^-^jB-y,  »  and  y  being 
each  positive  I 

x+t     x-tf  («+V)(*-l')  ' 

~('+V)i*>~V)' 
_      2ixy{x-v) 
(«+v)(«-y)' 

Now,  if  X  and  y  be  each  poutive,  -  2zy/(z  +  y)  ia  esaentiallj  negative. 

3?  +  j^:x+s-<^-j^:x-y. 
Example  2. 
If  a:b  =  e:d,  and  A:B=C!D,   tlieu  ay/A-bs/Ii:c^/C-d^D=a^\ 

Let  each  o[  the  ratios  a;£and  c:d  =  p,  and  each  of  the  tiro  A  ;B  and 
C:D  =  ir,  thena=(it,  c=pd;  A  =  oB,  C  =  oD.     We  then  have 
oVA-tyB  _  pf-VCffTD-ftyB 

es/C-d\/D~pds/{aD)  -  dyJD' 


(>v'<i-l)rfVD    rfVD 

In  the  same  way  we  get 

oy'Aj^B_  Wff_+  IJtV"  _  iVB 
cVC  +  f^VD    (pVff+'lMv'D    (iVO 

From  (a)  and  [{9)  the  reiiuirod  result  follonii. 

Example  3. 

If  fr  be  a  iiicau  [iroportioual  betvcen  a  and  e,  iilionr  that 
{a-H  +  c){a-bA-c)=a=  +  ¥  +  c' 
and  (n  +  J  +  c)'  +  »'  +  fi'-H?=2(o  +  S  +  c)(o  +  c) 

Taking  (a)  we  have 

(„  +  j  +  ,)(„-j  +  ,)  =  (H+-,  +  6)(;,~c-t), 

Now,  liy  dala,  a/b-blc,  and  tlicrefore  i^^oc  ;  liencc 


(a). 


("■ 


■=  =  {,,- 
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Taking  now  (j9),  and,  for  variety,  adopting  the  second  method  of  §  9,  let 

us  put 

a    h 

Hence  a=pb,  b=pc  ;  so  that  a=p{pc)=p^c. 
We  have  to  verify  the  identity 

(p»c  +  pc  +  c)' +  (r c)2  +  (pc)2  +  <r» = 2(/r*c  +  pc  +  c)(p2c  +  c) ; 
that  is  to  say, 

{(p'+P  +  l)'  +  0>*  +  p'  +  l)}c2  =  2(/r»  +  p+l)(p2+l)c3 
Now 

{(/r»  +  p  +  l)^  +  (p*  +  p3  +  l)}c2=(pa  +  p  +  l){(p»  +  p  +  l)  +  (p»-p  +  l);c^ 

=  2(p?  +  p  +  l)(p3  +  l)(r', 

which  proves  the  truth  of  (7),  and  therefore  establishes  (/3). 

Example  4.* 

If  z/Uf  +  c- a)=yl(c+ a- b)=z/{a  +  b-c),  then  (b-c)x  +  {c-a)y-\-(a-h)z  =  0. 
Let  us  put 

_      y      _      2 


(7). 


X 


=P» 


then 


b+c-a    c+a-b    a+b-c 

x=(b+c-a)pj 

y={c+a-b)p, 

z={a  +  b-c)p. 

Now,  from  the  last  three  equations,  we  have — 

(b-c)x+{C'-  a)y+(a  -  6)2 

=  {b  -  c){b  +  c  -  a)p  +  {c  -  a){e  +  a  -  b)p  +  {a  -  b){a  +  b  -  c)pf 
=  {(6»-<r»+c2-a2+a«-6*)-(a(6-c)  +  6(c-a)+c(a-6))}p, 
=  {0-0}p, 
=  0. 

Example  5. 

If  b2  +  q/_cx  +  az_ay-^bx 

b-c  ""  e-a  "  a-b 

then  {a  +  b  +  c)(x+y+z)=ax+by+cz 

Let  each  of  the  ratios  in  (1)  be  equal  to  p,  then 

bz-{-q/=p{b-c) 
cx+az=p(c-a) 
ay-\-bx=p(a-b) 
From  (3),  (4),  (5),  by  addition, 

{b  +  c)x  +  {c  +  a)y-\  (a  +  b)z=p{{b-c)  +  (C'-a)  +  (a-b)}, 

=pO, 
=  0  (6). 

If  now  we  add  ax-^by  +  cz  to  both  siiles  of  (6)  we  obtain  equation  (2). 

*  Examples  4,  5,  and  6  illustrate  a  species  of  algebraical  transformation 
which  is  very  common  in  geometrical  applications.  In  reality  they  are  ex- 
amples of  a  process  which  is  considered  more  fully  in  chap.  xiv. 


(1), 
(2). 

(3). 
(4), 
(5). 


266 


EXAMPLES 


CHAP. 


Example  6. 
If 

show  that 


qf  +  hz     __     as-\-ex     _     bx  +  ay 
qb  +  re  -  pa"  re+pa  -  qb'~ JHI  +  qb  -  re 


(1), 


a  { pa{a  +  b  +  c)-  qb{a  +  6  -  c)  -  rc(a  -  6 + c) } 


y 


b{qb{a  +  b-{'C)  -paia-^b  -  c)  -  rc{-  a  +  b+c)}* 

z 


(2). 


c{rc{a  +  b  +  c)-qb{-a-\-b  +  c)-pa{a-b-\-c)] 

Let  each  of  the  fractions  of  (1)  be  =p ;  and  observe  that  the  three 

equatious, 

cy-\-bz  =  (qb  +rc  -pa)p  (a) 

az-\-cx  =  {rc  +j«  -  qb)p  (/3) 
bx  +  ay={pa  +  qb  -  re)p  {y) 


} 


(3), 


(xyz'' 


I       1 

which  thus  arise  are  83nnmutrical  in  the  triple  set  -{  a^  k  so  that  the  simul- 

taneous  interchange  of  the  letters  in  two  of  the  vertical  columns  simply 
changes  each  of  the  equations  (3)  into  another  of  the  same  set.  It  follows, 
then,  that  a  similar  interchange  made  in  any  equation  derived  from  (3)  will 
derive  therefrom  another  equation  also  derivable  from  (3). 

Now,  if  we  multiply  both  sides  of  (/3)  by  6,  and  both  sides  of  (7)  by  c,  we 
obtain,  by  addition  from  the  two  equations  thus  derived, 


2bcx  +  a{aj  +  bz}  =p{b{rc  4-^x1  -  qb)  +  cijHi  +  qb-  re)  \ 

Now,  using  the  value  of  cy-{-bz  given  by  (a),  we  have 

2bcx  +  pa[qb  +  re  -pO  =  p {ixf{b  +  c)  -  qb(b  -  c)  - rc(  -  b -{•  c)} 

Subtracting  pii{qb  +  re  - pn)  from  both  sides  of  (5),  we  have 

2bcx = p  {2>a{a  +  b  +  c)-  qb{a  +  b-e)-  rc(a  -b  +  e)} 

From  (6),  we  have 

X  __    p 

a {pn{a  +  6  +  c)  - qb(ii  +  b-c)  -  rc{a  -b  +  c)]~ 2abc 


(4). 


(5). 


(6). 


(r). 


We  may  in  (7)  make  the  interchange  (into  J,  or  (into  J,  and  we  shall 

obtain  two  other  equations  derivable  from  (3)  by  a  process  like  that  used  to 
derive  (7)  itself.  These  interchanges  leave  the  right-hand  side  of  (7)  un- 
altered, but  change  the  left-hand  side  into  tlie  second  an«l  third  members  of 
(*2)  respectively.  Heme  the  tluee  members  of  (2)  arc  all  eciual,  each  being  in 
fact  equal  to  pl2abc. 

This  is  a  good  example  of  tlie  use  of  tlie  priiuiple  of  symmetry  in  compli- 
cated alirebraical  calculations. 
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Exercises  XVII. 


(1.)  Which  is  the  greater  ratio,  5  :  7  or  151 :  208  ? 

(2. )  If  the  ratio  3  :  4  be  duplicated  by  subtracting  x  from  both  autecedent 
and  consequent,  show  that  a;  =  lf. 

(3.)  What  quantity  x  added  to  the  autecedent  and  to  the  consequent  of 
a :  h  will  convert  this  ratio  into  c\d% 

(4.)  Find  the  fourth  proportional  to  3^,  5f ,  6| ;  also  the  third  proportional 
to  1  +  V2and  3  +  2V2. 

(5.)  Insert  a  mecui  proportional  between  11  and  19  ;  and  also  two  mean 
prox)ortionals  between  the  same  two  numbers. 

(6.)  Find  a  simple  surd  number  which  shall  be  a  mean  proportional  be- 
tween \/7  -  V^  ^^^  ll\/7  +  18V5. 

(7. )  If  X  and  y  be  such  that  when  they  are  added  to  the  antecedent  and 
consequent  respectively  of  the  ratio  a-.h  its  value  is  unaltered,  show  that 
X'.y—a  :b. 

(8. )  Ux  and  y  be  such  that  when  they  are  added  respectively  to  the  ante- 
cedent and  consequent  and  to  the  consequent  and  antecedent  of  a:b  the  two 
resulting  ratios  are  equal,  show  that  either  x=y  or  x-\-y=  -a-b. 

(9.)  Fiud  a  quantity  x  such  that  when  it  is  added  to  the  four  given  quan- 
tities a,  b,  c,  d  the  result  is  four  quantities  in  proportion.  Exemplify  with 
3,  4,  9,  13 ;  and  with  3,  4,  IJ,  2. 

(10.)  If  four  quantities  be  proportional,  the  sum  of  the  greatest  and  least 
is  always  greater  than  the  sum  of  the  other  two. 

.^^11.)  If  the  ratio  of  the  difference  of  the  antecedents  of  two  ratios  to  the 
JRm  of  their  consequents  is  equal  to  the  difference  of  the  two  ratios,  then  the 
antecedents  are  in  the  duplicate  ratio  of  the  consequents. 

(12.)  If  the  n  quantities  ai,  o^,  .  .  .,  cr„  be  in  continued  proportion,  then 
«! :  a»=«i'»-^ :  a.j»-i=a2«-i  :aj"-*  =  &c.  ;  and 

a:>="v^(ai«-'-'«„),     flf8="v/(tfi"-V„),     .  .  .,     <i^=*\/(ai'-'-a„'^i). 

(13.)  If  {pa-{-qb-\-rC'\-8d){pa-qb-rc-{-8d) 

=  {pa-qb  +  rc-sd)(pa-\-qb-rc-8d), 

then  bc:ad=p8:qr ; 

and,  if  either  of  the  two  sets  a,  6,  c,  d  or  p,  qt  r,  s  form  a  proportion,  the 
other  will  also. 

(14.)  l{a:b=c:d=c:/f 

then  «»-|-3a26  +  62:c3  +  3(rrf  +  d3=fl»  +  &-^:c'-l-d»  (a); 

= «'(//+  t-V+  e^f^  '  f^ce  +  d^ae  +/^ac     (jS) ; 
pa-qc-[^re:pb-  qd  +  rf=  i/ace  :  l/bdf 

=^sJ{fl^-i?-\-e^^1ac)\sJ{\i^-d'^f'^1bd)     (7). 


t 
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*^(15.)  If  a :  a' =  b:b\ 
then  a"*+*  +  a^ft"  +  6*+" :  a'"^" + a'***'" + d'"»+* 

=  (a  +  fc)"^" :  (a'  +  ft')*"*". 

(16.)  Ifa:&=c:c{,  and  a:/9=7:d, 
then  aV + (a^ + 062)0/3  +  6»/3» :  (o^  +  6»)  (o« + /3») 

(17.)  Ua:b=b:c=c:d,  them 

(6-c)2  +  (c-a)«+(rf-6)«=(a-rf)»  (jS) ; 

o6+flrf+a(J=(a+6+c)(d-<;+rf)  (7) ; 

a  +  6-c-rf=(&+6)(6-d)/6  («) ; 

(a  +  6+c+rf)(a-6-c+d)=2(a6-«0(ac-W)/(cirf+6c)  (e). 

(18.)  If  a,  6,  c  be  in  continued  proportion, 

then  0^+06  +  6*  :5'  +  ftc  +  c'=a:c  (a); 

o3(a-6+c)(a  +  6+c)=a*+a*6»+J*  (/3) ; 

(6  +  c)7(6  -  c)  +  (c + a)V(<;  -  a)  +  (a + ft)V(«  -  ft)  =  46(a + & + c)/(a  -  c)  (7). 

(19.)  If  a,  ft,  c,  rf  be  in  continued  proportion, 
then  (a-c)(ft-rf)-(a-rf)(ft-c)  =  (ft-c)2  (a); 

V(«ft) + V(ftc)  +  VM) = V  {(* + ^ + c)  (ft + c + <0}  (/3). 

(20.)  Ifaft=ed=^,  then 

(ac  +  cc  +  ca)ldbf{d  +  ft  +/)  =  (n^ + c^  +  c2)/(ft2rf3 + «?/» +/«62). 

(21. )  If  (a  -  ft)/(d  -  c) = (ft  -  c)/(<j  -/),  then  each  of  them 

=  { ft(/-  d)Hcd-  af)\  leW-  d), 

(23.)  If        2i;  +  3y:3y  +  42:4c  +  5a;=4a-5ft:3ft-a:2ft-3a, 
then  7x  +  6ij-\-8z  =  0. 

(24.)  If  oj;  +  cy :  fty  +  cfo  =  ay  +  cc :  fts  +  (ia;  =  a5  +  ca; :  ftaj  +  (iy,  and  if 
x  +  y  +  z^Oy  ab-cd^Oy  (td-bc=^Of  then  each  of  these  ratios  =a  +  c  :ft  +  (i ; 
and  if?  +  y'-\-z^  =  yz  +  zx  +  jn/, 

(25. )  If  (a  -  wy  +  mz)ll' =(b-lz+ nx)lm'  ={c-mx+ ly)ln\  then 
/  J!^'c-'»^'^_\n-(  yi^g -Vc      \,    _/_      I'b-m'a      \.    , 


RATIO   AND   PROPORTION   OF   CONCRETE   QUANTITIES. 

S  11.]  Wo  have  now  to  consider  how  the  theorems  we  have 
estiiblishtMl  regarding  the  ratio  and  j)roi)ortion  of  abstract  nnni- 
l)ers  are  to  be  applied  to  coiicretcj  <piantities.      We  shall  base 

*  Importaut  iu  the  theory  of  the  central  axis  of  a  system  uf  forces,  &c. 
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this  application  on  the  theory  of  nnits.  This,  for  practical  pur-  1 
])oses,  is  the  most  convenient  course,  but  the  student  is  not  to 
suppose  that  it  is  the  only  one  open  to  us.  It  may  be  well  to 
recall  once  more  that  any  theory  may  be  expressed  in  algebraical 
symbols,  provided  the  fundamental  principles  of  its  logic  are  in 
agreement  with  the  fundamental  laws  of  algebraical  operation. 

§  12.]  7/"  A  mid  B  be  tiw  concrete  quantities  of  the  same  kind, 
which  are  expressible  in  terms  of  one  and  the  sam^  unit  by  the  com- 
mensurable numbers  a  and  b  respectively,  then  the  radio  of  A  to  B  is 
defined  to  be  the  ratio  or  quotient  of  these  abstract  numbers,  namely, 

a  :  b,  or  ajb. 

It  should  be  observed  that,  by  properly  choosing  the  unit,  the  ratio  of 
two  concrete  quantities  which  are  each  commensurable  with  any  finite  unit  at 
all  can  always  be  expressed  as  the  ratio  of  two  integral  numbers.  For  ex- 
ample, if  the  quantities  be  lengths  of  3^  feet  and  4|  feet  respectively,  then, 
by  taking  for  unit  |th  of  a  foot,  the  quantities  are  expressible  by  26  and  35 
respectively  ;  and  the  ratio  is  26  :  35.  This  follows  also  from  the  algebraical 
theorem  that  (3  +  J)/(4  + 1)  =  26/35. 

If  XfB  be  two  concrete  quantities  of  the  same  kind,  whose  ratio  is 
a :  b,  and  C,  D  two  other  concrete  quantities  of  the  same  kind  (but  not 
necessarily  of  the  same  kind  as  A  and  B),  whose  ratio  is  c:d,  then 
A,  B,  C,  D  are  said  to  be  proporttwial  wJien  the  ratio  of  A  to  B  is 
equal  to  the  ratio  of  C  toD,  that  is,  when 

a:b  =  c:d. 

We  may  speak  of  the  ratio  A :  B,  of  the  concrete  magnitudes 
themselves,  and  of  the  proportion  A :  B  =  C :  D,  without  alluding 
explicitly  to  the  abstract  numbers  which  measure  the  ratios  ;  but 
all  conclusions  regarding  these  ratios  will,  in  our  present  manner 
of  treating  them,  be  interpretations  of  algebraical  results  such  as 
we  have  been  developing  in  the  earlier  part  of  this  chapter,  I 
obtained  by  operating  with  a,  b,  c,  d.  The  theory  of  the  ratio 
and  proportion  of  concrete  quantity  is  thus  brought  under  the 
theory  of  the  ratio  and  proportion  of  abstract  quantities. 

There  are,  however,  several  points  which  require  a  nearer 
examination. 

§  13.]  In  the  first  place,  it  must  be  noticed  that  in  a  concrete 
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ratio  the  antecedent  and  the  consequent  must  be  quantities  of  the 
same  kind ;  and  in  a  concrete  proportion  the  two  first  terms  must 
be  alike  in  kind,  and  the  two  last  alike  in  kind.  Thus,  from  the 
present  point  of  view  at  leasts  there  is  no  sense  in  speaking  of 
the  ratio  of  an  area  to  a  line,  or  of  a  ton  of  coals  to  a  sum  of 
money.  Accordingly,  some  of  the  propositions  proved  above — 
those  regarding  the  permutations  of  a  proportion,  for  instance — 
could  not  be  immediately  cited  as  true  regarding  a  proportion 
among  four  concrete  magnitudes,  unless  all  the  four  were  of  the 
same  kind. 

This,  however,  is  a  mere  matter  of  the  interpretation  of 
algebraical  formulae — a  matter,  in  short,  regarding  the  putting  of 
a  problem  into,  and  the  removing  of  it  from,  the  algebraical 
machine. 

§  H.]  A  more  important  question  arises  from  the  considera- 
tion that,  if  we  take  two  concrete 
magnitudes  of  the  same  kind  at  random, 
there  is  no  reason  to  expect  that  there 
exists  any  unit  in  terms  of  which  each 
is  exactly  expressible  by  means  of  com- 
mensurable numbers. 

Let  us  consider,  for  example,  the 
historically  famous  case  of  the  side  AB 
and  diagonal  AC  of  a  square  ABCD.  On  the  diagonal  AC  lay 
off  AF  =  AB,  and  draw  FE  perpendicular  to  AC.  It  may  be 
readily  shown  that 


Hence 


BE  =  EF=FC. 
CF  =  AC  -  AB 
CE  =  CB-CF 


(1), 
(2). 


Now,  if  AB  and  AC  were  each  commensurably  expressible  in 
terms  of  any  finite  unit,  each  would,  by  the  remark  in  §  1 2,  be  an 
integral  multiple  of  a  certain  finite  unit.  But  from  (1)  it  follows 
that  if  this  were  so,  CF  would  be  an  integral  multiple  of  the 
same  unit ;  and,  again,  from  (2),  that  CE  would  be  an  integral 
multiple  of  the  same  unit.  Now  CF  and  CE  are  the  side  and 
diagonal  of  a  square,  CFEG,  whose  side  is  less  than  half  the  side 
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of  ABCD;  and  from  CFECr  could  in  turn  be  derived  a  still 
smaller  square  whose  side  and  diagonal  would  be  integral  mul- 
tiples of  our  supposed  unit ;  and  so  on,  until  we  had  a  square 
as  small  as  we  please,  whose  side  and  diagonal  are  integral 
multiples  of  a  finite  unit;  which  is  absurd.  Hence  the  side 
and  diagonal  of  a  square  are  not  magnitudes  such  as  A  and  B 
are  supposed  to  be  in  our  definition  of  concrete  ratio. 

§  15.]  The  difficulty  which  thus  arises  in  the  theory  of  con- 
crete ratio  is  surmounted  as  follows  : — 

We  assume,  as  axiomatic  regarding  concrete  ratio,  that  if 
A'  and  A"  be  two  quantities  respectively  less  and  greater  than 
A,  then  the  ratio  A :  B  is  greater  than  A' :  B  and  less  than 
A" :  B ;  and  we  show  that  A'  and  A"  can  be  found  such  that, 
while  each  is  commensurable  with  B,  they  differ  from  each  other, 
and  therefore  each  differs  from  A  by  as  little  as  we  please. 

Suppose,  in  fact,  that  we  take  for  our  unit  the  nth  part  of  B, 
then  there  will  be  two  consecutive  integral  multiples  of  B/n,  say 
rnB/n  and  (m  +  l)B/n,  between  which  A  will  lie.  Take  these 
for  our  values  of  A'  and  A" ;  then 

A"  -  A'  =  (m  +  l)B/n  -  mB/w, 
=  B/n. 

Hence  A''  -  A'  can,  by  sufficiently  increasing  n,  be  made  as  small 
as  we  please. 

We  thus  obtain,  in  accordance  with  the  definition  of  §  12, 
two  ratios,  m/n  and  (m  +  l)/»,  between  which  the  ratio  A  :  B  lies, 
each  of  which  may  be  made  to  differ  from  A  :  B  by  as  little  as 
we  please. 

Practically  speaking,  then,  we  can  find  for  the  ratio  of  two 
incommensurables  an  expression  which  shall  be  as  accurate  as 
we  please. 

Example. 

If  B  be  the  side  and  A  the  diagonal  of  a  square,  to  find  a  rational  iralae 
of  A  :  B  which  shall  be  correct  to  1/1 000th. 

If  we  take  for  unit  the  1/lOOOth  part  of  B,  then  B  =  1000,  and  A^= 
2,000,000.  Now  14142=1999396,  and  14152=2002225.  Hence  1414/1000 
<A/B<1415/1000.  But  1415/1000-1414/1000  =  1/1000.  Hence  wo  have 
A/B= 1-414,  the  error  being  <  1/1000. 
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g  13.1  1^>e  theory  of  proportian  giren  in  Euclid's  BUmaitt  gets  otgt  tho 

ilifGeulty  of  iticommenHuraMca  in  a  very  ingeiiioiu  although  indirect  manner. 
No  narking  delinition  of  a  ratio  is  attempted,  but  the  pTDpartioi)alit]>  of  four 
niagnituilca  is  defiiieci  aubataiitially  ai  followg : — 

If  there  be  four  magnitude!  A,  B,  C,  D,  auch  that,  alwayii 
mA>,  =,  or  -enB, 
according  aa  mCs-,  =,  or  <«D, 

m  and  k  beiug  any  integral  nutnbera  whatsoever,  then  A,  B,  C,  D  are  aaid  to 
bo  proportional. 

Here  no  nso  i*  made  of  the  notion  of  a  nnit,  eo  that  the  difficulty  of  In- 
commensurability is  not  raised.  On  the  other  hand,  there  is  anbatitnted  4 
somewhat  indirect  and  complicated  method  for  teating  the  snbciatence  ot  non- 
subsistence  of  proportionality. 

It  IB  easy  to  see  tliat,  if  A,  B,  C,  D  be  proportional  according  to  the 
algebraical  definition,  they  have  the  property  of  Enclid'a  definition.  For,  if 
a :  b  and  c:d  \>e  the  nomerical  mesaures  of  the  ratiot  A :  B  and  C :  D,  we 


from  which  it  follows  that  )na>-,  =,  or  <nb,  according  na  in«>,  =,  or  -^nd. 
The  converse,  namely,  that,  if  A,  B,  C,  D  be  proportional  according  to 
Euclid's  definition,  then 

ft^(/' 

can  be  prov«l  by  means  of  the  following  kmma. 

Qiveit  any  tommmnuTabU  quanlity  afb,  a-iioUif.T  eommetmiTable  guanliiy 
tan  be  found  whith  shall  CMeed  or  fall  ahort  of  a/b  by  im  liUle  o.t  in:  pleaae. 

Let  n  be  an  integral  number,  and  let  nib  he  tlio  leoiit  multiple  of  b  which 
exceeds  lui,  so  that 

tui—mb-r, 
wliere  r<6. 

Dividing  both  aides  of  this  eiiuation  by  nb,  we  have 


wnence  i    ni' 

so  that  m/n  exceeds  a/b  by  r/iiA.  Now,  since  r  never  exceeds  the  given 
quantity  b,  hy  making  n  midlcieutly  great,  wo  can  make  r/iti  as  small  as  we 
I'lease  ;  lliat  is  to  say,  we  can  Diako  tii/it  exceed  a/b  by  as  Utile  as  we  please. 

Similarly  we  may  show  that  another  comuiensui'able  quantity  may  1>o 
found  falling  short  uf  a/b  by  as  littlu  ns  we  please. 

From  this  it  fullows  that,  i/iav  annincMsuTable  eptaiUUin  tl^rr  by  ccer  so 
lillle,  vxcaa  alieays fiid  anutker  comiaenaurabU  qiiantila  telikh  Iks  brttcteH 
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them, ;  for  we  can  find  another  commensurable  quantity  which  exceeds  the 
less  of  the  two  by  less  than  the  ditfcrcnce  between  it  and  the  greater. 
Suppose  now  that 

ma>t  =,  or  <.7ib, 
according  as  wo,  =,  or  <ndy 

m  and  n  being  any  integers  whatever,  then  we  must  have 

a_c 
6"rf* 

For,  if  these  fractions  (which  wc  may  suppose  to  be  commensurable  by 
virtue  of  §  16)  differ  by  ever  so  little,  it  will  be  possible  to  find  another 
fraction,  nim  say,  where  n  and  m  are  integers,  which  lies  between  them. 
Hence,  if  a/b  be  the  less  of  the  two,  we  must  have 

-r<— ,  that  is,  ma<nb  ; 
b    m 

j>— ,  that  is,  niond. 

In  other  words  we  have  found  two  integers,  m  and  n,  such  that  we  have 
at  once 

ma<nb 
and  mo  lid. 

But,  by  hypothesis,  when  7na<nb,  we  must  have  mc<nd.  Hence  the 
fractions  a/b  and  c/d  cannot  be  unequal 


"  VARIATION." 

§  17.]  There  are  an  infinite  number  of  ways  in  which  we 
may  conceive  one  quantity  y  to  depend  upon,  be  calculable  from, 
or,  in  technical  mathematical  language,  be  a  function  of,  another 
quantity  x.     Thus  we  may  have,  for  example, 

y  =  3«, 

y  =  ax-\-b, 

y  =^  oaf -k- bx  +  c, 

and  so  oil 

For  convenience  x  is  called  the  independent  variable^  and  y  the 
d^endent  variable ;  because  we  imagine  that  any  value  we  please 
is  given  to  x,  and  the  corresponding  value  of  y  derived  from  it 
by  means  of  the  functional  relation.  All  the  other  symbols  of 
quantity  that  occur  in  the  above  equations,  such  as  3,  1 7,  a,  b,  c, 
VOL.  I  T 
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3,  Sec,  are  supposed  to  remain  fixed,  and  are  therefore  called 
eoTtslanis. 

Here  we  attach  meanings  to  the  words  variaih  and  eonitant 
more  in  accordance  with  their  use  in  popular  language  than 
thoBB  given  above  (chap,  ii.,  §  6). 

The  justification  of  the  double  usage,  if  not  akeady  apparent, 
will  be  more  fully  understood  when  we  come  to  discuss  the 
theory  of  equations,  and  to  consider  more  fully  the  variations  of 
functions  of  various  kinds  (see  chape,  sr.-xviii.) 

§  18.]  In  the  meantime,  we  propose  to  diacuaa  vary  briefly 
the  Bimpleet  of  all  caaes  of  the  functional  dependence  of  one 
quantity  upon  another,  that,  namely,  which  is  characterised  by 
the  following  property. 

Let  the  following  scheme 


Values  Of 
tliB  iBdeptndoat  Viriable. 

Corrraponding  V.luee  ot  tbe 
DeprndBnt  Vamble. 

X^ 

denote  any  two  corresponding  pairs  whatever  of  values  of  the 
independent  and  dependent  variables,  then  the  dependence  is  to 
be  such  that  always 

f:</-^:y  (1). 

It  is  obvious  that  this  property  completely  determines  tho 
nature  of  the  dependence  of  y  upon  x,  as  soon  as  any  single  cor- 
responding pair  of  values  are  given.  Suppose,  in  fact,  that, 
when  X  has  the  value  Zg,  y  has  the  value  y„  then,  by  (1), 


Now  we  may  keep  y„  and  y„  as  a  fixed  standard  pair,  for 
reference  as  it  were ;  their  ratio  y„/j:„  is  therefore  a  given  con- 
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stant  quantity,  which  we  may  denote  by  a,  say.  We  therefore 
have 

y  =  az  (2), 

that  is  to  say,  y  is  a  given  constant  multiple  of  x ;  or,  in  the 
language  of  chap,  iv.,  §  1 7,  a  homogeneous  integral  function  of  x 
of  the  Ist  degree. 

£xam])le.  Let  us  suppose  that  we  have  for  any  two  corresponding  pairs 
y,  X  and  j/,  a^  the  relation  yix=y'  loif  \  and  that  when  35=3,  y= 6.  Then 
since  6  and  3  are  correspouding  pairs  y:a;=6:3.  Hence  ylx=6l3  =  2. 
Hence  y=2x. 

Conversely,  of  course,  the  property  (2)  leads  to  the  property 
(1).     For,  from  (2), 

y  =  ax', 

hence,  if  x'  and  /  be  other  two  corresponding  values, 

y'  =  ax'. 

TTnn.o  y      ax     X 

rlence  —  =  — -,  =  -7. 

y     ax     X 

When  y  depends  on  a;  in  the  manner  just  explained  it  is  said 
to  vary  directly  as  «,  or,  more  shortly,  to  vary  as  x. 

A  better  *  phrase,  which  is  also  in  use,  is  "  y  w  proportional 
to  xr 

This  particular  connection  between  y  and  x  is  sometimes 
expressed  by  writing 

§  19.]  In  place  of  a;,  we  might  write  in  equation  (2)  ^y  l/x, 
1/iC*,  a;  +  6,  and  so  on  ;  we  should  then  have 

y=^aj?  (a), 

y  =  a/x  (p), 

y  =  «/^'  (y), 

y  =  a{x  +  h)  (8). 


*  The  use  of  the  word  "  Variation  "  in  the  present  connection  is  unfortunate, 
because  the  qualifying  particle  '*  as  "  is  all  that  indicates  that  we  are  hero 
concerned  not  with  variation  in  general,  as  explained  in  §  17,  but  merely  with 
the  simplest  of  all  the  possible  kinds  of  it.  There  is  a  tendency  in  uneducated 
minds  to  suppose  that  this  simplest  of  all  kinds  of  functionality  is  the  only 
one  ;  and  this  tendency  is  encouraged  by  the  retention  of  the  above  piece  of 
antiquated  nomenclature. 


OTHER  BDfFLE  CASES 


The  corresponding  forms  of  equation  (1)  would  then  be 


j'.^.x- 

M, 

i-lh-AI,! 

WX 

V -11^:11^ 

(r), 

^.:n-b:if  +  b 

(n 

y  is  tlien  said  to  vajy  ss,  or  be  proportioned  to,  ^,  \jx,  \j:^, 
X  +  6.  In  cases  (/3)  and  {y)  y  is  sometimes  said  to  vary  tnyenely 
as  «,  and  inversely  as  the  square  of  x  respectively. 

Still  more  generally,  instead  of  supposing  the  dependent 
variable  to  depend  on  one  independent  variable,  we  may  suppose 
the  dependent  variable  u  to  depend  on  two  or  more  independent 
variables,  x^  y,  z,  &c 

For  example,  we  may  have,  corresponding  to  (2), 


and,  corresponding  to  (1), 


In  case  (<)  u  is  sometimes  said  to  vary  as  x  and  y  jointly ; 
in  case  (0)  directly  as  x  and  inversely  as  y. 

§  20.]  The  whole  matter  we  are  now  discussing  is  to  a  lai^o 
extent  an  affair  of  nomenclature  and  notation,  and  a  little 
attention  to  thoae  points  is  all  that  the  student  will  require  to 
prove  the  fallowing  propositions.  We  give  the  demonstmtionB 
in  one  or  two  specimen  cases. 

(1.)  //"  c  =  y  anrf  y  =  jr,  (Aen  3  =  ,r. 

Proof. — By  data  z  =  ay,  y-hr,  where  a  and  h  are  constants  ; 
therefore  s  -  ukr.     Hence  s  =<=  r,  since  ab  i.s  constant. 

(2.)  -^  y, «  ^1  ond  y,  -x  r„  iheti  //^,  •^  a-,j,. 

Froof. — By  data  y,  =  a,x„  y,  =  (Va,  where  a,  and  it,  arc  con- 


<U3I 

(■). 

aw 

(0, 

»(«  +  ,) 

w, 

««/» 

(«); 

«y:«y 

<<■). 

;T,.  :«■/--• 

(f). 

i  +  jii-ty 

(V), 

'Ir-'^lV 

m- 
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stants.  Hence  y^^  =  a^a^^x^^  which  proves  the  proposition,  since 
ajO)  is  constant. 

In  general  if  y.ocx,,  y^^x^,  .  .  .,  yn^^^^m  ^'^^  y^^.,.yn 
oc  oi^x, , . ,  Xn.     Andf  in  particular^  if  y^^^  theii  y^  <=<=  of*. 

(3.)  If  y^Xy  then  zyoczx,  whether  z  he  variable  ur  constant 

(4. )  If  zocxy,  then  x  oc  zjy^  and  y  «=  zjx-. 

(5.)  If  z  depend  on  x  and  y,  and  on  these  alone,  and  if  z^cx 
wlien  y  is  constant,  and  zocy  when  x  is  constant,  then  z^cxy  when 
both  X  and  y  vary. 

Proof — Consider  the  following  system  of  corresponding 
values  of  the  variables  involved. 


Dependent  Variable. 

Independent  Variables. 

Z 

Then,  since  y  has  the  same  value  for  both  z  and  z^,  we  have, 

by  data, 

z  _x 

z^     a/' 

Again,  since  x!  is  the  same  for  both  z^  and  7^,  we  have,  by 
data, 

^1    y 


^ 

^ 


f 


From  these  two  equations  we  have 


WW  5» 

Zy^  d 


X 


^-'y 


y 


that  is, 

which  proves  that  z^cxy. 


xy_ 


A  good  exampto  of  this  case  is  the  dependence  of  the  area  of  a  triangle 
upon  its  base  and  altitnde. 


278  EXAHI>LES  CBAP. 

Wo  liavB 

Aro«  (c  bue  (dtltada  coustuit) ; 
Area  K  altitude  (bue  conatuit). 
Hence  area  k  bam  x  altitade,  when  both  Ttry. 

^6.)  Ill  a  similar  manner  W6  may  prove  that  if  z  depend  on 

the  rest  remain  amttant,  then  z  « x^^  ■  ■  -x^  wAtfn  aU  vary. 

(7.)  If  z  =  z  (y  amdant)  and  z«:l/y  (x  eonitani),  Ihen  Zf^xjy 
when  both  vary. 

For  example,  if  T,  P,  T  denote  the  Tolnine,  preamre,  and  abaolote  tem- 
perature of  a  given  man  of  a  perfect  gaa,  then 

V  oc  1/P  (T  conatant),  V  «:  T  (P  oanrtuit). 
Honee  in  general  T  «  T/P. 

Example  I. 

It  itcp  when/ii  constant,  and  i  v/when  1  ia  conttant,  and  2a=/wheD 
(=  1,  find  the  relation  connrcting  i,  /,  I. 

It  follows  by  a  slight  extension  of  g  20  (6)  that,  when/and(  both  vary, 
«  oe_/P.     Hence  i=<ift^,  where  n  is  n  constant,  which  wo  have  to  determine. 

Now,  when  f  =  l,  »  =  i/,  hence  J/=a/l',  that  is,  i/=a/;  in  other  words, 
we  must  have  o=i.     The  relation  required  is,  tliereforo,  i  =  i/P. 

Example  3. 

The  thicknesB  of  a  grindstone  is  uiialtemd  in  the  using,  hut  its  rtulius 
gradually  diminUhea.  By  how  much  must  its  radius  diminish  before  the 
lialf  of  its  mass  is  worn  away  I  Given  that  the  mass  varies  directly  as  the 
square  of  the  radius  when  the  thickness  remains  unaltered. 

Lot  m  denote  the  mass,  r  the  radius,  then  by  <lata,  m=tti^,  where  a  is 
constant. 

Let  now  r  become  r',  and,  in  consequence,  m  become  jin,  then  Jni=ar^, 

«r2_lM 


It  follows,  therefore,  that  the  radius  of  the  stone  must  be  diminished  lu 
the  ratio  1 :  V2. 

Exampir  3. 

A  and  B  am  partner?  in  a  husiiip';!  in  ivhii-h  their  interests  are  in  the 
ratio  a:b.  They  admit  C  to  the  partnership,  witljont  altering  the  whole 
ninount  of  capital,  in  snch  a  way  thnt  the  iiiton'Sta  of  tlie  thrvc  pailners  in 
the  business  arc  then  equal.     C  coiitrilintos  ilc  to  tliu  oapitul  of  the  limi. 
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How  is  the  sum  £c  which  is  withdrawn  from  the  capital  to  be  divided  between 
A  and  B  ?  and  what  capital  had  each  in  the  business  originally  f 

Solution. — Since  what  C  pays  in  is  his  share  of  the  capital,  they  each  have 
finally  £c  in  the  business  ;  let  now  £x  be  A's  share  of  C's  payment,  so  that 
£{c  -  z)  is  B's  share  of  the  same.  In  effect,  A  takes  £x  and  B  £(c  -  x)  out 
of  the  business.  Hence  they  had  originally  £{c-{-x)  and£(<;  +  c-a;)  in  the 
business.     By  data,  then,  we  must  have 

c-f  a;  _a 

hence  6(<; + a) = a{2c  -  x) ; 

we  have,  therefore,  bc-\-bx= 2ac  -  ax. 

From  this  last  equation  we  derive,  by  adding  ax -be  to  both  sides, 

{a  +  b)x={2a-b)c. 

Hence,  dividing  by  a  +  6,  wo  have 


^J2a-b)c 
a-\-b 


(1). 


Hence 


{2a-b)c 


c-x=e-- r^ 


a  +  6 

_{2b-a)c 

~    a  +  b  ' 


(2). 


It  appears,  then,  that  A  and  B  take  £(2a  -  b)e/{a + b)  and  £{2b  -  a)el{a  +  b) 
respectively  out  of  the  business.  C*s  payment  must  be  divided  between  them 
in  the  ratio  of  these  sums,  that  is,  in  the  ratio  2a  -  d :  2d  -  a.  They  had  in 
the  business  originally  £3ac/(a+&)  and  £Bbcl{a+b)  respectively. 


Exercises  XVIII. 

(1.)  If  y  oc  0^  and  if  y=3{  when  x=6^,  find  the  value  of  y  when  x=  {. 

(2.)  y  varies  inversely  as  a;* ;  and  z  varies  directly  as  a^.  Whena;=2,  y+« 
=  840  ;  when  ar=  1,  y  -  2= 1276.     For  what  value  of  a;  is  y =3  ? 

(8.)  zccu-v;  uacx;  hoc  a*.  When  a;=2,  3=48;  when  a;=6,  s=30. 
For  what  values  of  a;  is  £=0  ? 

(4.)  If  ayoca^+y",  and  a; =3  when  y=4,  find  the  equation  connecting 
y  and  x. 

(5.)  If  a;+yoca;-y,  then  aj'^- y^ «  a^  and  a:* ^y^oc  a;y(a;±y). 

(6.)  If  (a:  +  y  +  2)(j!!+y-s)(aj-y  +  2)( -aj  +  y+2)oca!*y',  then  either ai*+y' 
oc2'ora^  +  y'--2'ocary. 

(7.)  Ifarocy,  then  a:*  +  y*ocajy. 

(80  If  a?+ioca:»-p,  thenyocl/aj. 

(9*)  If  aj  oc  y",  y*  oc  g<,  2*  oc  w*,  m^  oc  v*,  then  {x/v)  (y/r)  [z/v)  (u/v)  is  constant 
(10«)  Two  trains  take  3  seconds  to  clear  each  other  when  passing  in 
opposite  directions,  and  35  seconds  when  passing  in  the  same  direction  :  find 
the  ratio  of  their  velocities. 
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(11.)  A  watch  loses  2}  minutes  per  day.  It  is  set  right  on  the  15th  March 
at  1  P.M. :  what  will  the  proper  time  he  when  it  indicates  9  A.1L  on  the  20th 
April? 

(12.)  A  small  disc  is  placed  between  two  infinitely  small  sources  of  radiant 
heat  of  equal  intensity,  at  a  point  on  the  line  joining  them  equidistant  from 
the  two.  It  is  then  moved  parallel  to  itself  through  a  distance  a/2\/S  towards 
one  of  the  two  sources,  a  being  the  distance  between  them :  show  that  the 
whole  radiation  falling  on  the  disc  is  trebled. 

(The  radiation  falling  on  the  disc  i^aries  inversely  as  the  square  of  the  dis- 
tance from  the  source,  when  the  disd  is  moved  parallel  to  itself  towards  or 
from  the  source.) 

(13.)  The  radius  of  a  cylinder  is  r,  and  its  height  h.  It  is  found  that  by 
increasing  either  its  radius  or  its  height  by  x  its  volume  is  increased  by  the 
same  amount.  Show  that  x=:r{r  -  2h)lh.  What  condition  is  there  upon  r 
and  h  in  order  that  the  problem  may  be  possible  f 

(Given  that  the  volume  of  a  cylinder  varies  directly  as  its  height  when 
its  radius  is  constant,  and  directly  as  the  square  of  its  radius  when  its  height 
is  constant.) 

(14.)  A  solid  spherical  mass  of  glass,  1  inch  in  diameter,  is  blown  into  a 
shell  bounded  by  two  concentric  spheres,  the  diameter  of  the  outer  one  being 
3  inches.  Calculate  the  thickness  of  tbe  shell.  (The  volume  of  a  sphere 
varies  directly  as  the  cube  of  its  diameter. ) 

(15.)  Find  the  radius  of  a  sphere  whose  volume  is  the  sum  of  the  volumes 
of  two  spheres  whose  radii  are  3)  feet  and  6  feet  respectively. 

(16.)  Two  equal  vessels  contain  spirits  and  water,  the  ratios  of  the  amount 
of  spirit  to  the  amount  of  water  being  p :  1  and  p' :  1  respectively.  The  con- 
tents of  the  two  are  mixed :  show  that  the  ratio  of  the  amount  of  spirit  to  tlie 
amount  of  water  in  the  mixture  is  p  +  p'  +  2pp' :  2  +  p + p'. 


CHAPTER   XIV. 
On  Conditional  Equations  in  OeneraL 

DEFINITIONS  AND   GENERAL   NOTIONS. 

§  1.]  It  will  be  useful  for  the  student  at  this  stage  to  attempt 
to  form  a  wider  conception  than  we  have  hitherto  presupposed  of 
what  is  meant  by  an  analytical  function  in  general.  Dividing  the 
subjects  of  operation  into  variables  (a:,  y,  ^,  .  .  .)  and  constants 
(a,  b,  c,  .  .  .),  we  have  already  seen  what  is  meant  by  a  rational 
integral  algebraical  function  of  the  variables  x,y,z,.  .  . ;  and  we 
have  also  had  occasion  to  consider  rational  fractional  algebraical 
functions  of  x,  y,  z,  ,  .  .  We  saw  that  in  distinguishing  the 
nature  of  such  functions  attention  was  paid  to  the  way  in  which 
the  variables  alcme  were  involved  in  the  function.  We  have  already 
been  led  to  consider  functions  like  »J(x+  Jy\  or  >/(«+  v^y), 
or  aa;'  +  fee*  +  c,  where  the  variables  are  involved  by  way  of  root 
extraction.  Such  functions  as  these  are  called  irrational  alge- 
braical functions.  These  varieties  exhaust  the  category  of  what 
are  usually  called  Ordinary  *  Algebraical  Functions,  In  short,  any 
intelligible  concatenation  of  operations^  in  which  the  operands  selected 
for  notice  and  called  the  variables  are  involved  in  no  other  ways  than 
by  addition,  subtraction,  multiplication,  division,  and  root  extraction,  is 
called  an  Ordinary  Algebraical  Function  of  these  variables. 

Although  we  have  thus  exhausted  the  category  of  ordinary 
algebraical  functions,  we  have  by  no  means  exhausted  the  possi- 

*  The  adjective  "  Ordinary  "  is  introduced  to  distinguish  the  class  of  func- 
tions here  defined  from  algebraical  functions  as  more  generally  defined  in 
chap.  XXX.,  §  10. 
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tiilitics  of  analytical  expression.  Consider  for  example  a',  where, 
ns  usual,  ir  denotes  a  variable  and  a  a  constant.  Here  x  is  not 
involved  in  any  of  the  ways  recognised  in  the  definition  of  an 
algebraical  function,  but  appears  aa  an  index  or  exponent,  <^  is 
thorufoi'e  called  an  exponential  function  of  x.  It  sboutd  be  care- 
fully noted  that  the  discrimination  turns  solely  on  the  way  in 
which  the  variahle  enters.  Thus,  while  a'  is  an  exponential 
function  of  a^  x°  is  an  algebraical  function  of  x.  There  are  other 
functions  in  ordinary  use, — for  example,  sinx,  logx, — and  an 
infinity  besides  that  might  be  imagined,  which  do  not  come 
under  the  category  of  algebraical ;  all  such,  for  the  presejit,  we 
class  under  the  general ,  title  of  Iransceitdenial  frntctioru,  so  that 
transcendental  simply  means  non-algebraicaL  We  use  the  t«rm 
analytical  fundion,  or  simply  function,  to  include  all  functions, 
whether  algebraical  or  transcondetita],  and  we  denote  a  function 
of  the  variables  a-.,  y,  z,  .  .  .,  in  which  the  constants  a,  h,  c,  .  .  . 
are  also  involved,  by 

^r,  J/,  -,...  a,  b,r,.  .  .); 
or,  if  explicit  mention  of  the  constants  is  unnecessar>%  by 

-H^,  'j.=,-  ■  ■)■ 

§  2.]  Consider  any  two  functions  whatever,  say  '/■(j",  .'/,  -,  .  .  . 
a,  b,  f,  .  .  ,),  and  ^j',  y,  z, .  .  .a,  b,  r,  .  .  .),  of  the  variables 
^1  ?■  '.  ■  ■  ■■  involving  the  constants  a,b,r,.  .  . 

If  the  equation 
4^T^  y,z,.   .  .  o.,  b,c,.   .   .)  =  4.{.r,  y,  .-,.,.  a,  b,  r,  .  .   .)  (1) 
be  such  that  the  left-hand  side  can,  /or  all  vabws  of  tkr  vari(Mes 
'i  y.  'i  ■  ■  -i  be  transformed  into  the  right  by  merely  apply- 
ing the  fundamental  laws  of  algebra,  it  is  called  an  identUi/. 
With  equations  of  this  kind  the  student  is  already  very  familiar. 

If,  on  the  other  liand,  the  left-hand  side  of  the  equation  (1) 
can  be  transformed  into  the  right  only  wlien  y,  y,  ::,...  Itave 
cerlaiii  Tallies,  or  aiv  amtHtimu-d  in  siime  way,  then  it  is  said  to  be 
a  Condilhmnl  E'lnai'mii,  or  an  li-piiiliim  of  ('muHlimt.*     Examples 

'  WliiNi  il  is  ncii'Bsary  tu  cli»tiiigiii,sli  bi-tweezi  an  enualLon  of  ill  entity  and 
nn  cqnatiriii  of  conditiuil,  the  Mjjil  =  is  iisi*!]  for  tha  fonnor,  iind  the  m^n  — 
for  tile  latter.     ThUH,  we  shouM  write  {j--1-1)(j:-1)^j'^- 1 ;  kit  2j-I-2  =  2. 


■^.U.d:i^\^    ^^.Ic  r^c.>..'      .    ;';-^,    "^  _,.,../ 


*^  .,  t.   i  -  'V 


/   J 
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of  such  equations  have  already  occurred,  more  esi>ecially  in  chap. 

xiii.     One  of  the  earliest  may  be  seen  in  chap,  iv.,  §  24,  where, 

itUer  aHOy  it  was  required  to  determine  B  so  that  we  should 

have  2B  +  2  =  2  ;  in  other  words,  to  find  a  value  of  a;  to  satisfy 

the  equation 

2;?:  +  2  =  2  (2). 

Here  2a;  +  2  can  be  transformed  into  2  when  (and,  as  we 
shall  hereafter  see,  only  when)  a;  =  0. 

Every  determinate  problem,  wherein  it  is  required  to  deter- 
mine certain  unknown  quantities  in  terms  of  certain  other  given 
or  known  quantities  by  means  of  certain  given  conditions,  leads, 
when  expressed  in  analytical  language,  to  one  or  more  equations 
of  condition ;  to  as  many  equations,  in  fact,  as  there  are  condi- 
tions. The  quantities  involved  are  therefore  divided  into  two 
classes,  known  and  unknovm.  The  known  quantities  are  denoted 
by  the  so-called  constant  letters ;  the  unknown  by  the  variable 
letters.  Hence,  in  the  present  chapter,  constarU  and  known  are 
convertible  terms ;  and  so  are  variable  and  unknovm.  The  con- 
stants may  be  actual  numerical  quantities,  real  and  positive  or 
negative  ( -  4,  -  ^,  0,  +1,  +  f ,  &c.),  or  imaginary  or  complex 
numbers  ( - 1,  1  +  2i,  &c.);  or  they  may  bo  letters  standing  for 
any  such  quantities  in  general. 

§  3.]  Equations  are  classified  according  to  their  form,  and 
according  to  the  number  of  variables  that  occur  in  them. 

If  transcendental  functions  appear,  as,  for  example,  in 
2*  =  3*  +  2,  the  equation  is  said  to  be  transcendental.  With 
such  for  the  present  we  shall  have  little  to  do. 

If  only  the  ordinary  algebraical  functions  appear,  as,  for 
example,  in  ij{x  +  y)  +  y/(x  -  y)  =  1 ,  the  equation  is  called  an 
algebraical  equation.  Such  an  equation  may,  of  course,  be 
rational  or  irrational,  and,  if  rational,  either  fractional  or 
integral,  according  to  circumstances. 

It  will  be  shown  presently  that  every  algebraical  equation 
can  be  connected  with,  or  made  to  depend  upon,  an  equation 

of  the  form 

<t>(x,  y,  r,  .  .  .)  =  0, 
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where  <jt  is  &  rational  integral  function.  Such  equations  are 
therefore  of  great  analytical  importance ;  and  it  is  to  them  that 
the  "Theory  of  Equationa,"  as  ordioarilr  developed,  mainly 
applies.  An  integral  equation  of  this  kind  ia  deecribed  by 
assigning  its  degree  and  the  number  of  its  variables.  The  degree 
of  the  aquation  ia  simply  the  degree  of  the  function  ^  Thus, 
^  +  2x1/  -I-  ^  -  2  =  0  is  said  to  be  an  equation  of  the  2nd  degree 
in  two  variables. 

§4.]  Eqiiations  of  condition  may  occur  in  set«  of  one  or  of 
more  than  one.  In  the  latter  case  we  speak  of  Uie  set  as  a  set 
or  system  of  simvlUintou»  fquations. 

Tim  imin  prdbUm  which  arises  in  eonnecHon  wUk  every  sysUm  of 
equations  of  amdition  is  to  find  a  set  or  sels  of  valves  of  the  variables 
which  shall  render  every  eqaation  of  the  system  an  iderUUy  literal  or 
numericaL 

Such  a  set  of  values  of  the  variables  is  said  to  satisfy  the 
system,  and  is  called  a  solution  of  the  system  of  equations.  If 
there  be  only  one  equation,  and  only  one  variable,  a  value  of 
that  variable  which  satisfies  the  equation  is  called  a  root.  We 
also  say  that  a  solution  of  a  system  of  equations  satisfies  the  system, 
meaning  that  it  renders  each  equation  of  the  system  an  identity. 

It  is  important  to  diatinguisli  between  two  very  different 
kinds  of  solution.  When  the  values  of  the  variables  which  con- 
stitute the  solution  are  closed  expressions,  that  is,  functions  of 
known  form  of  the  constants  in  the  given  equations,  we  have 
what  may  be  called  a  formal  solution  of  the  system  of  equations. 
In  particular,  if  these  values  be  ordinary  algebraical  functions 
of  the  constants,  we  have  an  (dgebraical  solution.  Such  solutions 
cannot  in  general  be  found.  In  the  case  of  integral  algebraical 
equations  of  one  variable,  for  example,  if  the  degree  exceed  the  4th, 
it  has  been  shown  by  Abel  and  others  that  algebraical  solutions 
do  not  exist  except  in  special  cases,  so  that  the  formal  solution, 
if  it  could  l>e  found,  would  involve  transcendental  fiinctions. 

When  the  values  of  the  I'ariables  which  constitute  the  solution 
are  given  upprorimaidy  as  numbers,  i-eal  or  complex,  the  solution 
is  said  to  be  an  a}>proiiimite  uumerieal  solution.     In  this  case  the 
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words  "  render  the  equation  a  numerical  identity  "  are  understood 
to  mean  "reduce  the  two  sides  of  the  equation  to  values 
which  shall  differ  by  less  than  some  quantity  which  is  assigned." 
For  example,  if  real  values  of  the  two  sides,  say  P  and  P', 
are  in  question,  then  these  must  be  made  to  differ  by  less  than 
some  given  small  quantity,  say  1/100,000;  if  complex  values 
are  in  question,  say  P  +  Qi  and  P'  +  Q'i,  then  these  must 
be  so  reduced  that  the  modulus  of  their  difference,  namely, 
v/{(P  -  F)"  +  (Q  -  Q7},  shall  be  less  than  some  given  small 
quantity,  say  1/100,000. 

As  a  matter  of  fact,  numerical  solutions  can  often  be  obtained 
where  formal  solutions  are  out  of  the  question.  Integral  alge- 
braical equations,  for  example,  can  always  be  solved  numerically 
to  any  desired  approximation,  no  matter  what  their  degree. 

Example  1. 

2a:+2  =  2. 

a;=:0  is  a  solntioD,  for  this  value  of  x  reduces  the  equation  to 

2x0  +  2=2, 

which  is  a  numerical  identity.    Strictly  speaking,  this  is  a  case  of  algebraical 

solution. 

Example  2. 

xsziP/a  reduces  the  equation  to 

a--62=0, 
a 

which  is  a  literal  identity  ;  hence  x^l^ja  is  an  algebraical  solution. 
Example  3. 

Here  a;=  +  \/2  and  a;=  -  sJ2  each  reduce  the  equation  to  the  identity 

2-2=0; 
these  therefore  arc  two  algebraical  solutions. 

On  the  other  hand,  «=+ 1*4142  and  a;=- 1*4142  are  approximate 
numerical  solutions,  for  each  of  them  reduces  x^  -  2  to  -  '00003836,  which 
differs  from  0  by  less  than  '00004. 

Example  4. 

(a;- 1)2  +  2=0. 

x=\-^*sj^i  and  x=\-*sj2i  are  algebraical  solutions,  as  the  student  will 
easily  verify. 

a: =1  0001  +  1 '41421  and  ir= 1*0001- 1 '41421  are  approximate  numerical 
solutions,  for  they  rwluce  (a:- 1)2  +  2  to  *0000383 7  +  '000282841  and  *00003837 
-  *00028284i  respectively,  complex  numbers  whose  moduli  are  each  less  than 
•0003. 
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Eiaiiiplx  S. 


=  1. 


HereK  =  l,  31=0,  U  a  solution;  sou  3!=l-5,  y='B  j  «>  U  a!=2,  y= 
in  Tict,  soisx=a-t-l,  j/=a,  nhere  a  ii  any  qMiititjr  whataoBvec. 

Hare,  then,  there  are  an  inQuite  number  of  lolatioiu. 

Exaoiiila  6.  Couuder  the  fallowing  ajstem  of  two  eqnationa  t—,  ' 


-V=l, 


+  lf=6. 


Here  r=2,  y  =  l  is  a  solution  ;  and,  as  we  shall  (bow  ki  chap,  zri.,  tbero  is 

The  definition  of  t]i«  solution  of  a  conditional  equ&tion 
Eiiggests  two  remarks  of  some  importance. 

Isl.  El-erg  conditional  equation  is  a  hypothetical  identity.  In  all 
operalions  with  the  equation  tee  suppose  the  vaTtables  lo  have  such 
raluea  as  will  render  it  an  tdentiti/. 

2nd.  The  ultimate  lest  of  eeery  solution  is  thai  the  values  Khteh  it 
assigns  to  the  variables  shall  salis/ij  the  equations  when  substituted  therein. 

No  matter  liow  eliiborato  or  ingenious  the  process  by  which 
the  solution  has  been  obtained,  if  it  do  not  stand  this  test,  it  is 
no  solution ;  and,  on  the  other  hand,  no  matter  how  sipiply 
obtained,  provided  it  do  stand  this  test,  it  is  a  solution.*  In 
fact,  as  good  a  way  of  solving  equations  as  any  other  is  to  guess 
a  solution  and  test  its  accuracy  by  substitution,  f 

§  5.]  The  consideration  of  particular  cases,  such  as  Examples 
1-6  of  §  4,  teaches  us  that  the-number  of  solutions  of  a  system  of 
one  or  more  equations  may  be  finite  or  infinite.  If  the  number 
be  finite,  we  say  that  the  solution  is  determinate  (singly  determin- 
at«,  or  multiply  determinate  according  as  there  are  one  or  more 
solutions) ;  if  the  number  be  Infinite,  we  say  that  the  solution  is 
indelerminate. 

The  question  thus  arise!).  Under  what  circumstances  is  the 
solution  of  a  system  of  equations  detcrminat«  t  Part  at  least  of 
the  answer  is  given  by  the  following  fundamental  propositions. 

Proposition  I.  The  solution  of  a  system  of  equations  is  in  general 
determinate  {singly,  or  niiiUiply  according  to  ciTCunistances)  when  the 
numher  of  thf  eqnafwiis  is  eqnal  to  the  numher  of  the  rariitlles. 


solf-eridfiit  truths  would  as 


from  iii.iiiy  h  iiPPiiieia  liluiidcr. 
+  This  is  callixl  wh-iiis  l.y  "  ii 
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Rightly  considered,  this  is  an  ultimate  logical  principle  which 
may  be  discussed,  but  not  in  any  strictly  general  sense  proved. 
Let  us  illustrate  by  a  concrete  example.  The  reader  is  aware 
that  a  rectilinear  triangle  is  determinable  in  a  variety  of  ways 
by  means  of  three  elements,  and  that  consequently  three  condi- 
tions will  in  general  determine  the  figure.  To  translate  this  into 
analytical  language,  let  us  take  for  the  three  determining  elements 
the  three  sides,  -whose  lengths,  at  present  unknown,  we  denote 
by  a:,  y,  z  respectively.  Any  three  conditions  upon  the  triangle 
may  bo  translated  into  three  equations  connecting  x^  y,  z  with 
certain  given  or  constant  quantities ;  and  these  three  equations 
will  in  geneml  be  sufficient  to  determine  the  three  variables, 
a:,  y,  z.  The  general  principle  *  common  to  this  and  like  cases  is 
simply  Proposition  I.  The  truth  is  that  this  proposition  stands 
less  in  need  of  proof  than  of  limitation.  What  is  wanted  is  an 
indication  of  the  circumstances  under  which  it  is  liable  to  excep- 
tion. To  return  to  our  particular  case :  What  would  happen, 
for  example,  if  one  of  the  conditions  imposed  upon  our  triangle 
were  that  the  sum  of  two  of  the  sides  should  fall  short  of  the 
third  by  a  given  positive  quantity?  This  condition  could  be 
expressed  quite  well  by  an  equation  (namely,  «  +  y  =  ar  -  g,  say), 
but  it  is  fulfilled  by  no  real  triangle.!  Again,  it  might  chance 
that  the  last  of  the  three  given  conditions  was  merely  a  con- 
sequence of  the  two  first.  We  should  then  have  in  reality  only  two 
conditions — that  is  to  say,  analytically  speaking,  it  might  chance 
that  the  last  of  the  three  equations  was  merely  one  derivable  from 
the  two  first,  and  then  there  would  be  an  infinite  number  of 
solutions  of  the  system  of  three  variables.     Such  a  system  is 

a;  +  y  -f-  2;  =    6, 

3a;-f-2y  +  2:=10, 

2x  +  y=    4, 

for  example,  for,  as  the  reader  may  easily  verify,  it  is  satisfied 
by  a;  =  a  -  2^  y  =  8  -  2a,  2r  =  a,  where  a  is  any  quantity  whatsoever. 

*  A  name  seems  to  be  required  for  this  all-pervailing  logical  principle : 
the  Law  of  Determinate  Manifoldiiess  might  be  suggested, 
t  See  below,  chap.  xix. 


>*' 
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It  will  bo  Been  in  following  chapters  how  these  difficulties  are 
met  in  particular  cases.  Meantime,  let  us  observe  that,  if  we 
admit  Proposition  I.,  two  others  follow  very  readily. 

Proposition  II.  1/ tlie  number  of  equalions  be  less  than  the  nuiTiber 
of  variables,  the  solution  is  in  general  indetermitiaU. 

Proposition  III,  If  the  number  of  independent  equaiiont  be 
grealer  than  the  number  of  variables,  there  is  in  general  no  sotution, 
and  the  system  of  equations  is  said  lo  be  inconsistent. 

For,  let  the  number  of  variables  be  n,  and  the  number  of 
equations  m,  say,  where  m  <  n.  Let  us  assign  to  the  first  n  -  m 
variables  any  set  of  values  we  please,  and  regard  these  as  constant 
This  we  may  do  in  an  infinity  of  ways.  If  we  substitute  any  such 
set  of  values  in  the  m  equations,  we  have  now  a  set  of  m  equa- 
tions to  determine  the  last  m  variables ;  and  this,  by  Proposition 
I.,  they  will  do  deter  mi  nately.  In  other  words,  for  every  set  of 
values  we  like  to  give  to  the  first  n  -  m  variables,  the  m  equations 
give  ua  a  determinate  set  of  values  for  the  last  m.  We  thus  get  an 
infinite  number  of  solutions  ;  that  is,  the  solution  is  indeterminate. 

Next,  let  m  be>n.  If  wc  take  the  first  n  equations,  these 
will  in  general,  by  Proposition  I.,  give  a  determinate  set,  or  a 
finite  number  of  determinate  sets  of  values  for  all  the  n 
variables.  If  wo  now  take  one  of  these  sots  of  values,  and 
substitute  it  in  one  of  the  remaining  m  -  n  equations,  that 
equation  will  not  in  general  be  satisfied ;  for,  if  we  take  an 
equation  at  i-andom,  and  a  solution  at  random,  the  latter  will 
not  in  general  fit  the  former.  The  system  of  m  equations  wQl 
therefore  in  general  be  inconsistent. 

It  may,  of  course,  happen,  in  exceptional  cases,  that  this 
proposition  does  not  hold ;  witness  the  following  system  of  three 
, equations  in  two  variables: — 

x-7/=\,     2j:  +  y  =  5,     3x  +  2y  =  8, 
which  has  the  common  solution  r.^i,  y  =  1. 

§  6.]  We  have  also  the  further  question,  When  the  system 
is  detcrniinati',  how  many  solutions  are  tliei'c !  Tlic  iniswer 
to  this,  in  the  case  of  integral  equations,  is  furnished  by  the 
two  following  proi>ositions  : — 
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Proposition  I.  An  integral  equation  of  the  nth  degree  in  one 
variable  has  n  roots  and  no  morey  which  may  he  real  or  complexy  and 
all  unequal  or  not  all  unequal^  according  to  circumstances. 

Proposition  II.  A  determinate  system  of  m  integral  equations  with 
m  variables^  whose  degrees  in  these  variables  are  p,  q,  r,  .  ,  .  respect- 
ively y  haSf  at  most,  pqr .  . .  solutions,  and  has,  in  general,  just  that 
number. 

Proposition  I.  was  proved  in  the  chapter  on  complex  num- 
bers, where  it  was  shown  that  for  any  given  integral  function 
of  X  of  the  nth  degree  there  are  just  n  values  of  x  and  no  more 
that  reduce  that  function  to  zero,  these  values  being  real  or 
complex,  and  all  unequal  or  not  as  the  case  may  be. 

Proposition  11.  will  not  be  proved  in  this  work,  except  in 
particular  cases  which  occur  in  chapters  to  follow.  General 
proofs  will  be  found  in  special  treatises  on  the  theory  of  equa- 
tions. We  set  it  down  here  because  it  is  a  useful  guide  to  the 
learner  in  teaching  him  how  many  solutions  he  is  to  expect. 
It  will  also  enable  him,  occasionally,  to  detect  when  a  system 
is  indeterminate,  for,  if  a  number  of  solutions  be  found  exceed- 
ing that  indicated  by  Proposition  IL,  then  the  system  is  certainly 
indeterminate,  that  is  to  say,  has  an  infinite  number  of  solu- 
tions. 

Example  The  system  a:* +^"=1,  a;-y= 1  has,  by  Proposition  XL,  2x1  =  2 
solutions.  As  a  matter  of  fact,  these  solutions  area;=0,  y=-l,  and a;=l, 
y=0. 

EQUIVALENCE  OF  SYSTEMS  OF  EQUATIONS. 

§  7.]  Two  systems  of  equations,  A  and  B  {each  of  which  may  con- 
sist of  one  or  more  equations),  are  said  to  be  equivalerU  when  every 
solution  of  A  is  a  solution  of  B,  and  every  solution  ofBa  solution 
of  A. 

From  any  given  system.  A,  of  equations,  we  may  in  an  in- 
finity of  ways  deduce  another  system,  B;  but  it  will  not 
necessarily  be  the  case  that  the  two  systems  are  equivalent. 
In  other  words,  we  may  find  in  an  infinity  of  ways  a  system, 
B,  of  equations  which  will  be  satisfied  by  all  values  of  the 
VOL.1  U 
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variablea  for  which  A  is  aatiefied ;  but  it  will  not  follow  con- 
versely that  A  will  be  satisfied  for  all  values  for  which  B  is 
satisfied.  To  take  a  very  simple  example,  a:  -  1  =  0  is  satisfied  by 
the  value  x=l,  and  by  no  other;  z(z--l)  =  0  is  satisfied  by 
x=l,  that  is  to  say,  a:(x-  1)  =  0  is  satisfied  when  x-  1  =  0  is 
satisfied.  On  the  other  band,  x(x  -  1 )  =  0  is  satisfied  either  by 
z  =  0  or  by  x=  1,  therefore  x-  1  =0  is  not  always  saUsfied  when 
x(z  -  I)  =  0  is  BO ;  for  X  =  0  reduces  x  -  1  to  -  1,  and  not  to  0. 
Briefly,  x(z  -  1)  =  0  may  be  derived  from  x  -  1  =  0,  but  is  not 
equivalent  to  x  -  1  =  0. 

x(x  -  1 )  =  0  is,  in  fact,  more  than  equivalent  to  x  -  1  =  0, 
for  it  involves  x  -  1  =  0  and  x  =  0  as  alternatives.  It  will  be 
convenient  in  such  cases  to  say  that  x(x  -  1)  =  0  is  equivalent  to 


i.o|- 


When  by  any  step  wo  derive  from  one  system  another  which 
ia  exactly  equivalent,  we  may  call  that  step  a  reversible  deriva- 
tion, because  we  can  make  it  backwards  without  fallacy.  If 
the  derived  system  is  not  equivalent,  we  may  call  the  step 
irrevo'siile,  meaning  thereby  that  the  backward  step  requires 
examination. 

There  are  few  parts  of  algebra  more  important  than  the 
logic  of  the  derivation  of  equations,  and  few,  unhappily,  that 
are  treated  in  more  slovenly  fashion  in  elementary  teaching. 
"So  mere  blind  adherence  to  set  rules  will  avail  in  this  matter; 
while  a  little  attention  to  a  few  simple  principles  will  readily 
remove  all  difficulty. 

It  must  be  borDC  in  mind  that  in  operating  with  conditional 
equations  we  always  siyjptw*  the  variables  to  have  such  values 
as  will  render  the  equations  identities,  although  we  may  not  at 
the  moment  actually  substitute  such  values,  or  even  know  them, 
fye  are  there/ore  at  every  siep,  hypathetically  at  least,  applying  the 
fuTidamental  laws  of  alyebraiail  trunsformation  just  as  in  chap.  i. 

The  following  general  principle,  already  laid  down  for  real 
quantities,  and  carefully  discussed  in  chap,  xii.,  §12,  for  com- 
plex quantities,  may  he  taken  as  the  root  of  the  whole  matter. 
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Let  P  and  Q  be  two  functions  of  the  variables  x,  y,  0,  .  .  .,  which 
do  not  become  infinite  *  for  any  values  of  those  variables  that  we  have 
toamsider.  IfFxQ  =  Oand(i=^0,thenwill'P=0,andif'Px(i  =  0 
and  P  4=  0,  then  will  Q  =  0. 

Otherwise,  the  only  values  of  the  variables  which  make  P  x  Q  =  0 
are  such  as  make  either  P  =  0,  or  Q  =  0,  w  both  P  =  0  and  Q  =  0. 

§  8.]  It  follows  by  the  fundamental  laws  of  algebra  that  if 

P  =  Q  (1), 

then  P±R  =  Q±R  (2), 

where  R  is  either  constant  or  any  function  of  the  variables. 
We  shall  show  that  this  derivation  is  reversible. 

For,  if  P±R  =  Q±R, 

then  P±RtR  =  Q±R=fR, 

that  is,  P  =  Q ; 

in  other  words,  if  (2)  holds  so  does  (1). 

Cor.  1.  If  we  transfer  any  term  in  an  equation  from  the  one  side 
to  the  other,  at  the  same  time  reversing  its  sign  of  addition  or  subtrac- 
tion, or  if  we  reverse  ail  the  signs  on  both  sides  of  an  equation,  we 
deduce  in  each  case  an  equivalent  equation. 

For,  if  P  +  Q  =  R  +  S,  say, 

then  P  +  Q-S  =  R  +  S-S, 

that  is,  P  +  Q-S  =  R 

Again,  if  P  +  Q  =  R  +  S, 

then       P  +  Q-P-Q-R-S  =  R  +  S-P-Q-R-S, 
thatis,  -R-S=-P-Q, 

or  -P-Q=  -R-S. 

Cor.  2.  Every  equation  can  be  reduced  to  an  equivalent  equation  of 

the  form — 

R  =  0. 

For,  if  the  equation  be      P  =  Q, 

*  In  all  that  follows  all  functions  of  the  variables  that  appear  are  supposed 
not  to  become  infinite  for  any  values  of  the  variables  contemplated.  Cases 
where  this  understanding  is  violated  must  be  considered  separately. 
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we  have  P  -  Q  =  Q  -  Q, 

that  is  P  -  Q  =  0, 

which  is  of  the  form  R  =  0. 

Example. 

-  8a!^+2a?+8«=a^-«- 8. 

Subtracting 3i?-z-Z  from  both  ndes,  we  have  the  equiyalent  equation 

-8aB»+a^+isB+8=0. 

Changing  all  the  signs,  we  have 

8aj»-a:^-4aj-8=0. 

In  this  way  an  integral  equation  can  always  be  arranged  with  all  its  terms  on 
one  side,  so  that  the  coefficient  of  the  highest  term  is  positive. 

§  9.]  It  follows  from  the  fundamental  laws  of  algebra  that 

if  P=Q  ..,  (1), 

ihm  PR  =  QR  ^^^  (2), 

the  step  being  reversible  ifRis  a  constarU  differing  from  0,  but  not  if 
R  be  a  function  of  the  variables* 

For,  if  PR  =  QR, 

an  equivalent  equation  is,  by  §  8, 

PR-QR  =  0  (3), 

that  is,  (P  -  Q)R  =  0  (4). 

Now,  if  R  be  a  constant  4=  0,  it  will  follow  from  (4),  by  the 
general  principle  of  §  7,  that 

P-Q  =  0, 

which  is  equivalent  to  P  =  Q. 

But,  if  R  be  a  function  of  the  variables,  (4)  may  also  be  satisfied 
by  values  of  the  variables  that  satisfy 

R  =  0  (5); 

and  such  values  will  not  in  general  satisfy  (1). 

In  fact,  (2)  is  equivalent,  not  to  (1),  but  to  (1)  and  (5)  as 
alternatives. 

*  This  is  spoken  of  as  "multiplying  the  equation  by  R"  Similarly  the 
process  of  §  8  is  spoken  of  as  "  adding  or  subtracting  R  to  or  from  the  equa- 
tion." This  language  is  not  strictly  correct,  but  is  so  convenient  that  wo 
shall  use  it  where  no  confusion  is  to  be  feared. 
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Cor.  1.  From  the  above  it  follows  that  dividing  both  sides  of 
an  equation  by  any  function  other  than  a  constant  not  e^ual  to  zero  is  not 
a  legitimate  process  of  derivaHan,  since  wt  may  therd)y  lose  soltUions. 

Thua  PR  =  Qfi  is  equivalent  *»|D"'^Ioij 
whereaa  PE/E  =  QR/E* 

gives  P  =  Q, 

which  is  equivalent  merely  to 

P-Q  =  0. 
Example.  If  we  divide  both  aidei  of  the  eqoitioD 

(a!-l)*'  =  4(«-I)  (a) 

by  je-l,  WB  redaceit  to  j!'=4  (P), 

which  i»  eqnivtlent  to        (as  -  2)  (as  +  2)  =  0. 
(a),  OD  the  other  hand,  Is  eqaiTalent  to 

(z-l)(i-2)(a:  +  2)=0. 
Hence  (a]  has  the  three  solntioiii  x=l,  x=i,  x=  -S;  while  ip)  huonly  the 
two  1=2. 1=- 2. 

Cor.  S.  To  multiply  or  divide  both  sides  of  an  equation  by 
any  constant  quantity  differing  from  zero  is  a  reversible  process 
of  derivation.  Hence,  if  tke  coefficients  of  an  itUegral  equation  be 
fractUmai  either  in  the  algd>raieal  or  in  the  arithmetical  sense,  we  can 
atways  find  an  eqttivalent  equation  in  which  the  coefficients  are  all 
integral,  and  have  no  common  measure. 

Also,  we  can  aitoays  so  arrange  an  integral  equation  that  Hxe  co- 
^icient  of  any  term  we  please,  say  the  highest,  shall  be  -t-l. 

Examnlc  1. 

Z»  +  2  ,ix  +  i_2x  +  i 
i     *     6     ~     6 
gives,  on  multiplying  both  aide*  b7  40, 

10(3z-l-S)  +  8(flx  +  3)  =  5(Zx+4), 
thatia,  3ax+20+4S»+24=10»-t-20, 

whenoe,  atter  anbtracting  lOx  +  SO  rrom  both  aidea, 
e&C'l-24  =  0; 

*  As  we  are  here  merely  eatablishJDg  a  negative  propoaition,  the  reader 
may,  to  fii  his  ideas,  asEania  that  all  the  Utten  stand  Tor  integtsl  Tunctioiis 
of  a  tingle  variable. 
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whence  agam,  after  division  of  both  sides  by  68, 

Example  2. 

.(^»,-4-/)('?»,-|-,.)-«» 

If  we  multiply  both  sides  by  pq{p  -  q)  (jp+g),  that  is,  by  pg{jf  -  rti  ^"^  derive 
the  equiyalent  equation 

that  is,  (p"-fl')V+^j?>-8»)ay+jpVy*=2p5rtj>«-fi«)ay, 

which  is  equiyalent  to  ( jj*  -  j")  V  -^j^^ = 0. 

Cor.  3.  From  every  raiional  algebraical  eqmUon  an  integral  equa- 
tion can  he  deduced  ;  but  it  is  possible  (hat  extraneous  solutions  may 
he  introduced  in  the  process. 

Suppose  we  have  P  =  Q  (a), 

where  P  and  Q  are  rational,  but  not  integral  Let  L  be  the 
L.C3i.  of  the  denominators  of  all  the  fractions  that  occur  either 
in  P  or  in  Q,  then  LP  and  LQ  are  both  integral.  Hence,  if  we 
multiply  both  sides  of  (a)  by  L,  we  deduce  the  integral  equation 

LP  =  LQ  (/J). 

Since,  however,  the  multiplier  L  contains  the  variables,  it  is 
possible  that  some  of  the  solutions  of  L  =  0  may  satisfy  (/?),  and 
such  solutions  would  in  general  be  extraneous  to  (a).  We  say 
possible  \  in  general,  however,  this  will  not  happen,  because  P 
and  Q  contain  fractions  whose  denominators  are  factors  in  L. 
Hence  the  solutions  of  L  =  0  will  in  general  make  either  P  or  Q 
infinite,  and  therefore  (P  -  Q)L  not  necessarily  zero.  The  point 
at  issue  will  be  best  understood  by  studying  the  two  following 
examples : — 

Example  1. 

2a;- 3  + ^ — = ^  (a). 

SC-2  35-8 

If  we  multiply  both  sides  by  (a;  -  2)  (a;  -  3),  we  deduce  the  equation 

(2a;-8)(a;-2)(aj-3)  +  (a!2-6a;  +  8)(a;-8)  =  (a;-2)2  03), 

which  is  integral,  and  is  satisfied  by  any  solution  of  (a).  Wo  must,  however, 
examine  whether  any  of  the  solutions  of  (a:-  2)(.r-  3)  =  0  satisfy  (jS).  These 
solutions  are  a; =2  and  »=3.  The  second  of  these  obviously  does  not  satisfy 
03),  and  need  not  be  considered;  but  a; =2  does  satisfy  (^),  and  wo  must 
examine  (a)  to  see  whether  it  satisfies  that  equation  also. 


BAISING  BOTH  SIDES  TO  SAME  POWER  295 

I  z>-ai:  +  8=(x-2)(x-4],  (a)  maj  bs  writUn  in  tbo  equiT&leQt 


which  it  obrioaaly  not  satiified  by  x  =  2. 

It  appears,  therefore,  that  in  the  process  of  ii 
duMd  the  extraneous  solntion  a=2. 

Eiunple2. 


("')■ 
Proceeding  ts  before,  we  deduce 

(2j:-3)(z-2)(j!^3)  +  (2a'-e*  +  8)(i-8)  =  («-2)»  (/T). 

It  Till  be  fouDil  that  neither  of  the  values  x=2,  x  =  3  satisfiM  [^). 
Hence  no  citraneouB  solutions  have  been  introduced  in  this  case. 

^.£.— The  reason  why  x  =  2  utieSee  (0)  in  Eiample  I  is  that  the  nnmer- 
ator  z*-6i  +  8  of  the  fraction  on  the  left  contains  the  factor  !C-2  which 
occars  in  the  denominator. 

Cor.  4.  Raising  boA  sides  of  an  eqaaiien  to  ike  same  tn^^ntl 
poiver  is  a  legitimate,  but  not  a  reversiUe,  process  of  derivatioa. 

The  equation  P  =  Q  (I) 

is  equivalent  to  P  -  Q  =  0  (2). 

If  we  multiply  by  P»-'  +  P»-*Q  +  P»-»Q3  + .  .  .  +  Q""',  we 
deduce  from  {2) 

P»~Q»  =  0  (3), 

which  is  satisfied  by  any  solution  of  (1);  (3),  however,  ia  not 
equivalent  to  (1),  but  to 

7  P  =  Q1 

\P»-^  +  P»-*Q  +  .  .  .  +  Q"-»  =  0/ 
It  will  be  observed  that,  if  we  start  with  an  equation  in  the 
standard  form  P  -  Q  =  0,  transfer  the  part  Q  to  the  right-hand 
side,  and  then  raise  both  sides  to  the  nth  power,  the  result  is  the 
same  as  if  we  had  multiplied  both  sides  of  the  equation  in  its 
original  form  by  a  certain  factor.  To  make  tho  introduction  of 
extraneous  factors  more  evident  we  chose  the  latter  process ;  but 
in  practice  the  former  may  happen  to  be  the  more  convenient.* 

If  the  reader  will  reflect  on  the  nature  of  the  process  described 

in  chap.  x.  for  rationalising  an  algebraical  function  by  means 

of  a  rationalising  factor,  he  will  see  that  by  repeated  operations  of 

this  kind  every  algebraical  equation  can  be  reduced  to  a  rational 

*  See  below,  §  12,  Example  3. 
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form ;  but  at  each  step  extraneous  solutions  may  be  introduced. 
Hence 

Cor.  5.  From  every  algebraical  equation  toe  can  derive  a  rational 
integral  equation,  which  wUl  be  satisfied  by  any  solution  of  the  given 
equation  ;  but  it  does  not  follow  that  every  sotuOon^  or  even  iluU  any 
solution^  of  the  derived  equation  will  satisfy  the  oiiginal  one. 
Ezample'l.  Consider  the  equation 

V(aJ+l)  +  V(«-l)=l  (a), 

where  the  radicanda  are  supposed  to  be  real  and  the  square  root  to  have  the 
positive  sign.* 

(a)  is  equivalent  to  V(*  + 1 )  =  1  -  V(*  ~  ^  )i 

whence  we  derive,  hy  squaring, 

jc+l  =  l+a;-l-2V(a:-l), 
which  is  equivalent  to  1  =  -  Z^Jix  - 1). 

From  this  last  again,  by  squaring,  we  derive 

l=4(x-l), 

wliich  is  equivalent  to  the  integral  equation 

4x-5  =  0  ()3), 

the  only  solution  of  which,  as  we  shall  sec  hereafter,  is  a:=|. 

It  happens  here  that  a:=f  is  not  a  solution  of  (o),  for  \/(f  + 1)  +  Vd  ~  ^ ) 

=  i  +  i=2. 

Example  2. 

V(j;+l)-\/(«-l)  =  l  (a). 

Proceeding  exactly  as  before  we  have 

a;  +  l  =  l+iK-l+2\/(«-l), 

i  =  +2V(a;-l), 

l  =  4(a;-l), 
4.^-5  =  0  (A 

Here  (j8')  gives  aj=|,  which  happens  this  time  to  be  a  solution  of  the 
original  equation. 

We   conclude   this  discussion    by  giving   two   propositions 

applicable  to  systems  of  equations  containing  more  than  one 

equation.     These  by  no  means  exhaust  the  subject ;  but,  as  our 

object  here  is  merely  to  awaken  the  intelligence  of  the  student, 

the  rest  may  be  left  to  himself  in  the  meantime. 

§  10.]  From  the  system 

P,  =  0,     P,=  0,     .  .  .,     Pn  =  0  (A) 

we  derive 

L,P,  +  L^P,  +  .  .  .  +  LnP„  =  0,     l\  -  0,     .  .  .,     P„  =  0     (B), 

aiid  the  two  mil  be  equivalent  if  L,  he  a  constant  differing  from  0. 


*  When  \Jx  is  imaginary,  its  "principal  vahie"  (sec  chap,  xxix.)  ought 
to  be  taken,  unless  it  is  otherwise  indicated. 
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Any  solution  of  the  system  (A)  reduces  P,,  Pj,  .  .  .,  Pn  all 
to  0,  and  therefore  reduces  L^P^  +  L^g  +  .  .  .  +  hnPn  to  0,  and 
hence  satisfies  (B). 

Again,  any  solution  of  (B)  reduces  Pg,  P„  .  .  .,  Pn  all  to  0, 
and  therefore  reduces  L,Pi  +  LgPa  +  .  .  .  +  L^Pn  =  0  to  LjP,  =  0, 
that  is  to  say,  if  L^  be  a  constant  4=  0,  to  Pi  =  0.  Hence,  in  this 
case,  any  solution  of  (B)  satisfies  (A). 

If  Li  contain  the  variables,  then  (B)  is  equivalent,  not  to  (A) 

simply,  but  to 

/P,  =  0,    P,  =  0,    .  .  .,    Pn  =  0| 
lL.  =  0,    P,=  0,    .  .  .,    Pn  =  0j 

As  a  particular  case   of  the  above,  we  have  that  the  two 

systems 

P  =  Q,         R  =  Si 

and  P  +  R  =  Q  +  S,  R  =  S 

are  equivalent.     For  these  may  be  written 

P^=0,  R^  =  0; 
P^  +  IT^  =  0,  R^  =  0. 
If  /,  /',  my  m'  be  constants,  any  one  of  which  may  be  zero,  but 
which  are  such  that  Im'  -  I'm  4=  0,  then  the  two  systems 

U  =  0,  U'  =  0, 

and  IV  +  /'U'  =  0,  mU  +  mV  =  0 

are  equivalent. 

The  proof  is  left  to  the  reader.     A  special  case  is  used  and 

demonstrated  in  chap,  xvi.,  §  4. 

§  1 1.]  Any  solution  of  the  system 

P  =  Q,     R  =  S  (A) 

is  a  solution  of  the  system 

PR  =  QS,  R  =  S  (B); 

but  the  two  systems  are  not  equivalent. 
From  P  =  Q,  we  derive 

PR  =  QR, 
which,  since  R  =  S,  is  equivalent  to 

PR  =  QS. 
It  follows  therefore  that  any  solution  of  (A)  satisfies  (B). 


r 


298  EXAMPLB8  OF  DERIVATION  chap. 

Starting  nov  with  (B),  W9  have 

PR  =  03  (U 

B=S  (2). 

Since  R  =  S,  (1)  becomes 

PIt  =  QE, 
which  is  equivalent  to 

(P-Q)B  =  0, 
that  is,  equivalent  to 

p-«-o\ 

t       K-Of 
Hence  the  system  (B)  is  equivalent  to 

fP  =  Q,B  =  S\ 
\R  =  0,  R  =  Sf 
that  is  to  say,  to 

/P  =  Q,R  =  S1 

\R  =  0,  S  =  0/" 

In  other  words,  (B)  involves,  besides  (A),  the  alternative  system, 

R  =  0,    S  =  0. 

Example.  From  ii:-2  =  l-y,  x  —  l+y, 

a  system  which  hu  the  singlo  eolution  x-2,  y=l,  we  derivB  thesystani 

which,  m»dditiont(itheMilnti{>nx=2,y=l,hssaIsothesolatioDii=0,y=  -1 
belonging  to  the  system 

x=0,  l  +  y=0. 

g  12.]  In  the  process  of  solving  systems  of  equations,  one  of 
the  moat  commonly-occurring  requirements  is  to  deduce  from  two 
or  more  of  the  equations  another  that  shall  not  contain  certain 
assigned  variables.  This  is  called  "  elimifialing  the  variables  in 
question  between  the  equations  used  for  the  purposa"  In  per- 
forming the  elimination  we  may,  of  course,  use  any  legitimate 
process  of  derivation,  but  strict  attention  must  always  be  paid  to 
the  question  of  equivalence. 
Emmple.  GiTea  the  eyatcm 

■'  +  !/'  =  l  (1). 

i+i/=i  m, 

it  is  required  to  climinste  y,  tliat  is,  to  deduce  from  (1)  and  (2)  an  equatiou 
involving  x  alone. 
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(2)  is  equiTalent  to 

Hence  (1)  is  equivalent  to 

a:>+(l-a:)»=l, 
that  is  to  say,  to 

2jc'-2a:=0, 
or,  if  we  please,  to 

and  thus  we  have  eliminated  y,  and  obtained  an  equation  in  x  alone. 

The  method  we  have  employed  (simply  substitution)  is,  of  course,  only 
one  among  many  that  might  have  been  selected. 

Observe  that,  as  a  result  of  our  reasoning,  we  have  that  the  system  (1)  and 
(2)  is  equivalent  to  the  system 

a^-x=0  (3), 

«+y=l  (4), 

from  which  the  reader  will  have  no  difficulty  in  deducing  the  solution  of  the 
given  system. 

§  13.]  Although,  as  we  have  said,  the  solution  of  a  system 
of  equations  is  the  main  problem,  yet  the  reader  will  learn, 
especially  when  he  comes  to  apply  algebra  to  geometry,  that 
much  information — ^very  often  indeed  all  the  information  that  is 
required — may  be  derived  from  a  system  without  solving  it^» 
but  merely  by  throwing  it  into  various  equivalent  forms.  The 
derivation  of  equivalent  systems,  elimination,  and  other  general 
operations  with  equations  of  condition  have  therefore  an  im- 
portance quite  apart  from  their  bearing  on  ultimate  solution. 

We  have  appended  to  this  chapter  a  large  number  of  exercises 
in  this  branch  of  algebra,  keeping  exercises  on  actual  solution  for 
later  chapters,  which  deal  more  particularly  with  that  part  of 
the  subject  The  student  should  work  a  sufficient  number  of  the 
following  sets  to  impress  upon  his  memory  the  general  principles 
of  the  foregoing  chapter,  and  reserve  such  as  he  finds  difficult  for 
occasional  future  practice. 

The  following  are  worked  out  as  specimens  of  various  artifices 
for  saving  labour  in  calculations  of  the  present  kind  : — 

Example  1.  Beduce  the  following  equation  to  an  integral  form : — 

aa^+bx+e    cuc-^b  ,  . 

—5 = (*)• 

jar+qz-^-r    px  +  q 

We  may  write  (a)  in  the  form 

x(ax-{-b)-{'e_ax+b  .^^ 

x{px-\-q)  +  r'~px+q 
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Multiplying  (ft)  by  {px + q)  {aj(j» + g) + r } ,  we  obtain 

a!(aa:+6)(iw+j)+c(iw+jf)ssa(aaj+6)(i»+g)+r(aa:+J)    (7). 

Now,  (7)  is  eqnivalent  to 

(j(|w+jr)=r(aaj+J)  («), 

which  again  is  equivalent  to 

(cp-ra)x-{-{cq-rh)=0  .  (e). 

The  only  possibly  irreyeraible  step  here  la  that  from  (ft)  to  (7). 

Observe  the  nse  of  the  brackets  in  (ft)  and  (7}  to  save  nacleas  detaiL 

Example  2. 

Integralise 

{a-x)(x+m)    {a+x)(x-m)  ,  . 

Since  a5+m=(a5+n)+(wi-n),  «-m=(a5-n)-(w-n),  (a)  may  be  written 
in  the  equivalent  form, 

(--JO +^) =(«+*)  0-^)      «»)• 

whence  the  equivalent  form 

(a-«)-(a+x)+(«-«)(^+--±^)=0. 
that  is, 

Multiplying  by  -  i(a:*  -  n*),  we  deduce  from  (7)  the  integral  equation 

a;{«5-n«-(w-w)(n  +  a)}=0  («). 

In  this  case  the  only  extraneous  solutions  that  could  be  introduced  are 
those  of  «^-»'=0. 

Note  the  preliminary  transformation  in  (ft) ;  and  observe  that  the  order 
in  which  the  operations  of  collecting  and  distributing  and  of  using  any 
legitimate  processes  of  derivation  that  may  be  necessary  is  quite  unrestricted, 
and  should  be  determined  by  considerations  of  analytical  simplicity.  Note 
also  that,  although  we  can  remove  the  numerical  factor  2  in  (7),  it  is  not 
legitimate  to  remove  the  factor  x\  a;=0  is,  in  fact,  as  the  student  will  see  by 
inspection,  one  of  the  solutions  of  (a). 

Example  8. 

X,  Y,  Z,  U  denoting  rational  functions,  it  is  required  to  rationalise  the 

equation 

VX±\/Y±\/Z±VU=0  (a). 

We  shall  take  +  signs  throughout ;  but  the  reader  will  see,  on  looking 
through  the  work,  that  the  final  result  would  bo  the  same  whatever  arrange- 
ment  of  signs  be  taken. 
From  (a), 

VX+VY=-\/z-VU, 

whence,  by  squaring, 

X  +  Y  +  2V(XY)  =  Z  +  U  +  2V(ZU)  03). 
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From  (/9), 

X+Y-Z-U=-2V(XY)  +  2V(ZU), 
whence,  by  squaring, 

(X  +  Y-Z-U)«=4XY  +  4ZU-8V(XYZU)  (7). 

Wo  get  from  (7), 

X«  +  Y»  +  Z'  +  U«  -  2XY  -  2XZ  -  2XU  -  2  YZ  -  2  YU  -  2ZU  =  -  8  V(X  YZU), 

whence,  by  squaring, 

{X*  +  Y2  +  Z3  +  U3-2XY-2XZ-2XU-2YZ-2YU-2ZU}«=64XYZU  («). 

Since  X,  Y,  Z,  U  are,  by  hypothesis,  all  rational,  (d)  is  the  required  result. 
As  a  particular  instance,  consider  the  equation 

^J{2x  +  3)  +  \/(3«  +  2)  -  ^(2x  +  6)  -  '^(Zx)  =  0  (a'). 

Here  X  =  2a;+8,  Y=3a:+2,  Z=2a5+5,  U=3a:;  and  the  student  will  find, 
from  (d)  above,  as  the  rationalised  equation, 

(48a:»+112a;+24)2=64(2a;+3)(3aj+2)(2aj+5)3a;  (3'). 

After  some  reduction  (9')  will  be  found  to  be  equivalent  to 

(a: -3)2=0  (e'). 

It  may  be  verified  that  a; =3  is  a  common  solution  of  {%')  and  (e'). 

Although,  for  the  sake  of  the  theoretical  insight  it  gives,  we  have  worked 
out  the  general  formula  (d),  and  although,  as  a  matter  of  fact,  it  contains  as 
particular  cases  very  many  of  the  elementary  examples  usually  given,  yet 
it  is  by  no  means  advisable  that  the  student  should  work  particular  cases  by 
merely  substituting  in  (d) ;  for,  apart  from  the  disciplinary  advantage,  it 
often  happens  that  direct  treatment  is  less  laborious,  owing  to  intervening 
simplifications.  Witness  the  following  treatment  of  the  particular  case  (a') 
above  given. 

From  (a'),  by  transposition, 

V(2a5 + 3)  +  \/(3« + 2)  =  V(2a; + 5)  +  V(3x), 

whence,  by  squaring, 

6aj+6  +  2V(«a5'  +  18«+6)  =  6«+6  +  2V(6«'+15x), 

which  reduces  to  the  equivalent  equation 

V(«a!'  +  13aj+6)=  V(6aj»+15x)  0^). 

From  OS*),  by  squaring, 

6a:»  +  13a:+6=6aj"  +  15«, 
which  is  equivalent  to 

aj-8=0  (r). 

Thus,  not  only  is  the  labour  less  than  that  involved  in  reducing  (d),  but 
(d")  is  itself  somewhat  simpler  than  (d'). 

Example  4.  If 

«+y+2=0  (a), 

show  that 


(Si. 


(7), 
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We  hare 

It  follows  then  that 

From  (y)  and  (J),  (j9)  follotro  at  onoe. 

Elumple  G.  If 
show  that 

From  (a),  y+i=-* 

whence,  agiuring  and  than  tmupcnuig^  we  hare 

Similarly  i  +  x=  -y 

From  the  last  four  eqnationB  we  have 

(ya  +  ^(^.  +  aJ)_     (aJ-2iw)(y'-aa) 

_^aV-2A-2ift  +  <jq«* 
iry  ' 

=  Za.!/ +  *2j^  -  —  I*>(V' +  z") 
Now,  from  (a),  by  sqiuiriag  and  tranaposing. 


If  w«  nae  <n  and  (ii),  (f )  reduces  to 

which  18  equivalent  to  ip). 

The  use  of  the  piinciples  of  Bymiuetry  in  conjnnction  with  the  Z  notation 
in  ahortening  the  calculationa  in  this  example  cannot  fail  to  atrike  the 
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and  if  a:,  ^,  2  be  all  unequal,  show  that  each  of  the^e  expressions  is  equal  to 
(ary  -  2*)/(a;  +  y),  and  also  to  x+y  +  z. 

Denote  each  of  the  sides  of  (a)  by  U.     Then  we  have 

y+z  ^^'' 

^=U  (y). 

z  +  x 

Since  y  +  z=0  and  z+x=0  would  render  the  two  sides  of  (a)  infinite,  we 
may  assume  that  values  o{Xty,z  fulfilling  these  conditions  are  not  in  ques- 
tion, and  multiply  (/3)  and  (7)  by  y+2  and  2+05  respectively.     We  then 

deduce 

y2-«»-(y+2)U=0  W, 

2a;-.y2-(2  +  z)U  =  0  (c). 

From  (S)  and  (e),  by  subtraction,  we  have 

2(x-y)  +  (2^-y«)-(x-.y)U=0. 
that  is,  (a:+y+2-U)(a;-y)  =  0  (f). 

Now  a- y=0  is  excluded  by  our  data  ;  hence,  by  (Oi  we  must  have 

a;+y+a-U=0,  (1;), 

that  is,  U=a:+y+2  (0). 

We  have  thus  established  one  of  the  desired  conclusions.  To  obtain  the 
other  it  is  sufficient  to  observe  that  (17}  is  symmetrical  in  a;,  y,  z.  For,  if  we 
start  with  (17)  and  multiply  by  a;  -  2  (which,  by  hypothesis,  +  0),  we  obtain 

y(a;-2)  +  (a:»-22)-(aj-2)U=0; 
and,  combining  this  by  addition  with  (9), 

a^-2»-(a;+y)U=0; 
which  gives  (since  aj+y+0) 

x+y 

The  reader  should  notice  here  the  convenient  artifice  of  introducing  an 
auxiliary  variable  U.  He  should  also  study  closely  the  logic  of  the  process, 
and  be  sure  that  he  sees  clearly  the  necessity  for  the  restrictions  a;-y4:0, 
a;+y*0. 

Example  7.  To  eliminate  x,  y,  z  between  the  equations 

y'+2*=ay2  (o), 

i^+a?=bzx  (/9), 

a5"+y'=ca!y  (7), 
where  a;#0,  y#0,  24:0. 

In  the  first  place,  we  observe  that,  although  there  are  three  variables,  yet, 
since  the  equations  are  homogeneous,  we  are  only  concerned  with  the  ratios 
of  the  three.  We  might,  for  example,  divide  each  of  the  equations  by  a? ; 
we  should  then  have  to  do  merely  with  y/x  and  2/a;,  each  of  which  might  be 
regarded  as  a  single  variable.  There  are  therefore  enough  equations  for  the 
purpose  of  the  elimination. 
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From  (a)  uid  (^  wo  dsduce,  by  inbtrBotion, 

We  remark  that  it  follows  from  thU  equation  that  k:~(^i^O;  lorba-a}/=0 
voaldgive  3!?=^,  tnd  henci,  hj  (7),z=0  (at  Inat  if  we  nippoae  c*±2). 
This  being  so,  wo  may  multiply  (j9)  by  (fci  -  ay)\    We  tins  obtain 

i'(te-ai/)'+a:*(te-.^)«=&ia(ia!-ov)', 
whence,  uaing  (•!),  we  hare 

which  redncea,  after  tranipoaition,  to 

(*>  -  j»)«=ay(«B  -  6V)  (te  -  ay), 
that  is  to  say,  (a?  +  !/*}*-l2V=^'»^-*i')(**-iii()  {(), 

Using  (y),  we  dedace  from  (<) 

whence,  bearing  in  mind  thatzy^^l^  we  gat 

which  ia  enoiTsUnt  to 

(<i'  +  i"+e«-4>«¥=o*{a?+l(»)  (f). 

Using  (7)  once  more,  and  ttansporing,  we  naeb  finally 

la''  +  V  +  c'-i-abe)xy=Q, 
whence,  since  xy^O,  we  conclude  that 

a'  +  ti'  +  i?--i-abc=0  (ij), 

ao  that  ())]  is  the  roqnired  result  of  eliminating  x,  y,  (between  the  equations 
(«)>  (|9)i  (t)-  Such  an  equation  as  (t))  is  often  called  the  eliminant  (or  re- 
aultant)  of  the  given  system  of  equations. 

Example  8,  Show  that,  if  the  two  first  of  the  following  three  equations  be 
^TCD,  the  thinl  can  be  deduced,  it  being  supposed  that  a:  4- y  =¥1  +  0. 

a'{y'-{-yt+^-ayi{y  +  z)  +  yV^O  («), 

oV+»y+!fl-o«yl'5+v)+»V=o  (>)■ 

Tiaa  is  equivalent  to  showing  that,  if  we  eliminate  z  between  {a)  and  (P),  the 
rault  is  (7). 

Amnging  (a)  and  (fi)  according  to  powers  of  2,  we  have 

oV-o{-a!/  +  y')l  +  (a'-ay  +  y>)s'  =  0  (4), 

oV-a{-£U!  +  il')l  +  (a'-ai  +  x')i>  =  0  («). 

Multiplying  (J)  and  (e)  by  a?  and  j^  respectively,  and  subtiscting,  we  get 

a'xy{x-y)!+{a'(x+y)-axy]{x-y)^=0, 
whence,  rejecting  the  (actor  0(1  -  y):,  which  ia  permissible  since  ie  +  y,  »+0, 
ax>j+  {n{x  +  >j)-xy\z  =  0  il). 

Acnin,  multiplying  (S)  and  (f)  by  a'-ax+x'  and  a'-ay  +  j/'  respectively, 
mill  subtracting,  we  gst,  after  rejecting  tlie  factor  a', 

o(,r  +  j<t-p-i/+io-(«  +  i/Hi  =  0  W. 
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Finally,  multipljing  (J)  and  (ij)  by  a{x+y)-xy  »□<!  axy  respectiTely,  and 
Babtiacting,  wo  get,  since  :  +  0, 

which  giTflS  a'(z'  +  !ry  +  v')-(Mej(iB+y)  +  !iV=0, 

the  required  result. 


Y 


XIX. 

{On  Ou  RtdvtlUm  of  Equaiimu  to  an  li\l^Tai  Fom.) 
Solve  by  inapectioi]  the  following  EysteniB  of  eqtutioUE  : — 
(1.)  ^>-4-3(i  +  B)  =  0. 

'->  :-?!=,-?,• 

(3,)  (a-ft)i!-a'  +  i==0. 

(i.)  ir(fc-c}  +  j,(e-a)  +  (o-*)  =  0, 

oa^6-<!)  +  6»(e-»)  +  <:('>-*)=0- 

(6.)  a!+y+i=o+6+e, 

flW!  +  iy  +  a =a« +  *>  +  (?, 
bx  +  ey  +  OS  B  k  4- ea -f  oi. 

(fl. )  For  vhat  Talae»  of  a  and  b  does  the  equation 

become  an  identity ! 

Integralise  the  following  eqaationa  ;  and  discuaa  in  each  case  1 
lenoe  of  the  £ual  equation  to  the  giTen  one, 

a  +  B    ag+ll_ 
x-4 


"■1  :-?i*'f?v="- 

(8.1  i-a/l'-H)  ,  n-3/(»-i) 


1   ,  1 


t 


(3-jr)fa  +  10)  _  (S+5)>  -10) 

x+11     ~  -   K-ii  "  ■ 

^+px+q  _  a'+ye  +  f 
a^+ra  +  ^^a^  +  ra  +  a' 
(x-g)*      ,       (a!-i)'  (»-■;)*     _ 

(e-<.)(a-t)'*'(«-6)(i-c)'^(ft-0«-»)" 
!g+T+U  a+T-U  _ 

i«*+(2-0a+»(2-*-t)"'"i>?+(2-»)a+((2-3-(}~ 
when  2T=»+(-i*-»(-C. 

VOL.1 


{11.) 
(12.) 
(13) 
(H.) 
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(18,) 
Tariablea. 
(17.) 
(18.) 
(19.) 
(20.) 
■  (21-) 
(22.) 

(2S.) 

(21.) 

__  I       (26.) 

^  -i{2e.} 

(27.) 
(28.) 


the  following  eqnatioiu  and  reduce  tiie  tonltiDg  equfttioD  to 
form  as  possible : — 
VS  +  V^  +  VZ=''>  ^hen  X,  Y,  Z  are  rational  functions  of  the 

^/(x+a)+  -^{x+b)  +  ^/{«+e)=0. 

[j:-c+ {(*-«)*  +  !/»} ']/tx+*+«a:-c)>+y>}*]=«. 

V-i:+V(«-r)'=21M«-7). 

Va  +  8    yg+JB 

V^  +  S    V"+29' 

V(2  +  »)      _      V(2-») 

72  +  V(2+"!)     V2-V(2-'i)' 

V(i«'+a)  +  V(«-o}  +  \'(fr+"^)-t-V(6-»')  =  0- 
V(1+^  +  j^)  +  V(1-j:  +  z')_, 

V(i+=;)  +  V(»-^)      ~ 
(i,-i)(a«+S)*+(!-=!}(<.y+S)*+(^-y)(«  +  4)*=0.        ''--' 
rv'(y-^)  =  Oi  and'BhowthatIiB=V(32ff=)  {three  variables  I,  y,  s). 
Vi2(i'  +  1)). 


(31.) 
(32.) 


1'  + Si* -22  =  0. 
v^(a  +  z)     y(a+a:)_  v^J 

■^(4  +  V«)  +  v'{a  -  V«)  =  v^*- 
iKl  +  yl  +  jl  =  0, 

iB+J+2=0. 


XX. 

(On  the  TrtaiifoTmatiott  0/ Syittms  0/  EqutUions.) 
[In  working  tliis  set  the  student  should  examine  carefully  the  logic  of  every 
step  he  takes,  and  satisfy  himself  that  it  is  consistent  with  his  data.     He 
should  also  make  clear  to  himself  whether  each  step  is  or  is  not  reversible. 1 
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(2.)  If  iB»+y»=2», 

then  {(«'+2')y}'+  {(a^-y'M»=  W+s^)x}*  (TaU). 

(3.)  If  ar,  y,  a  be  real,  and  if  «*(y-2)+y*(2-x)+2*(«-y)=0,  then  two  at 
least  of  the  three  must  be  equaL 

(4.)  If  (aj+y+2)*=a:«+y»+2», 

then  (aj+y+2)*^^=a:*"+*+y*^*+2"»^^ 

(5.)  If 

(jP*k + 2;>ry + r^)  (g*a; + 2j'«y + A)  =  {pjx + (i?s + gr)y + r^^ 

then  either  y*-aaj=0orjw-5'r=Q, 

aV       6V       c?2«  _^ 

(Important  in  the  theory  of  the  wave  surface. — TaU, 


(6.)  If 
where 
then 

where 
-^      (7-)  If 


<i 


J-c    c-a    a-h 


show  that  each  of  them  is  equal  to  V{^^/2(2a'-  Z^)}. 


(8.)  If 
and  if 
then 

(9.)  If 

then 

(10.)  If 
then 

(11.)  If 

then 

(12.)  If 


a(}^^^^cz-ax)=i^cz'\■ax-by)==c{ax+by-ez\ 
o+6+c=0, 

X  +  y  +  2=0. 

x+2y_y+2z_z+2x 
2a+d'"26+c""2c+a 

2a6+y  a«-y 


a;=ra  +  6  + 


a!'+y=y*+a5. 
(a-&)« 


and  if 


4(a+6)' 
(a;-a)»-(y-6)»=6a. 
o = OJB + fty + ca; + <;?tt7, 
p=bX'\-ay+dz+cw, 
y=ex+dy+az+bWf 
d=dx+ey'^bz-\-aWf 


a+h  ,    ab 


/[o,  ft  7,  «)=(o+/3  +  7  +  «)(a-/3+7-a)(a-/5-7+«)(a+i9-7-«), 


then 


/[«f  A  r  ^)=/(a,  ^  «i  c^)/[«i  y,  «,  vf), 
(IS.)  If  aj+y+»=0,  then  Sl/ai»=(21/a;)«. 


\ 
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<■«  >'  (!)"*(i)"*(r— 6)"*6)"-^a)" 


and 

show  that 
(15.)  If 

then 


jg**       •/"*       ^ff^ 
a-^=6--  =  c-^,  aj+0,  y+0,  »+0, 


i+?^ = 


5-c  c-a  a-6 


(16.)  If  a: + (yz  -  Q?)\{p?  +  y* + a?)  be  unaltered  by  interchanging  x  and  y,  it 
^  will  be  unaltered  by  interchanging  x  and  z,  provided  os^  y,  2  be  all  unequal ; 
and  it  will  vanish  if  a? + y + 2 = 1. 

(17.)  If  2a?y/(y+2)-a?=ay2/(«+a!)-y*,  and  «+y,  then  each  of  these  is 
equal  to  in/s/(a;+y) -a?  and  also  to  y*+gx+xy, 
J  '  (18.)  Of  the  three  equations 


y    - 


z+x 


y^-v^    {m  +  l)u^-{n  +  l)zx^ 

z x  +  y 

s^-'W^'^{m-\-l)%d^-{n  +  l)xi/ 

where  a;=*=y+2,  any  two  imply  the  third  (Caylcy), 
(19.)  Given 

^  ?/         . ?/2_   _, 

1+2  +  yc      ' 


1+X  +  iCS 


-.  -  + 


l+y+icy 
xy 


+ 


+ 


:=1. 


l+a+aa    l  +  y+jcy    l+c+ys 

none  of  the  denominators  being  zero,  then  x=y=z, 

(20.)  Given  S(y+2)Vic=3SsB,  Sa;4=0,  prove  2(y+2-aj)»+n(y+2-a:)=0. 
(21.)  Given  2a;=0,  prove  S(aj»+y»)/(a;+y)  +  5xysS(l/a;)  =  0. 
(22.)  Given  2aj=0,  prove  that  '2a?7a?l'2a?  is  independent  of  «,  y,  z, 
(23.)  If  21*=  -5a:ys2kcy,  then  2fl:=0,  or  2^-2:^+2JBV  +  2SaJ'y^=0• 
(24.)  If  n(a^  +  l)=a>+l,  n(x*-l)=a«-l,  and  2icy=0,  then  a;+y+2=0 

or  =  ±a. 

(25.)  If  a!+y+s+w=0,  then  4205 +  8S(y+2)(w+y)(tt+s)=0,  where  the 

2  refers  to  the  four  variables  »,  y,  z,  u. 
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Exercises  XXI. 
(On  Elimination.) 
(1.)  Eliminate  ic  between  the  equations  V     • 

(2.)  If  z='sj{aif-a-ly)f  y=^'\J{a3?-a'^lx\  express  \J{a^-a^lz)  in  terms 


ol'x. 
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(4.)  Given 
prove  that 


(3.)  If  0(a;)  =  (a*-a-«)/(a«+a-'), 

F(ar)  =  2/(a«+a-«), 
then  0(aJ + y) = {4^x)  +  4>{y) )/(!  +  ^a;)^y) ), 

nx+y)  =  F(xmy)l{l  +  4>{x)4>(y)). 
ix{y+z-x)_y(z-^x-'y)_z{x-^y-'Z) 
a  b  c        ' 

aib  +  c-a)  _  h{c+a-  b)    c(a  +  b  -  e) 
X  y        "        z        ' 

(5.)  Given  bz-\'ey=cx+az=ay  +  bos,  2p  +  y^+;^=^2yz+2zx+2xyt  prove 
that  one  of  the  functions  adb&±c=d. 

(6. )  Show  that  the  result  of  eliminating  x  and  y  between  the  equations 

is  (fcV + a*c?)y + TabAPiV^c^ + a^rfJ  -  2a262)p« + a^i;^<^(P{a^  ^<^{ll^-d^=0. 
(7.)  Eliminate  o^y^  x^^  y'  from 

(8.)  If  l/(a;+a)  +  l/(y+a)  +  l/(2+a)  =  l/a,  with  two  similar  equations  in 
which  6  and  c  take  the  place  of  a,  show  that  2(l/a)=0,  provided  a,  6,  e  be  all 
different. 

(9.)  Show  that  any  two  of  the  following  equations  can  be  deduced  from 
the  other  three : — 

ax+be=zu,    by+ea=iuv,    cz+db=vx,    du+ee=xyf-  ev+ad=yz. 
(10.)  Eliminate  x,  y,  z  from  the  three  equations 

{z+x-y){x+y  -  z)=ayz, 
{x+y-z){y+z-'X)=bzx,     {y  +  z-x){z+X'-y)=exy; 

and  show  that  the  result  iaabc=(a+b+e-  4)*. 


V 


^• 


>^'f  y'^ 


w^ 


'a    -r  y 


I 


:  ^.  u.( 


hT 


\ 


v^v^'-^M    -   i  fc  ' 


\ 


(^  -V-  ^^    -i  ^^ 


CHAPTER  XV. 

Variation  of  Fnnctioiia. 

§  I.]  The  view  which  we  took  of  the  Uliwaj  of  conditiotiRl 
equations  in  last  chapter  led  ua  to  the  problem  of  finding  a  set 
of  values  of  the  variables  which  should  render  a  given  conditional 
equation  an  identity.  There  is  another  order  of  ideas  of  at  least 
equal  analytical  importance,  and  of  wider  practical  utility,  which 
we  now  proceed  to  explain.  Instead  of  looking  merely  at  the 
values  of  the  variablea  x,  y,  e,  .  .  .  which  satisfy  the  equation 

My^',-  ■  ■)  =  o. 

that  is,  which  render  the  function  /{x,  y,  2, .  ,  .)  zero,  we  consider 
all  possible  values  of  the  variables,  and  all  possible  corresponding 
values  of  the  function ;  or,  at  least,  we  consider  a  number  of  such 
values  sufficient  to  give  us  a  clear  idea  of  the  whole ;  then,  among 
the  rest,  we  discover  those  values  of  the  variables  which  render 
the  function  zero.  The  two  methods  might  he  illustrated  by  the 
two  possible  ways  of  finding  a  particular  man  in  a  line  of  soldiers. 
We  might  either  go  straight  to  some  part  of  the  ranks  where 
a  preconceived  theory  would  indicate  his  presence ;  or  we  might 
walk  along  from  one  end  of  the  line  to  the  other  looking  till  we 
found  him.  In  this  new  way  of  looking  at  analytical  functions, 
the  graphical  metliod,  as  it  ia  called,  is  of  great  importance. 
This  consists  in  representing  the  properties  of  the  funcLion  in 
some  way  by  means  of  n  geometrical  figure,  so  that  we  can  with 
the  bodily  eye  take  a  comprehensive  view  of  the  pecuHarities  of 
individual  casa 
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GENERAL  PROPOSITIONS   REGARDING  FUNCTIONS   OF  ONE 

REAL   VARIABLE. 

§  2.]  For  the  present  we  confine  ourselves  to  the  case  of  a 
function  of  a  single  variable, /(a:);  and  we  suppose  that  all  the 
constants  in  the  function  are  real  numbers,  and  that  only  real 
values  are  given  to  the  variable  x.  We  denote,  as  in  chap, 
xiii.,  §  1 7,  f{x)  by  y,  so  that 

y=/W  (1), 

and  we  shall,  as  in  the  place  alluded  to,  speak  of  x  and  y  as 
the  independent  and  dependent  variables ;  we  are  now,  in  fact^ 
merely  following  out  more  generally  the  ideas  broached  there. 

Y 


Fio.  1. 

To  obtain  a  graphical  representation  of  the  variation  of  the 
function  f{x)  we  take  two  lines  X'OX,  Y'OY,  at  right  angles  to 
each  other  {co-ordinate  axes).  To  represent  the  values  of  x  we 
measure  x  units  of  length,  according  to  any  convenient  scale, 
from  the  intersection  0  along  X'OX  to  the  right  if  x  have  a 
positive  value,  to  the  left  if  a  negative  value.  To  represent  the 
values  of  y  we  measure  lengths  of  as  many  units,  according  to 
the  same  or,  it  may  be,  some  other  fixed  scale,  from  X'OX 
parallel  to  Y'OY,  upwards  or  downwards  according  as  these 
values  are  positive  or  negative. 

For  example,  suppose  that,  when  we  put  x-  -  20,  x=  ~  7, 
aj=  +18,  a;=  +37,  the  corresponding  values  of 
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are 


CONTINUITY  OF  FUNCTION  AND  OF  GRAPH 

/(-20),    /(-7),    /(  +  18),    /(  +  37) 
+  4,  -10,        +7,  -6 


CHAP. 


respectively ;   so  that  we  have  the  following  scheme  of  corre- 
sponding values : — 


X 

y 

-20 
-   7 
+  18 
+  37 

+    i 
-10 
+   7 
-    6 

Then  we  measure  off  OM,  (left)  =  20,  OM*  (left)  =  7,  OM^  (right) 
=  18,  OMp  (right)  =  37 ;  and  MJ>,  (up)  =  4,  M^P^  (down)  =  10, 
MjPj  (up)  =  7,  MJP^  (down)  =  6. 

To  every  value  of  the  function,  therefore,  corresponds  a  re- 
presentative point,  P,  whose  abscissa  (OM)  and  ordinate  (MP) 
represent  the  values  of  the  independent  and  dependent  variables; 
that  is  to  say,  the  value  of  x  and  the  corresponding  value  of  f{x). 
Now,  when  we  give  x  in  succession  all  real  values  from  -  oo  to 
+  00  ,  y  will  in  general  *  pass  through  a  succession  of  real  values 
without  at  any  stage  making  a  sudden  jump,  or,  as  it  is  put,  without 
becoming  discontinuous.  The  representative  point  will  therefore 
trace  out  a  continuous  curve,  such  as  we  have  drawn  in  Fig.  1. 
This  curve  we  may  call  the  graph  of  the  function. 

§  3.]  It  is  obvious  that  when  we  know  the  graph  of  a 
function  we  may  find  the  value  of  tJie  function  corresponding  to  any 
value  of  the  indq>cndmt  variable  x  with  an  accuracy  that  depends 
merely  on  the  scale  of  our  diagram  and  on  the  precision  of  our 
drawing  instruments.  All  we  have  to  do  is  to  measure  off  the 
value  of  X  in  the  proper  direction,  OM7  say;  then  draw  a 
parallel  through  M^  to  the  axis  of  y,  and  find  the  point  P7  where 
this  parallel  meets  the  graph  ;  then  apply  the  compasses  to  M7P7, 
and  read  off  the  number  of  units  in  M-Fj  by  means  of  the  scale 
of  ordinates.     This  number,  taken  positive  if  P7  be  above  the 

*  AVo  sliall  return  to  the  exceptional  cases  immediately. 
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axis  of  z,  negative  if  below,  will  be  the  required  value  of  the 
function. 

The  graph  also  enables  us  to  the  same  extent  to^solve  the 
converse  problem,  Given  the  value  of  thefunctioriy  to  find  the  corre- 
sponding value  or  values  of  the  independent  variable. 

Suppose,  for  example,  that  Fig.  1  gives  the  graph  of  f{x\ 
and  we  wish  to  find  the  values  of  x  for  which  f{z)  =  +  7.  All 
we  have  to  do  is  to  measure  ON7  =  7  upwards  from  0  on  the  axis 
of  y ;  then  draw  a  line  (dotted  in  the  figure)  through  N7  parallel 
to  the  axis  of  x^  and  mark  the  points  where  this  line  meets  the 
grapL  If  P7  be  one  of  them,  we  measure  N7P7  (obviously  =  OM7) 
by  means  of  the  scale  of  abscissae,  and  the  number  thus  read  off 
is  one  of  the  values  of  x  for  which  f{x)  =  +  7 ;  the  others  are 
found  by  taking  the  other  points  of  intersection,  if  such  there  be. 

Observe  that  the  process  we  have  just  described  is  equivalent 

to  solving  the  equation 

/(x)  =  +  7. 

In  particular  we  might  look  for  the  values  of  x  for  which  f{x) 
reduces  to  zero.  When/(a;)  becomes  zero,  that  is,  when  the  ordin- 
ate of  the  graphic  point  is  zero,  the  graph  meets  the  axis  of  x. 
The  axis  of  «,  then,  in  this  case  acts  the  part  formerly  played  by 
the  dotted  parallel,  and  the  values  of  x  required  are  -OMj, 
-0M„  +0M,  +0M.,  +OMio,  where  OMj,  OM.,  &c.,  stand 
merely  for  the  respective  numbers  of  units  in  these  lengths  when 
read  o£f  upon  the  scale  of  abscissae.     Hence 

By  means  \of  the  graph  of  the  function  f{x)  we  can  solve  the 
equaiion 

fix)  =  0  (2). 

The  roots  of  this  equation  are,  in  point  of  fact,  simply  the  values 
of  X  which  render  the  function  f(x)  zero ;  we  may  therefore, 
when  it  is  convenient  to  do  so,  speak  of  them  as  the  roots  of  the 
function  itself. 

§  4.]  The  connection  between  the  general  discussion  of  a 
function  by  means  of  the  graphical  or  any  other  method  and  the 
problem  of  solving  a  conditional  equation  will  now  be  apparent 
to  the  reader,  and  he  will  naturally  ask  himself  how  the  graph 
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is  to  be  obtained.  We  cannot,  of  conrse,  lay  down  all  the 
infinity  of  points  on  the  graph,  but  we  can  in  various  ways  infer 
its  form.  In  particular,  we  can  assume  as  many  yalues  of  the 
independent  variable  as  we  please,  and,  from  the  known  form  of 
the  function  f{x\  calculate  the  corresponding  values  of  y.  We 
can  thus  lay  down  as  many  graphic  points  as  we  please.  If  care 
be  taken  to  get  these  points  dose  enough  where  the  form  of  the 
curve  appears  to  be  changing  rapidly,  we  can  draw  with  a  free 
hand  a  curve  through  the  isolated  points  which  will  approach 
the  actual  graph  sufficiently  closely  for  most  practical  purposes. 

When  the  form  of  the  function  is  unknown,  and  has  to  be 
determined  by  observation — as,  for  example,  in  the  case  of  the 
curve  which  represents  the  height  of  the  barometer  at  diiSerent 
times  during  the  day — the  course  we  have  described  is  the  one 
actually  followed,  only  that  the  value  of  y  is  observed  and  not 
calculated. 

Before  going  further  into  details  it  will  be  well  to  illustrate 
by  a  simple  example  the  above  process,  which  may  be  unfamiliar 
to  many  readers. 

Example. 

Lot  the  fanction  to  be  diacossed  be  1  -a^,  then  the  equation  (1)  which 
determines  the  graph  is  y = 1  ->  x^. 

We  shall  assamo,  for  the  present  without  proof,  what  will  probably  be  at 
once  admitted  by  the  reader,  that,  as  x  increases  without  break  from  0  up  to 
+  00 ,  a^  increases  without  break  .from  0  up  to  +  oo ;  and  that  a^>  =  <1, 
according  as  a;>  =  <1. 

Consider,  in  the  first  place,  merely  positive  yalues  of  x.  When  a;=0, 
y=l ;  and,  so  long  as  «<!,  1-a^  is  positive.  When  «=!,  y=l-l  =  0. 
When  so  1,  then  a^>  1  and  1  -  a;'  is  negative.  Hence  from  a;=0  until  «=  1, 
1  -  ai"  continually  decreases  numerically,  but  remains  always  positive.  When 
a;=l,  \-3?  becomes  zero,  and  when  x  is  further  increased  1-7?  becomes 
negative,  and  remains  so,  but  continually  increases  in  numerical  value. 

We  may  represent  these  results  by  the  following  scheme  of  corresponding 
values : — 


X 

y 

0 

1 

<+l 

+ 

+  1 

0 

>+l 

— 

■foo 

1 

-  oo 
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The  general  form  of  the  graph,  so  far  as  the  right-hand  side  of  the  axis  of  y 
is  concerned,  will  be  as  in  Fig.  2.  y 

As  regards  negative  values  of 
X  and  the  left-hand  side  of  the 
axis  of  y,  in  the  present  case, 
it  is  merely  necessary  to  notice 
that,  if  we  put  aj  =  -  a,  the  re- 
sult, so  far  as  1  -  a^  is  concerned, 
is  the  same  as  if  we  put  x=+a; 


forl-(-o)>=l-(+a)'».  Hence  X 

for  every  point  P  on  the  curve, 

whose  abscissa  and  ordinate  are 

+  0M  and  +  MP,  there  will  be 

a  point  P',  whose  abscissa  and 

onlinate  are  -  OM  and + MP.   P 

and  P'  are  the  images  of  each 

other  with  respect  to  Y'Y  ;  and  the  part  AP'B'  of  the  graph  is  merely  an 

image  of  the  part  APB  with  respect  to  the  line  Y'Y. 

Let  us  see  what  the  graph  tells  us  regarding  the  function  1  -  x^. 

First  we  see  that  the  graph  crosses  the  x-azis  at  two  points  and  no  more, 

those,  namely,  for  which  «=  +  1  and  aj=  -  1.    Hence  the  function  1  -  a^  has 

only  two  roots,  + 1  and  - 1 ;  in  other  words,  the  equation 

l-a:«=0 

has  two  real  roots,  a;=  +1,  «=  - 1,  and  no  more. 

Secondly.  Since  the  part  BAB'  of  the  graph  lies  wholly  above,  and  the 
parts  CB',  CB  wholly  below  the  a;-axis,  we  see  that,  for  all  real  values  of  x 
lying  between  -1  and  +1,  the  function  1  -a^  is  positive,  and  for  all  other 
real  values  of  x  negative. 

Thirdly.  Wo  see  that  the  greatest  positive  value  of  1  -  a^  is  1,  correspond- 
ing to  x=0  ;  and  that,  by  making  x  sufficiently  great  (numerically),  we  can 
give  1  ~  as?  a  negative  value  as  large,  numerically,  as  we  please. 

All  these  results  could  be  obtained  by  direct  discussion  of  the  function, 
but  the  graph  indicates  them  all  to  the  eye  at  a  glance. 

§  5.]  Hitherto  we  have  assumed  that  there  are  no  breaks  or 
discontinuities  in  the  graph  of  the  function.  Such  may,  how- 
ever, occur ;  and,  as  it  is  necessary,  when  we  set  to  work  to 
discuss  by  considering  all  possible  cases,  above  all  to  be  sure 
that  no  possible  case  has  escaped  our  notice,  we  proceed  now  to 
consider  the  exceptions  to  the  statement  that  the  graph  is  in 
general  a  continuous  curve. 


I.  The  function  f(x)  may  become  infinite  for  a  finite  value  of  x. 
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Example  1. 

Consider  the  funotion  1/(1 -a;).  When  a;  is  a  very  little  less  than  +  1, 
say  a:='99999,  then  y=l/(l-aj)  gives  y=  +1/ '00001=  +100000  ;  that  is  to 
say,  y  is  positive  and  very  large ;  and  it  is  obvions  that,  by  bringing  x  suffi- 
ciently nearly  up  to  + 1,  we  can  give  y  as  laige  a  positive  value  as  we  please. 
On  the  other  hand,  if  a;  be  a  very  little  greater  than  + 1,  say  x=  + 1  '00001, 
then  y=l/(  -  '00001)=  - 100000  ;  and  it  is  obvious  that,  by  making  x  ex- 
ceed 1  by  a  sufficiently  small  quantity,  y  can  be  made  as  large  a  negative 
quantity  as  we  please. 

The  graph  of  the  function  1/(1  -x)  for  values  of  x  near  +1  is  therefore  as 
follows : — 

Y  I  The  branch  BC  ascends  to 

an  infinite  distance  along 
KAK'  (a  line  parallel  to  the 
y-axis  at  a  distance  from  it 
=  +1),  continually  coming 
nearer  to  KAE',  but  never 
reaching  it  at  any  finite  dis- 
tance from  the  ac-axis.  The 
branch  DE  comes  up  from  an 
infinite  distance  along  the 
other  side  of  KA.E'  in  a  similar 
manner. 

Here,  if  we  cause  x  to  in- 
crease from  a  value  OL  very 
little  less  than  + 1  to  a  value 
Fio.  8.  OM  very  little   greater,  the 

value  of  y  will  jump  from  a  very  large  positive  value  +  LC  to  a  very  large 
negative  value  -  MD  ;  and,  in  fact,  the  smaller  we  make  the  increase  of  Xy 
provided  always  we  pass  from  the  one  side  of +  1  to  the  other,  the  larger  will 
be  the  jump  in  the  vuluc  of  y. 

It  ap2)ear8  then  that,  for  x=+l,  1/(1-0;)  is  both  infinite  and  discori' 
tinuous. 

Example  2. 

y=ll{l-x)\ 

"We  leave  the  discussion  to  the 
reader.    The  graph  is  as  in  Fig.  4. 

The  function  becomes  infinite 
when  x=  +1;  and,  for  a  very  small 
increment  of  x  near  this  value,  the 
increment  of  y  is  very  large.  In  fact, 
if  we  iucrease  or  diminish  x  from  the 
value  +  1  by  an  infinitely  small 
amount,  y  will  diminish  by  an  in- 
finitely great  amount.  Fig.  4. 

Hero  again  wo  have  infinite  value  of  the  function,  and  accompanying 
tinuity. 


XV 
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II.  The  value  of  the  function  may  make  a  jump  without  becoming 
infinite. 

The  graph  for  the  neighbourhood  of  such  a  value  would  be 
of  the  nature  indicated  in  Fig.  5,  where,  while  x  passes  through 
the  value  OM,  y  jumps  from  MP 
toMQ. 

Such  a  case  cannot,  as  we  shall 
immediately  prove,  occur  with  in- 
tegral functions  of  fl^  In  fact  it 
cannot  occur  with  any  algebraical 
function,  so  that  we  need  not 
further  consider  it  here. 

The  cases  we  have  just  considered  lead  us  to  give  the  follow- 
ing formal  definition. 

A  function  is  said  to  be  continuous  when  for  an  infinitely  small 
cimnge  in  the  value  of  the  independent  variable  the  change  in  the  value 
of  the  function  is  also  infinitely  small;  and  to  be  discontinuous  when 
for  an  infinitely  small  change  of  the  independent  variable  the  dvange  in 
the  value  of  the  function  is  either  finite  or  infinitely  great, 

in.  It  may  happen  that  the  value  of  a  function,  all  of  whose  con- 
stants are  real,  becomes  imaginary  for  a  real  value  of  its  variable. 

Example. 

This  happens  with  the  function  +  ^(1  -  t?).  If  we  confine  ourselves  to  the 
positive  value  of  the  square  root,  so  that  we  have  a  single-valued  function  to 
deal  with,  the  graph  is  as  in  Fig.  6  : — 

a  semicircle,  in  fact,  whose  centre  is  at  the 
origin. 

For  all  values  of  aj  >  + 1,  or  <  - 1,  the 
value  of  y  =  +  \/(l  -  a:*)  is  imaginary  ;  and  the 
graphic  points  for  them  cannot  be  constructed 
in  the  kind  of  diagram  we  are  now  using. 

The  continuity  of  the  function  at  A  can- 
not, strictly  speaking,  be  tested  ;  since,  if  we 
attempt  to  increase  x  beyond  + 1, ;/  becomes 
imaginary,  and  there  can  be  no  question  of  the 
magnitude  of  the  increment,  froxn  our  present  point  of  view  at  least* 

No  such  case  as  this  can  arise  so  long  as  f{x)  is  a  rational 

algebraical  function. 


Fio.  6. 


♦  See  below,  §  18. 
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We  have  now  enumerated  the  exceptional  cases  of  functional 
variation,  so  far  at  least  as  is  necessary  for  present  purposes. 
Graphic  points,  at  which  any  of  the  peculiarities  just  discussed 
occur,  may  be  generally  referred  to  as  erUieal  poinU. 


ON  CERTAIN  LDflTING  OASES  OF  ALGEBRAIOAL  OPERATION. 

§  6.]  We  next  lay  down  systematically  the  following  propo- 
sitions, some  of  which  we  have  incidentally  used  already.  The 
reader  may,  if  he  choose,  take  them  as  axiomatic,  although,  as 
we  shall  see,  they  are  not  all  independent  The  important 
matter  is  that  they  be  thoroughly  understood.  To  secure  that 
they  be  so  we  shall  illustrate  some  of  them  by  examples.  In 
the  meantime  we  caution  the  reader  that  by  **  infinitely  small " 
or  ''  infinitely  great "  we  mean,  in  mathematics,  ''  smaller  than 
any  assignable  fraction  of  unity/'  or  **  as  small  as  we  please,"  and 
*^  greater  than  any  assignable  multiple  of  unity,"  or  *'  as  great  as 
we  please."  He  must  be  specially  on  his  guard  against  treating 
the  symbol  oo,  which  is  simply  an  abbreviation  for  "greater 
than  any  assignable  magnitude,"  as  a  definite  quantity.  There 
is  no  justification  for  applying  to  it  any  of  the  laws  of  algebra, 
or  for  operating  with  it  as  we  do  with  an  ordinary  83rmbol  of 
quantity. 

1,  If  "P  be  constant  or  variable,  provided  it  does  not  become 
infinitely  great  when  Q  becomes  infinitely  snudl,  then  when  Q  becomes 
infinitely  small  PQ  becomes  infinitely  small. 

Observe  that  nothing  can  be  inferred  without  further  examin- 
ation in  the  case  where  P  becomes  infinitely  great  when  Q 
becomes  infinitely  small.  This  case  leads  to  the  so-called  inde- 
terminate fonn  00  X  0.* 

Example  1. 

Let  us  suppose,  for  example,  that  P  is  constant,  =100000,  say.  Then,  if 
we  make  Q=  1/100000,  wc  reduce  PQ  to  1  ;  if  we  make  Q= 1/100000000000, 
wo  retUico  PQ  to  1/1000000  ;  and  so  on.  It  is  abundantly  evident,  therefore, 
that  by  making  Q  sufficiently  small  PQ  can  be  made  as  small  as  we  please. 

*  Indeterminate  forms  are  discussed  in  chap,  xxv 
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Ezampio  2. 

LetP=aj+l,     Q=aj-1. 

Here,  when  x  is  made  to  approach  the  value  + 1,  P  approaches  the  finite 

value  +  2,  while  Q  approaches  the  value  0.   Suppose,  for  example,  we  put  a;=  1 

+  1/100000,  then 

PQ  =  (2  + 1/100000)  X 1/100000, 

=2/100000  +  1/1010, 

and  80  on.  Obviously,  therefore,  by  sufficiently  diminishing  Q,  wo  can  make 
PQ  as  small  as  we  please. 

Example  3. 

P=l/(a?-l),     Q=a:-1. 

Here  we  have  the  peculiarity  that,  when  Q  is  made  infinitely  small,  P  (see 
below,  Proposition  III.)  becomes  infinitely  great.  We  can  therefore  no  longer 
infer  that  PQ  becomes  infinitely  small  because  Q  does  so.  In  point  of  fact, 
PQ=(a:-  l)/(jB'-l)=l/(a;+l),  which  becomes  1/2  when  z=l, 

II.  If  F  be  either  constant  or  variable,  provided  it  do  not  become 
infinitely  small  when  Q  becomes  infinitely  great,  then  when  Q  becomes 
infinitely  great  PQ  becomes  infinitely  great. 

The  case  where  P  becomes  infinitely  small  when  Q  becomes 
infinitely  great  must  be  further  examined  j  it  is  usually  referred 
to  as  the  indeterminate  form  0  x  oo . 

Example  1. 

Suppose  P=l/1 00000.  Then,  by  making  Q= 100000,  we  reduce  PQ  to  1 ; 
by  making  Q= 100000000000  we  reduce  PQ  to  1000000  ;  and  so  on.  It  is 
clear,  therefore,  that  by  sufficiently  increasing  Q  we  could  make  PQ  exceed 
any  number,  however  great. 

The  student  should  discuss  the  following  for  himself: — 

Example  2. 

P=a;+1,     Q=l/(x-l). 
PQ=oo  when  a;=l. 
Example  8. 

P=(a;-1)9.     Q=l/(a;-l). 
PQ=Owhen  x=l, 

III.  IfPbe  either  constant  or  variable,  provided  it  do  not  become 
infinitely  small  when  Q  becomes  infinitely  small,  then  when  Q  becomes 
infinitely  small  P/Q  becomes  infinitely  great 

The  case  where  P  and  Q  become  infinitely  small  for  the  same 
value  of  the  variable  requires  further  examination.     This  gives 

the  so-called  indeterminate  form  x* 
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Example  1. 

Suppose  P  constant- 1/100000.  If  we  make  Q= 1/100000,  P/Q  becomes 
1 ;  if  we  make  Q = 1/100000000000,  P/Q  becomes  1000000 ;  and  so  on.  Hence 
we  see  that,  if  only  we  make  Q  small  enongh,  we  can  make  P/Q  as  Luge  as 
we  please. 

The  student  should  ejcamine  arithmetically  the  two  following  cases : — 

Example  2. 

P=aj+1,    Q=aj-1. 

P/Q  s  00  when  x=l. 
Example  3. 

P=aj-1,    Q=af-1. 
P/Q =1  when  aj=l. 

IV.  If  "P  be  either  constant  or  variable,  provided  U  do  not  become 
infinitely  great  when  Q  becomes  infinitely  great,  then  tohen  Q  becomes 
infinitely  great  P/Q  becomes  infinitely  smalL 

The  case  where  P  and  Q  become  infinitely  great  together  re- 
quires further  examination.  This  gives  the  indeterminate  form 
00 

00 

Example  1. 

Suppose  P  constants  100000.  If  we  make  Q= 100000,  P/Q  becomes  1; 
if  we  make  Q  =  100000000000,  P/Q  becomes  1/1000000  ;  and  so  on.  Hence  by 
sufficiently  increasing  Q  we  can  make  P/Q  less  than  any  assignable  quantity. 

Example  2. 

P=a;+1,     Q=l/(aj-l). 

P/Q  =  0  when  a;=l. 

Example  8. 

P=l/(x-l)»,     Q=l/(a:-l). 

P/Q = 00  when  x=l. 

y.  If  "P  and  Q  each  become  infinitely  small,  then  P  +  Q  becomes 
infinitely  small 

For,  let  P  be  the  numerically  greater  of  the  two  for  any 
value  of  the  variable.  Then,  if  the  two  have  the  same  sign,  and, 
a  fortiori,  if  they  have  opposite  signs,  numerically 

P  +  Q<2P. 

Now  2  is  finite,  and,  by  hypothesis,  P  can  be  made  as  small  as 
we  please.     Hence,  by  I.  above,  2P  can  be  made  as  small  as 
we  please.     Hence  P  +  Q  can  be  made  as  small  as  we  pleasa 
VI.  If  eitlier  P  ar  Q  become  infinitely  great,  or  if  P  and  Q  eadi 
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become  infinitely  great  and  both  have  finally  the  same  sign,  then  P  -f  Q. 
becomes  infinitely  great. 

Proof  similar  to  last 

The  inference  is  not  certain  if  the  two  have  not  ultimately 
the  same  sign.  In  this  case  there  arises  the  indeterminate 
form  00  -  00 . 

Example  1. 

P=a:»/(x-l)2,    Q={2x-l)l{x-l)\ 

When  a;  =  1,  we  have  P= 1/0  =+00,    Q=l/0=+oo.     Also 

z^         2x--l  _a?-^2x-l 
^~{x-lf'^{x-iy^'~    {x-iy  * 

=  Tr=oo,  whena;=l. 

Example  2. 

P=a^/(«-l)»,    Q=-(2a;-l)/(aj-l)3. 

Here  x=\  makes  P=+oo,  Q=-oo,  so  that  we  cannot  infer  P  +  Q=oo. 
In  fact,  in  this  case, 

p.O__^ 2x-l(a;-l)'_ 

'^^~{x-\f    W^~{x-lf~ 

for  all  values  of  or,  or,  say,  for  any  value  of  a;  as  nearly  =  + 1  as  we  please.  In 
this  case,  therefore,  hy  bringing  x  as  near  to  + 1  as  we  please,  we  cause  the 
value  of  P  +  Q  to  approach  as  near  to  + 1  as  we  please. 

§  7.]  The  propositions  stated  in  last  paragraph  are  the  funda- 
mental principles  of  the  theory  of  the  limiting  cases  of  algebraical 
operation.  This  subject  will  be  further  developed  in  the  chapter 
on  Limits  in  the  second  part  of  this  work 

In  the  meantime  we  draw  the  following  conclusions,  which 
will  be  found  useful  in  what  follows  : — 

I.  ijT  P  =  PiP, . . .  Pn,  then  P  will  remain  finite  if  P,,  P,,  .  .  ., 
P„  all  remain  finite. 

P  will  become  infinitely  small  if  one  or  mme  of  the  functions 
Pi,  Pg,  .  .  .,  V^beccme  infinitely  smaU,  provided  none  of  the  remain- 
ing ones  become  infinitely  great. 

P  will  become  infinitely  great  if  one  or  more  of  the  functions  P,, 
Pg,  .  .  .,  Pn  become  infinitely  great,  provided  none  of  the  remaining 
ones  become  infinitely  small. 

IL  7/"  S  =  Pi  +  Pa  +  .  .  .  +  Pn,  then  S  will  remain  finite  if  Pi, 
Pi,  .  .  . ,  Pn  each  remain  finite, 

VOL.  I  y 
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S  vnll  become  infinitely  small  if  P,,  P,,  .  .  .,  P«  each  became  in- 
finitely  sinalL 

S  will  become  infinitely  great  if  one  cr  mare  of  (he  functions  P,, 
P^,  .  .  .,  Pn  become  infinitely  great^  provided  aU  those  that  become 
infinitely  great  have  the  same  sign. 

III.  Consider  the  quotient  P/Q. 

P 

pr  tdll  certainly  be  finite  if  both  P  and  Q  be  finite, 

may  be  finite  if  V  =  0^         Q  =  0, 
ort/P  =  oo,       Q=oo. 

p 

^  mil  certainly  =  0  1/  P  =  0,         Q  +  0, 

may  =  0  t/  P  =  0,         Q  =  0, 
or  if  V=  00,       Q=oo, 

p 

pr  mil  certainly  =oot/P=oo,       Q+00, 

^  t>rt/P4=0,         Q  =  0; 

TTkiy  =  00  1/  P  =  0,         Q  =  0, 
(^r  t/  P  =  00 ,       Q  =  00 . 


^ 


ON   THE  CONTINUITY  OF  FUNCTIONS,   MORE  ESPECIALLY  OF 

RATIONAL  FUNCTIONS. 

§  8.]  We  return  now  to  the  question  of  the  continuity  of 
functions. 

By  the  increment  of  a  fiinclion  f{x)  corresponding  to  an  increment 

h  of  th^.  indejteiident  variable  x  toe  meanf{x  +  h)  -f(x). 

For  example,  if/(a?)=ar,  the  increment  is  {x  +  h)'^-a?=2xh  +  hr. 
U/{x)  =  1/j:,  the  increment  is  ll(x-\-h)-llx=  -hlx{x-^h). 

The  increments  may  be  either  positive  or  negative,  according 
partly  to  choice  and  partly  to  circumstance.  The  increment  of 
the  independent  variable  x  is  of  course  entirely  at  our  disposal ; 
but  when  any  value  is  given  to  it,  and  when  x  itself  is  also 
assigned,  the  increment  of  the  function  or  dependent  variable 
is  detcnnined. 
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Example. 

Lot  the  function  be  l/x,  then  if  a;=l,  h=S,  the  corresponding  increment 
ofl/;ri8  -3/1(1+3)= -3/4.  If  a; =2,  A =3,  the  increment  of  l/j;  is  -3/2(2  +  3) 
=  -  3/10,  and  so  on. 

If  P  be  a.  function  of  ar,  and  p  denote  its  increment  when  x 
is  increased  from  a;  to  a;  +  ^,  then,  by  the  definition  of  p,  P  +p  is 
the  value  of  P  when  x  is  altered  from  xtox  +  h. 

We  can  now  prove  the  following  propositions  : — 

I.  The  algebraic  sum  of  any  finite  number  of  continuous  functions 
is  a  continuous  function. 

Let  us  consider  S  =  P  -  Q  +  R,  say.  If  the  increments  of  P, 
Q,  R,  when  x  is  increased  by  A,  be  p^  q^  r,  then  the  value  of  S, 
when  X  is  changed  to  a;  +  A,  is  (P  +p)  -  (Q  +  g^)  +  (R  +  r)  ;  and  the 
increment  of  S  corresponding  to  Mb p-q-\-r.  Now,  since  P,  Q, 
R  are  continuous  functions,  each  of  the  increments,^,  g,  r,  becomes 
infinitely  small  when  h  becomes  infinitely  small.  Hence,  by  §  7, 
I.,  p-q  +  r  becomes  infinitely  small  when  h  becomes  infinitely 
small.     Hence  S  is  a  continuous  function. 

The  argument  evidently  holds  for  a  sum  of  any  number  of 
terms,  provided  there  be  not  an  infinite  number  of  terms. 

IL  The  product  of  a  finite  number  of  continuous  functions  is  a 
corUinuous  function  so  long  as  all  factors  remain  finite. 

Consider,  in  the  first  place,  PQ.  Let  the  increments  of  P 
and  Q,  corresponding  to  the  increment  h  of  the  independent  vari- 
able X,  be  p  and  q  respectively.  Then  when  x  is  changed  to  x  +  h 
PQ  is  changed  to  (P  +p)  (Q  +  q),  that  is,  to  PQ  +  jpQ  +  ^'P  -hpq. 
Hence  the  increment  of  PQ  corresponding  to  A  is 

pQ  +  qT+pq, 

Now,  since  P  and  Q  are  continuous,  p  and  q  each  become  in- 
finitely small  when  A  becomes  infinitely  small  Hence  by  §  7,  I. 
and  IL,  it  follows  that  pQ,-{-qP+pq  becomes  infinitely  small 
when  h  is  made  infinitely  small ;  at  least  this  will  certainly  be 
so,  provided  P  and  Q  remain  finite  for  the  value  of  x  in  question, 
which  we  assume  to  be  the  case. 

It  follows  then  that  PQ  is  a  continuous  function. 

Consider  now  a  product  of  three  continuous  functions,  say 
PQR.     By  what  has  just  been  established,  PQ  is  a  continuous 
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function,  which  we  may  denote  hy  the  eingle  letter  8;  then 
PQK  =  SR  where  S  and  K  are  continuous.  Bat,  by  laat  caae,  SR 
is  a  continuoiu  function.     Hence  PQR  is  a  coQtinaouB  function. 

Proceeding  in  this  way,  we  establish  the  proposition  for  any 
finite  number  of  factors. 

Cor.  I.  If  A-be  amttant,  Md  P  a  ixmtimwut  fundion,  thm  AF 
is  a  eonfijounu  fuBCUon. 

This  can  either  be  established  independently,  or  considered 
as  a  particular  case  of  the  main  proposition,  itT  being  remembered 
that  the  increment  of  a  constant  is  eero  under  all  circumstances. 

Cor  2.  A^,  vAere  A  M  eonslafii,  and  m  a  poaiike  mUger,  it  a 
amtirmous  function. 

For  a^  =  xi(xy....-<x{m  factors),  and  x  is  continuous,  being 
the  independent  variable  itself.  Hence,  by  the  main  proposi- 
tion, I*"  is  continuous.  Hence,  by  Cor.  1,  At"  is  a  continuous 
function. 

Cor.  3.  Every  intfgral  function  of  x  is  contimwus  ;  and  cannol 
hfi'ome  infinite  for  a  finite  rabir  of  x. 

For  every  integral  function  of  3;  is  a  sum  of  a  finite  number 
of  terms  such  as  Ax"'.  Now  each  of  these  terms. is  a  continuoua 
function  by  Cor.  'L  Hence,  by  Proposition  I.,  the  integral  func- 
tion is  continuous.  That  an  integral  function  is  always  finite 
for  a  finite  value  of  its  variulile  follows  at  once  from  §  7, 1. 

III.  If  P  (wd  Q  ht  intetfial  funciiojts  of  T,  then  P/QisfinUe  and 
coiiHiiwyus  fur  all  finite  rabies  of  x,  e^xpi  sadt  as  render  Q  =  0. 

In  the  fii-st  place,  if  <i  +  0,  then  (see  g  7,  HI.)  P/Q  can  only 
become  infinite  if  either  P,  or  both  P  and  Q,  become  infinite ;  but 
neither  P  nor  Q  can  become  infinite  for  a  finite  value  of  x,  because 
lioth  are  integral  functions  of  x.  Hence  P/Q  can  only  become 
infinite,  if  at  all,  for  values  of  x  which  make  Q  =  0. 

If  a  value  which  makes  Q  =  0  makes  P  +  0,  then  P/Q  certainly 
Incomes  infinite  for  that  value.  But,  if  such  ;i  value  makes  both 
Q  =  0  and  ;»!so  P=  0,  then  the  matter  rcijiiin^s  further  investi- 

Next,  as  to  vunlinuity,  let  tlio  incrcnienU  of  P  and  Q  corre 
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sponding  to  h^  the  increment  of  x,  be  p  and  q  as  heretofore. 
Then  the  increment  of  P/Q  is 

"Q  +  ?  Q  Q(Q  +  ?)" 
Now,  by  hypothesis,  p  and  q  each  become  infinitely  small 
when  h  does  so.  Also  P  and  Q  remain  finite.  Hence  |?Q  -  ^P 
becomes  infinitely  small.  It  follows  then  that  (jpQ  -  ^P)/Q(Q  +  q) 
also  becomes  infinitely  small  when  h  does  so,  provided  always 
(see  §  6)  that  Q  does  not  vanish  for  the  value  of  a;  in  question. 

Example. 

The  increment  of  l/(j;-l)  corresponding  to  the  increment,  h^  of  x  is 
l/(aj+A-l)-l/(a;-l)=  -^/(aj-l)(ar+A-l).  Now,  ifa;=2,  say,  this  becomes 
-  A/(l  +A),  which  clearly  becomes  infinitely  small  when  h  is  made  infinitely 
small.  On  the  other  hand,  if  a;=l,  the  increment  is  -h/Ohf  which  is 
infinitely  great  so  long  as  h  has  any  value  differing  from  0  by  ever  so  little. 

§  9.]  When  a  function  is  finite  and  continuous  between  two 
values  of  its  independent  variable  z  =  a  and  z  =  b,it&  graph  forms 
a  continuous  curve  between  the  two  graphic  points  whose 
abscissae  are  a  and  b ;  that  is  to  say,  the  graph  passes  from  the 
one  point  to  the  other  without  break,  and  without  passing  any- 
where to  an  infinite  distance. 

From  this  we  can  deduce  the  following  important  pro- 
position : — 

Iff(x)  be  caniinuous  from  x  =  a  to  x  =  by  and  if  f{o)  -p^  f{b)  =  q, 

then,  as  x  passes  through  every  algebraical  value  between  a  and  b,  f(x) 

passes  at  least  once,  and,  if  more  than  once,  an  odd  number  of  times 

^  j       J      through  every  algebraical  valu€  between  p  and  q, 

^  ^  Let  P  and  Q  be  the  graphic  points  corresponding  to  x  =  a  and 

^  x  =  b,  AP  and  BQ  their  ordinates;  then  AP=p,  BQ  =  g.     We 

)  have  supposed  p  and  q  both  positive ;  but,  if  either  were  negative, 

^      we  should  simply  have  the  graphic  point  below  the  sr-axis,  and 

the  student  will  easily  see  by  drawing  the  corresponding  figure 

that  this  would  alter  nothing  in  the  following  reasoning. 

Suppose  now  r  to  be  any  number  between  p  and  q,  and 
draw  a  parallel  UV  to  the  o^axis  at  a  distance  from  it  equal 
to  r  units  of  the  scale  of  ordinates,  above  the  axis  if  r  be 
positive,  below  if  r  be  negative.     The  analytical  fact  that  r  is 
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intonnediate  to  p  and  q  ia  represented  by  the  geometrical  fact 
that  the  points  P  and  Q  lie  on  opposite  sides  of  UV. 


V 

c 

U    R^-^ 

J 

V 

/ 

^ 

a,   ^ 

K,     k 

*. 

Not,  since  the  graph  paasea  continuously  from  F  to  Q,  it 
must  cross  the  inteimediate  line  UV ;  and,  since  it  begins  on  one 
side  and  ends  on  the  other,  it  must  do  so  either  once,  or  thrice, 
or  five  times,  or  some  odd  number  of  times. 

Every  time  the  graph  crosses  UV  the  ordinate  becomes  equal 
to  r;  hence  the  proposition  is  proved. 

Cor.  I.  If  f{a)  he  negative  andf{li)  he  positive,  or  ince  versa,  then 
/{x)  has  at  least  one  root,  and,  if  more  than  one,  an  odd  number  of 
roots,  between  x  =  a  and  x  =  b,  provided  f(x)  he  amtinvous  from  x  =  a 


This  is  merely  a  particular  case  of  the  main  proposition,  for 
0  is  intermediate  to  any  two  values,  one  of  which  is  positive  and 
the  other  negative.  Hence  as  /  passes  from  a  to  h/(x)  must  pass 
at  least  once,  and,  if  more  than  once,  an  odd  number  of  times 
through  the  value  0. 

In  tact,  in  tliis  case, 
the  axis  of  x  plays  the 
part  of  the  parallel  UV, 
Observe,  however,  in 
regard  to  the  converse  of 
this  p]x>posltion,  that  » 
vnthmt  chauijinij  its  si<ju. 
.  as  in  Figs.  8  and  9. 


A2. 


rr 


functioH  mnij  jiass  throiujh  tin--  valae  0 
For  the  gi-aph  may  just  graze  the  ,c-axi 
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Cor.  2.  Iff{a)  andf(b)  have  like  signs,  then,  if  there  he  any  real 
roots  of  f(x)  between  x  =  a  and  x  =  b,  there  must  be  an  even  number , 
provided  f(x)  be  continuous  between  x  =  a  and  x  =  b. 

Since  an  integral  function  is  always  finite  and  continuous  for 
a  finite  value  of  its  variable,  the  restriction  in  Cor.  1  is  always 
satisfied,  and  we  see  that 

Cor.  3.  An  integral  function  can  change  sign  only  by  passing 
through  the  value  0. 

CJor.  i.IfP  and  Q  be  integral  functions  of  x  algebraically  prime 
to  each  other,  P/Q  can  only  change  sign  by  passing  through  the  values 

0  or  CO . 

With  the  hint  that  the  theorem  of  remainders  will  enable 
him  to  exclude  the  ambiguous  case  0/0,  we  leave  the  reader  to 
deduce  Cor.  4  from  Cor.  3. 

Example  1. 

When  jc=0,  l-ar*=+l;  and  when  x= +2,  1-^2= -3.     Hence,  since 

1  -  a:*  is  continuous,  for  some  value  of  x  lying  between  0  and  +21-0*  must 
become  0 ;  for  0  is  between  + 1  and  -  8.  In  point  of  fact,  it  becomes  0  once 
between  the  limits  in  question. 

Example  2. 

y=aj'-6«'+llx-6. 

When  a;=0,  y=  -6;  and  when  aj=  +4,  y=  +6.  Hence,  between  x=0  and 
x=  +  4  there  must  lie  an  odd  number  of  roots  of  the  equation 

a*-6a:^+llx-6  =  0. 
It  is  easy  to  verify  in  the  present  case  that  this  is  really  so ;  for  a*  -  Cic* 
+  llaj  -  6=(a5  - 1)  (a;  -  2)  (aj  -  3) ;  so  that  the  roots  in  question  are  x= 1,  a;=2, 
a;=3. 

The  general  form  of  the  graph  in  the  present  case  is  as  follows : — 


Fio.  10. 

Example  3. 

When  a;=0,  l/{l-a;)=+l;  and  when  a;=+2,  1/(1 -a')= -1 ;  but  since 
1/(1  -  x)  becomes  infinite  and  discontinuous  between  x=0  and  x=  +2,  namely, 
when  a;=l,  we  cannot  infer  that,  for  some  value  of  x  between  0  and  +2, 
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1/(1  -  x)  will  become  0,  although  0  i«  intermediate  to  + 1  and  - 1.  In  fact, 
1/(1  - x)  does  not  pass  through  the  value  0  between  xssQ  and  x—+2. 

§  10.]  It  will  be  convenient  to  give  here  the  following  pro- 
position, which  is  often  useful  in  connection  with  the  methods 
we  are  now  explaining. 

If  f{x)  he  an  integral  function  of  x^  then  by  making  z  small 
enough  we  can  always  cause  f{x)  to  have  the  same  sign  as  Us  lowest 
term^  and  by  making  x  large  enough  we  can  always  cause  f(z)  to  haioe 
the  same  sign  as  its  highest  term. 

Let  us  take,  for  simplicity,  a  function  of  the  3rd  degree,  say 

y=pa?  +  q3f  +  rx  +  s. 
If  we  suppose  5  #  0,  then  it  is  clear,  since  by  making  x  small 
enough  we  can  (see  §  7,  II.)  make  pa?  +  q3i?  +  rx  as  small  as  we 
please,  that  we  can,  by  making  x  small  enough,  cause  y  to  have 
the  same  sign  as  s. 

If  5  =  0, 

then  we  have  y  =pj?  ■¥qx'  +  rx, 

=  {pj?  +  jx  +  r)x. 

Here  by  making  x  small  enough  we  can  cause  p^  +  jx  +  r  to  have 

the  same  sign  as  r,  and  hence  y  to  have  the  same  sign  as  rx^ 

which  is  the  lowest  existing  term  in  y. 

Again,  we  may  write 

Here  by  making  x  large  enough  we  may  make  qjx  +  r/a?  +  sj^  as 
small  as  we  please  (see  §  6,  IV.,  and  §  7,  II.),  that  is  to  say, 
cause  p  +  qjx  +  rjof  +  sjsf  to  have  the  same  sign  as  p.  Hence  by 
making  x  large  enough  we  can  cause  y  to  have  the  same  sign 
as  jw^*. 

If  we  observe  that,  by  chap,  xiv.,  §  9,  we  can  reduce  every 
integral  equation  to  the  equivalent  form 

and  furfitier  notice  that,  in  this  case,  if  n  1)0  odd, 

/(+«)=+<».    /(-^)=-°^» 
and,  if  n  be  even, 

/(  +  X,  )  =    +  CO  ,      /(  -  X. )  =   4-  X  , 

we  have  the  following  important  conclu.sions. 


\^ 


\  ^LKt'^j-^i'.y  '^-^^ 
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Cor.  1.  Every  integral  equation  of  odd  degree  with  real  co- 
efficients has  at  least  one  real  root,  and  if  it  has  more  than  one  it 
has  an  odd  nvmber. 

Cor.  2.  If  an  integral  equation  of  even  degree  mth  real  coefficients 
has  any  real  roots  at  all,  it  has  an  even  number  of  such. 

Cor.  3.  Every  integral  equation  with  real  coefficients,  if  it  has  any 
complex  roots,  has  an  even  number  of  such. 

The  student  should  see  that  he  recognises  what  are  the  cor- 
responding peculiarities  in  the  graphs  of  integral  functions  of 
odd  or  of  even  degree. 

Example. 

Show  that  the  equation 

a^-6i:»  +  llic2-a;-4  =  0 
has  at  least  two  real  roots. 
Let  y=x*-6a?+lla:'-a;-4. 

We  have  the  following  scheme  of  corresponding  values : — 


X 

y 

—  00 

0 

+  00 

+  00 

-  4 

+  00 

Hence  one  root  at  least  lies  between  -  oo  and  0,  and  one  at  least  between 
0  and  +  00 .  In  other  words,  there  are  at  least  two  real  roots,  one  negative 
the  other  positive. 

We  can  also  infer  that,  if  the  remaining  two  of  the  possible  four  be  also 
real,  then  they  must  be  either  both  positive  or  both  negative. 

When  the  real  roots  of  an  integral  equation  are  not  very 
close  together  the  propositions  we  have  just  established  enable 
us  very  readily  to  assign  upper  and  lower  limits  for  each  of 
them ;  and  in  fact  to  calculate  them  by  successive  approxima- 
tion. The  reader  will  thus  see  that  the  numerical  solution  of 
integral  equations  rests  merely  on  considerations  regarding  con- 
tinuity, and  may  be  considered  quite  apart  from  the  question 
of  their  formal  solution  by  means  of  algebraical  functions  or 
otherwise.  The  application  of  this  idea  to  the  approximate 
determination  of  the  real  roots  of  an  integral  equation  will  be 
found  at  the  end  of  the  present  chapter. 
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CHAP. 


GENERAL  PROPOSITIONS  REGARDING  MAXIMA  AND  MINIMA 
VALUES  OF  FUNCTIONS  OF  ONE  VARIABLE. 

§  11.]  Whenf{x)  in  passing  through  any  value,  f(a)  say^  ceases  to 
increase  and  begins  to  decrease^  /(a)  is  caUed  a  maximum  value  off(x), 

jy7ienf(x)  in  passing  through  the  value  f{a)  ceases  to  decrease  and 
begins  to  increasCy  f{a)  is  called  a  minimum  value  of  fix). 

The  points  corresponding  to  maxima  and  minima  values  of 
the  function  are  obviously  superior  and  inferior  culminating 
points  on  its  graph,  such  as  P,  and  P,  in  Fig.  1.  They  are 
also  points  where,  in  general,  the  tangent  to  the  graph  is  parallel 
to  the  axis  of  x.  It  should  be  noticed,  however,  that  points 
such  as  P  and  Q  in  Fig.  11  are  maxima  and  minima  points, 
according  to  our  present  definition,  although  it  is  not  true  in 
any  proper  sense  that  at  them  the  tangent  is  parallel  to  OX.     It 


Fio.  11. 


Fio.  12. 


should  also  be  observed  that  the  tangent  may  be  parallel  to  OX 
and  yet  the  point  may  not  be  a  true  maximum  or  minimum 
point     Witness  Fig.  1 2. 

Wo  shall  include  both  maximum  and  minimum  values  as  at 
present  defined  under  the  obviously  appropriate  name  of  turning 
values. 

§  12.]  By  considering  an  unbroken  curve  having  maxima 
and  minima  points  (see  Fig.  1)  the  reader  will  convince  himself 
graphically  of  the  truth  of  the  following  propositions : — 

I.  So  long  as  f{x)  remains  continuous  its  mouchnu  and  minima 
values  succeed  each  other  alternakhj. 

II.  If  x  =  a  J  X  =  b  be  two  roofs  of  f(x)  {a  alg.<h\  then,  iff{x)  be 
not  constant^  but  vary  continuous! f/  between  x  =  a  and  x  =  by  iliere  must 
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be  either  at  least  om  maximum  or  at  least  one  minimum  value  of  f{x) 
between  x  =  a  and  x  =  b. 

In  particular,  if  f{x)  become  positive  immediately  after  x 
passes  through  the  value  a,  then  there  must  be  at  least  one 
maximum  before  x  reaches  the  value  b ;  and,  in  like  manner,  if 
f(x)  become  negative,  at  least  one  minimum. 

§  1 3.]  It  is  obvious,  from  the  definition  of  a  turning  value, 
and  also  from  the  nature  of  the  graph  in  the  neighbourhood  of 
a  culminating  point,  that  we  can  altoays  find  two-  values  of  the  funo- 
tion  on  opposite  sides  of  a  turning  value,  which  shall  be  as  nearly 
equal  as  we  please.  These  two  values  will  be  each  less  or  each  greater 
than  the  turning  value  according  as  the  turning  value  is  a  maximum 
or  minimum. 

Hence,  if  jp  be  infinitely  near  a  turning  value  of  f{x)  (less  in 
the  case  of  a  maximum,  greater  in  the  case  of  a  minimum),  then 
two  roots  off(x)  "p  will  be  infinitely  nearly  equal  to  one  another. 
It  follows,  therefore,  that,  if  p  be  actually  equal  to  a  turning  value 
of  /(«),  the  function  f{x)  -p  will  have  two  of  its  roots  equal.  This 
criterion  may  be  used  for  finding  turning  values,  as  will  be  seen 
in  a  later  chapter. 

CONTINUTTY  AND   GRAPHICAL  REPRESENTATION  OF  A 
FUNCTION   OF  TWO  INDEPENDENT  VARIABLES. 

§  14.]  Let  the  function  be  denoted  by  f(x,  y\  and  let  us 
denote  the  dependent  variable  by  ;? ;  so  that 

We  confine  ourselves  entirely  to  the  case  where  f(x,  y)  is  an  integral 
function,  and  we  suppose  all  the  constants  to  be  real,  and  consider  only 
real  values  of  x  and  y.     The  value  of  z  wUl  therefore  be  always  real. 

Since  there  are  now  two  independent  variables,  x  and  y, 
there  are  two  independent  increments,  say  h  and  h,  to  consider. 
Hence  the  increment  of  z,  that  is,  /(«  +  A,  y  +  k)  -f(x,  y\  now 
depends  on  four  quantities,  x,  y,  h,  k.  Since,  however,  f(x,  y) 
consists  of  a  sum  of  terms  such  as  Aa^tf^,  it  can  easily  be  shown 
by  reasoning,  like  that  used  in  the  case  of  f{x\  that  the  incremeni 
of  z  always  becomes  infinitely  small  when  h  and  k  are  made  infinitely 


332 


GRAPHIC  SURFACE  FOR  Z  =f(x,  y) 


ORAF. 


smalL  Hence,  as  z  and  y  pass  cofMnuauslff  from  <me  given  pair  of 
values,  say  {a,  b\  to  another  given  pair^  say  {a\  h%  z  passes  eofnJtiniit' 
ofudy  from  one  value,  say  e,  to  another,  say  if. 

§  15.]  There  is,  however  a  distinct  peculiarity  in  the  case 
now  in  hand,  inasmuch  as  there  are  an  infinity  of  different  ways 
in  which  (z,  y)  may  pass  from  (a,  b)  to  (a',  ft').  In  &ct  we  re- 
quire now  a  two-dimensional  diagram  to  represent  the  variaHons  of 
the  independent  variables.    Let  X'OX,  Y'OY  be  two  lines  in  a 

2| 
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horizontal  plane  drawn  from  west  to  east  and  from  south  to 
north  respectively.  Consider  any  point  P  in  that  plane,  whose 
abscissa  and  ordinate,  with  the  usual  understanding  as  to  sign, 
are  z  and  y.  Then  P,  which  we  may  call  the  variable  point,  gives 
us  a  graphic  representation  of  the  variables  (x,  y). 

Iiet  us  suppose  that  for  P  x  =  a,  y  =  b,  and  that  for  another 
point  P'  z  =  a',  y-b'.  Then  it  is  obvious  that,  if  we  pass 
along  any  continuous  curve  whatever  from  P  to  P',  a:  will  vary 
continuously  from  a  to  a',  and  y  will  vary  continuously  from 
b  to  b'  'y  and,  conversely,  that  any  imaginable  combination  of  a 
continuous  variation  of  x  from  a  to  a'  with  a  continuous  varia- 
tion of  y  from  b  to  V  "vvill  correspond  to  the  passage  of  a  ix)int 
from  P  to  P'  along  some  continuous  curve. 

It   is  obvious,  therefore,  that   the  continuous  variation  of 
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(a-,  y)  from  (a,  h)  to  {a\  h')  may  be  accomplished  in  an  infinity 
of  ways.  We  may  call  the  path  in  which  the  point  which  repre- 
sents the  variables  travels  the  graph  of  the  vaiiahles. 

To  represent  the  value  of  the  function  z  =  f{r^  y)  we  draw 
through  P,  the  variable  point  representing  {x,  y\  a  vertical  line 
PQ,  containing  z  units  of  any  fixed  scale  of  length  that  may  be 
convenient,  upwards  if  ;:  be  positive,  downwards  if  z  be  negative. 
Q  is  then  the  graphic  point  which  represents  the  value  of  the 
function  z  =f(Xy  y). 

To  every  variable  point  in  the  plane  XOY  there  corresponds 
a  graphic  point,  such  as  Q ;  and  the  assemblage  of  graphic  points 
constitutes  a  surface  which  we  call  the  graphic  surface  of  the 
function  f(r^  y) 

When  the  variable  point  travels  along  any  particular  curve  S 
in  the  plane  XOY,  the  graphic  point  of  the  function  travels  along 
a  particular  curve  ^  on  the  graphic  surface ;  and  it  is  obvious 
that  S  is  the  orthogonal  projection  of  S  on  the  plane  XOY. 

§  1 6.]  If  we  seek  for  values  of  the  variables  which  correspond 
to  a  given  value  c  of  the  function,  we  have  to  draw  a  horizontal 
plane  U,  c  units  above  or  below  XOY  according  as  c  is  positive 
or  negative ;  and  find  the  ciu-ve  2  where  this  plane  U  meets  the 
graphic  surface.  This  line  2  is  what  is  usually  called  a  contour 
line  of  the  graphic  surface.  In  this  case  the  orthogonal  projection 
S  of  2  upon  XOY  will  be  simply  2  itself  transferred  to  XOY, 
and  may  be  called  the  contour  line  of  the  function  for  tlie  value  c. 
All  the  variable  points  upon  S  correspond  to  pairs  of  values  of 
(x,  y),  for  which  /(r,  y)  has  the  given  value  c. 

If  we  take  a  number  of  different  values,  c„  Cg,  Cg, .  .  .,  Cn,  we 
get  a  system  of  as  many  contour  lines.  Suppose,  for  example, 
that  the  graph  of  the  function  were  a  rounded  conical  peak,  then 
the  system  of  contour  lines  would  be  like  Fig.  1 4,  where  the 
successive  curves  narrow  in  towards  a  point  which  corresponds 
to  a  maximum  value  of  the  function. 

Any  reader  who  possesses  a  one -inch  contoured  Ordnance 
Survey  map  has  to  hand  an  excellent  example  of  the  graphic 
representation  of  a  function.     In  this  case  x  and  y  are  the  dis- 


334 


J{x,  y)  =  0  REPRESENTS  A  PLANE  CURVE  chap. 


tances  east  from  the  left-hand  side  of  the  map,  and  north  fix>m 
the  lower  side ;  and  the  function  z  is  the  elevation  of  the  land 


FukH; 


at  any  point  above  the  sea  level  The  study  of  such  a  map  from 
the  present  point  of  view  will  be  an  excellent  exercise  both  in 
geometry  and  in  analysis. 

An  important  particular  case  is  that  where  we  seek  the 
values  of  x  and  y  which  make  /(j,  y)  =  0.  In  this  case  the  plane 
U  is  the  plane  XOY.  This  plane  cuts  the  graphic  surface  in  a 
continuous  curve  S  {zero  contour  line\  every  point  on  which 
has  for  its  abscissa  and  ordinate  a  pair  of  values  that  satisfy 

The  curve  S  in  this  case  divides  ih^  phne  into  regions^  suth  that 
in  any  region  f{jr,  y)  has  always  either  the  sign  +  or  the  sign  - , 
and  S  always  fortns  the  boundary  between  two  regions  in  which  /(x,  y) 
has  opposite  signs. 

If  we  draw  a  continuous  curve  from  a  point  in  a  +  region 
to  a  point  in  a  -  region,  it  must  cross  the  boundary  S  an  odd 
nimiber  of  times.  This  corresponds  to  the  analytical  statement 
that »//(«,  b)  be  positive  and  f{a\  b')  be  negative,  th^n,  if  (x,  y)  mry 
continuously  from  (a,  b)  to  («',  b'\f{x^  y)  will  pa.ss  through  the  value 
0  an  odd  number  of  times. 

The  fact  just  established,  that  all  the  "  variable  points  "  for 
which  /(;r,  //)  =  0  lie  on  a  continuous  curve,  gives  us  a  beautiful 
geometrical  ilhistration  of  the  fact  established  in  last  chapter,  that 
the  equation  /(.r,  y)  =  0  lias  an  infinite  nuni])cr  of  solutions,  and 
gives  us  the  fundamental  idea  of  co-ordinate  geometry, namely,  that 
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a  plane  curve  can  he  analytically  represented  by  means  of  a  single 
equation  connecting  two  variables. 

Example. 

Consider  the  function  z=oi?  +  i/-l.  If  we  describe,  with  0  as  centre,  a 
circle  whose  radius  is  unity,  it  will  be  seen  that  for  all  points  inside  this  circle 
z  is  negative,  and  for  all  points  outside  z  is  positive.  Hence  this  circle  is  the 
zero  contour  line,  and  for  all  points  on  it  we  have 

Yl 


-  -f 


^y 


i 


Fig.  15. 


INTEGRAL  FUNCTIONS  OF  A   SINGLE  COMPLEX  VARIABLR 

§  1 7.]  Here  we  confine  ourselves  to  integral  functions^  but  no  longer 
restrict  either  the  constants  of  the  function  or  its  independent  variable 
X  to  be  real. 

Let  us  suppose  that  x  =  ^-\-rjif  and  let  us  adopt  Argand's 
method   of  representing   (  +  rji  ^ 

graphically,  so  that^  if  I2M  =  ^, 
MP  =  Tfy  in  the  diagram  of  Fig. 
16,  then  P  represents  $  +  rji. 

If  P  move  contintwusly  from 

any  position  P  to  another  P',  the 

complex  variable  is  said  to  vary 

continuously.      If  the  values   of 

(g,  rj)  at  P  and  F  be  (a,  p)  and 

(a,  P')  respectively,  this  is  the 

same  as  saying  that  ^  +  rji  is  said  to  vary  continuously  from  tlie 

value  a  +  )Si  to  the  value  a  +  jS't,  when  ^  varies  continumisly  from  a 

to  a,  and  rj  varies  continuously  from  /3  to  /3\     There  are  of  course 


0 


M 


M 
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an  infinito  number  of  ways  in  whicli  this  TariatioQ  may  be 
accomplished. 

§  1 S.]  Suppose  now  yre  have  any  integral  fnnction  of  x  wboee 
constants  may  or  may  not  be  real.  Then  we  have /(a;)  =/(£  ■*■  i^i); 
but  this  last  can,  by  the  nilea  of  cbap.  zii.,  always  be  reduced 
to  the  fonn  ^  +  i^'t,  where  ^  and  .rf  are  int^;ral  functions  of  f 
and  i;  whose  constants  are  real  (say  real  integral  functions  of 
(f<  v)  )■  N^ow,  by  g  li,^  and  rf  are  finite  and  continuous  so 
long  as  (£  jj)  are  finite.  Hence /(^  +  tp)  iwiet  contimioiuty  wAen 
$  +  i]i  varies  conitiuumslf/. 

A  graphic  representation  of  the  function  /(£  +  i/i)  can  be 
obtained  by  constructing  another  diagram  for  the  complex 
number  I"  +  ij't.  Then  the  continuity  of  /((  +  ijt)  is  ex- 
pressed by  saying  that,  uA«n  the  graph  of  the  indtpendetd  vari- 
nble  is  a  ixmlimu>us  carve  S,  the  graph  oj  the  dependeid  variable  M 
aimtlier  coniinuous  curve  S'. 


Exaui>lc. 

Let 


+  V(1-A 


1' 

i 

'■ 

e. 

a 

n 

0- 

a 

For  simplicity,  we  shall  confine  ourselves  to  &  variation  of  x  which  admits 
only  real  values  ;  in  other  words,  we  Bup{ioso  i)  always  —0. 

The  jiath  of  the  indeptuJi'iit  variable  is  then  lACfU,  the  wliole  entent 
of  the  f-ttxis.  In  the  diagram  wo  have  talten  CA  =  CB  =  1  ;  90  that  A  and 
II  niiirk  tin;  points  in  tlic  [lath  for  which  the  functiou  begins  to  liavv,  and 

Let  Kig.  18  lie  the  diajxram  of  the  ilcpondeut  variable,  y^^'  +  ,,'i.  \l 
A'C=-1   (A',  ir.  iLiiJ  Q'  ato  all  eoincidcnt),  thuii  the  path  of  the  dependent 
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vamble  U  the  vhoU  of  the   ir'-aiia  above  n.  together  with  A'C,  each 
reckoned  twice  over.     The  piB<:es  of  the  two  paths  correspond  aa  follows  : — 


I.^^d„t 

lA 

AC 
CB 
BJ 

VA' 

A'C 
CB' 
B'J' 

g  1 9.]  ^  and  ij'  being  functions  of  f  and  rj,  wo  may  represent 
this  fact  to  the  eye  by  writing 

If  we  seek  for  values  of  ({,  rj)  that  make  ^  =  0,  that  is  the  same 
as  seeking  for  values  of  (£,  rj)  that  niake  i^f,  i])  =  0.  All  the 
points  in  the  diagram  of  the  independent  variable  corresponding 
to  these  will  he  (by  §  16)  on  a  curve  S. 

Similarly  all  the  points  that  correspond  to  rj  =0,  that  is,  to 
^f>  v)  -  ^'  li^  *^i  another  curve  T. 

The  points  for  which  both  f  =  0  and  r)  =  0, — in  other  words, 
the  points  corresponding  to  roots  of  /(^  +  jfi), — most  therefore  be 
the  intersections  of  the  two  curves  S  and  T. 


re  put  x=i  +  rii,  ut<]  y^C  -tv'h  we  have 


X  the  8  and  T  ci 


f  =  2(4 -ft). 


8,  above  Bpokei 


re  given  by  the  equation 


Then  are  equivalent  to 


in 
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The  student  should  have  no  difficulty  in  constructing  these.   The  diagiam 
tliat  results  is 

H 


Fio.  19. 

The  S  curve  (a  rectangular  hyperbola  as  it  happens)  is  drawn  thick.  Tlic 
T  curve  (two  straight  lines  bisecting  the  angles  between  the  axes)  is  dotted. 
The  intersections  are  P  and  Q. 

Corresponding  to  P  we  have  ^  =  2,  17=2 ;  corrcsiwnding  to  Q,  ^=  -2, 
17= -2. 

It  appears  therefore  that  the  roots  of  the  function  are  +  2  +  2i  and  -  2  -  2i. 
The  student  may  verify  that  these  values  do  in  fact  satisfy  the  equation 

iar»  +  8=0. 


HORNER*S  METHOD  FOR  APPROXIMATING  TO  THE  VALUES  OF  THE 
REAL  ROOTS  OF  AN  INTEGRAL  EQUATION. 

§  20.]  In  the  following  paragraphs  we  shall  show  how  the 
ideas  of  §§  8-10  lead  to  a  method  for  calculating  digit  by  digit 
the  numerical  value  of  any  real  root  of  an  integral  equation.  It 
will  be  convenient  in  the  fii'st  place  to  clear  the  way  by  estab- 
lisliing  a  few  preliminary  results  upon  which  the  method  more 
immediately  depends. 

§  21.]  To  dedu<:cfrom  the  equation 

;V^"+i>i2:»-i  +  .  .  .+iV-r^  +  Pn  =  0  (1) 

anvilier  equation  each  of  wJme  roots  is  m  times  a  carresjyonding  root 
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of  (I).    Let  X  be  any  root  of  (1) ;  and  let  ^  =  mx.    Then  x  =  ^/m. 
Hence,  from  (1),  we  have 

i?o(^/w)«  +i?,(^/m)'»-i  +  .  .  .  +i?„-,(g/m)  +i?„  =  0. 

If  we  multiply  by  the  constant  m^,  we  deduce  the  equivalent 
equation 

Pi£^  +  Pifni^'^  +  '  .  .+i?n-iW~-^f +i?nw»  =  0       (2), 

which  is  the  equation  required. 

Cor.  The  equation  whose  roots  are  those  of  (I)  with  the  signs 
changed  is 

P^  -P^^''  +  ...  +  (-  r-^n-,5  +  (  -  )%  =  0      (3). 

This  follows  at  once  by  putting  m  =  -  1  in  (2).  We  thus 
see  that  the  calculation  of  a  negative  real  root  of  any  equation 
can  always  be  reduced  to  the  calculation  of  a  positive  real  root 
of  a  slightly  different  equation. 

Example.  The  equation  whose  roots  are  10  times  the  respective  roots  of 
is  3ar»-15(te2  +  50(te  + 6000  =  0. 

§  22.]  To  deduce  from  the  equation  (1)  of  %  21  another^  each  of 
whose  roots  is  less  by  a  than  a  corresponding  root  of  (I). 

Let  X  denote  any  root  of  (1);  ^  the  corresponding  root  of 
the  required  equation  ;  so  that  ^  =  a;  -  a,  and  x  =  ^-\-a.  Then 
we  deduce  at  once  from  (1) 

Po($  +  a)"  +Pi($  +  flt)""^  +  .  .  .  +i?n-i(S  +  a)  +i?H  =  0     (4). 
If  we  arrange  (4)  according  to  powers  of  ^,  we  get 

JPo?*  +  ?i?*"^  +  .  .   .+?n-i^  +  ?«  =  0  (5), 

which  is  the  equation  required. 

It  is  important  to  have  a  simple  systematic  process  for 
calculating  the  coefficients  of  (5).  This  may  be  obtained  as 
follows. 

Since  ^  =  a;  -  a,  we  have,  by  comparing  the  left-hand  sides  of 
(1)  and  (5), 

=pJix-aY^qy{x-aY'^  +  .  .  .  +  !?n-i(iC-«)  +  ?i». 


{ 
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The  problem  before  us  is,  therefore,  simply  to  expand  the 
function/(a;)=j?oaf*+jp,iB""^  +  .  .  . +jpn_,x+jpnUipower8of  (aj-a). 
Hence,  as  we  have  already  seen  in  chap,  v.,  §  21,  ^n  is  the 
remainder  when  f{x)  is  divided  by  x-a-,  ^^-i  ^'^  remainder 
when  the  integral  quotient  of  the  last  division  is  divided  by 
x-a\  and  so  on.  The  calculation  of  the  remainder  in  any 
particular  case  is  always  carried  out  by  means  of  the  synthetic 
process  of  chap,  v.,  §  13. 

It  should  be  observed  that  the  last  coefficient,  q^^  is  the  value 
of /(a). 

Example.  To  diminish  the  roots  of 

6iB»-ll«»+10a;-2=0 
by  1. 

Wo  simply  reproduce  the  calculation  of  §  21,  Example  l,,in  a  slightly 

modified  form  ;  thus — 


-11 

+  10 

-2(1 

5 

-6 

4 

-6 

4 

r2 

5 

-1 

-1 

3 

5 

I     4 
Uence  the  required  equation  is 

5^+4^  +  3^  +  2=0. 
§  23.]  If  am  of  tJie  roots  of  tJie  equation  (1)  of  ^  21  be  snuUl, 
say  between  0  and  +  1,  iJien  an  approximate  value  of  that  root  is 
-Pn/Pn-v     For,   if  X  denote  the  root  in  question,  we  have, 

>>y  (1), 

Pn  ^ 


X=    - 


(i'n-«+A-a3:  +  .  .  .+p^''--)      (6). 


Pn-i      Vn-\ 

Hence,  if  «  be  small,  we  have  approximately  ;r=  -  Pn/Pn-i- 

It  is  easy  to  assign  an  upper  limit  to  the  error.     We  have, 
in  fact, 


where 


mod€< 


Pr£ 
Pn- 


(1  +0?+  .    .    .  +X^      \ 


Pr  being  the  numerically  greatest  among  the  coefficients  p^ 
Pn-3i  2^4 -a-     Hence,  since  x:jf>l,  we  have 

mod€<{n-l)pr/pn~i' 


•      •      •  < 
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It  would  be  easy  to  assign  a  closer  limit  for  the  error ;  but 
in  the  applications  whiob  we  sball  make  of  the  thcoreni  we  bave 
indirect  means  of  eBtim&ting  tbe  sufficiency  of  the  approxima- 
tion ;  all  that  is  really  wanted  for  our  purpose  is  a  suggestion  of 
the  approximation. 
Example.  Tbe  equation 

z*  +  8ie2^+ 160362832  -  G96B85S  =  0 
haa  s  root  between  0  and  1,  find  a  Sist  approiiniation  to  that  root 
By  tbe  above  rule,  we  Iuito  for  the  root  in  question 


= -37227 -( 
wbere  e<2x  8192/16036288  < -00103. 

Hence  x=  -372,  with  an  error  of  not  more  than  1  in  the  lut  digit 
In  point  of  fact,  unce  x<:  -4,  we  bave 

«<  {(-4)'  +  81B2  X  (-i)*!/! 6036288, 
<  1311/18036288  <  1600/16000000, 
<-0001; 
BO  that  tbe  approximatioD  is  roalljr  correct  to  the  4th  place  of  decimals. 

g  24.]  Bamet's  Mdhod.  Suppose  that  we  bave  an  equation 
f{x)  =  0,  having  a  positive  root  235-67  .  .  .  This  root  would  be 
calculated,  according  to  Homer's  method,  as  follows : — First  we 
determine,  by  examining  the  sign  of  f(x),  that  /(z)  =  0  has  one 
root,  and  only  one,*  lying  between  200  and  300  :  the  first  digit 
is  therefore  2,  Then  we  diminish  the  roots  oS/{x)  =  0  by  200, 
and  thus  obtain  the  first  subsidiary  equation,  say/,(x)  =  0.  Then 
/,{x)  =  0  has  a  root  lying  between  0  and  100,  Also  since  the 
absolute  term  of  /(a)  is  /(200),  and  no  root  of  f{x)  =  0  lies 
between  0  and  200,  the  absolute  term  of  f(x)  (that  is,/(0))  and 
the  absolute  term  off,{x)  must  have  the  same  sign.  By  examin- 
ing the  sign  of  /,(z}  for  x^O,  10,  20,  .  .  .,  90,  we  determine 
that  this  root  lies  between  30  and  40 :  the  next  digit  of  the 
root  of  the  original  equation  is  therefors  3.  The  labour  of  this 
last  process  is,  in  practice,  shortened  by  using  the  rule  of  §  23. 
Let  us  suppose  that  30  is  thus  eu^ested ;  to  test  whether  this 

*  For  a  discnsaioD  of  the  precantiona  necessary  when  an  eqnfttioD  baa  two 
roots  which  commence  with  one  or  more  like  digits,  see  Bumside  attd  FajUon'i 
Theory  o/Epmtiotu,  %  104. 
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is  correct  we  proceed  to  diminish  the  roots  of  /,(2;)  =  0  by  SO, — 
to  deduce,  in  fact^  the  second  subsidiary  equation/t(fl;)  =  0.  Since 
the  roots  off(x)  have  now  been  diminished  by  230,  the  absolute 
term  oifj^x)  is/(230).  Hence  the  absolute  term  of  fji^  must 
have  the  same  sign  as  the  absolute  term  of  f^{x\  unless  die  digit 
3  is  too  large.  In  other  words,  if  the  digit  3  is  too  large,  we 
shall  be  made  aware  of  the  fact  by  a  change  of  sign  in  the 
absolute  term.  In  practice,  it  does  not  usually  occur  (at  all 
events  in  the  later  stages  of  the  calculation)  that  the  digit 
suggested  by  the  rule  of  §  23  is  too  small ;  but,  if  that  were  bo, 
we  should  become  aware  of  the  error  on  proceeding  to  calculate 
the  next  digit  which  would  exceed  9. 

The  second  subsidiary  equation  is  now  used  as  before  to 
find  the  third  digit  5. 

The  third  subsidiary  equation  would  give  '6.  To  avoid  the 
trouble  and  possible  confusion  arising  from  decimal  points,  we 
multiply  the  roots  of  the  third  (and  of  every  following)  subsidiary 
equation  by  10;  or,  what  is  equivalent,  we  multiply  the  second 
coefficient  of  the  equation  in  question  by  10,  the  third  coefficient 
by  100,  and  so  on ;  and  then  proceed  as  before,  observing,  how- 
ever, that,  if  the  trial  division  for  the  next  digit  be  made  after 
this  modification  of  the  subsidiary  equation,  that  digit  will 
appear  as  6,  and  not  as  '6,  because  the  last  coefficient  has  been 
multiplied  by  10**  and  the  second  last  by  10***^. 

The  fundamental  idea  of  Homer's  method  is  therefore  simply 
to  deduce  a  series  of  subsidiary  equations,  each  of  which  is  used 
to  determine  one  digit  of  the  root.  The  calculation  of  the 
coefficients  of  each  of  these  subsidiary  equations  is  accomplished 
by  the  method  of  §  22.  After  a  certain  number  of  the  digits  of 
the  root  have  been  found,  a  number  more  may  be  obtained  by  a 
contraction  of  the  process  above  described,  the  nature  of  which 
will  be  easily  understood  from  the  following  particular  case. 

Example.  Find  an  approximation  to  tho  least  ])ositiv(j  root  of 

f{x)=x^-V  2.^-2  _  r,j.  _  7  ^  0  (1 ). 

Since  /(0):--7,    /(!)=- 9,    ./1(2):=-1,    .A3)=+23, 

tlie  root  in  question  lies  between  2  and  3.     The  first  digit  is  therefore  2. 
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We  now  diminish  the  roots  of  (1)  by  2.     The  calculation  of  the  coefficients 
runs  thus : — 


+  2 

-5 

-7  (2 

2 
4 

8 
3 

6 

%1 

2 
6 

12 

2 

^1     8 

where  the  prefix  ^|  is  used  to  mark  coefficients  of  the  first  subsidiary  equation. 
The  first  subsidiary  equation  is  therefore 

a;»  +  8ic2  +  15a;-l  =  0. 

Since  the  next  digit  follows  the  decimal  point,  we  multiply  the  roots  of 
this  equation  by  10.    The  resulting  equation  is  then 

a^  +  80ar»  +  1500aj- 1000=0  (2). 

Since  1000/1500  <1,  it  is  suggested  that  the  next  digit  is  0.  We  there- 
fore multiply  the  roots  of  (2)  by  10,  and  deduce 

a? +  800ar»  + 150000a; -1000000  =  0  (3). 

Since  1000000/150000=6*  .  .  .,  the  next  digit  suggested  is  C-  We  now 
diminish  the  roots  of  (3)  by  6. 

1                 +800                  +150000  -1000000(06 

6  4836       ?29016 

806  154836      *l  -70984000 

6  4872 

812       *l  16970800 

6 

1  8180 

The  resulting  subsidiary  equation,  after  the  multiplication  of  its  roots 
by  10,  is 

a?  +  8180^3  +  15970800a;  -  70984000  (4). 

Since  70984000/15970800  =  4*  .  .  .,  the  next  digit  suggested  is  4.  The 
reader  should  notice  that,  owing  to  the  continual  multiplication  of  the  roots 
by  10,  the  coefficients  towards  the  right  increase  in  magnitude  much  more 
rapidly  than  those  towards  the  left :  it  is  for  this  reason  that  the  rule  of  §  23 
becomes  more  and  more  accurate  as  the  operation  goes  on.  Thus,  even  at  the 
present  stage,  the  quotient  70984000/15970800  would  give  correctly  more  than 
one  of  the  following  digits,  as  may  be  readily  verified. 

We  now  diminish  the  roots  of  (4)  by  4  ;  and  add  the  zeros  to  the  coefficients 
as  before. 
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+8180 
4 

8184 
4 

8188 
4 

*|    81920 


+  15970800 
82785 

16008586 
82752 

^   1603628800 


-70984000  (4 

64014144 
"I  -  6969866000 


Then  we  have  the  sabsidiiry  equation 

7? + 81920a^ + 16086288002;  -  6969856000 


(5). 


It  will  be  obaerred  that  throoghoat  the  operation,  so  &r  as  it  has  gone, 
the  two  essential  conditions  for  its  accnraoy  have  been  ftilfilled,  namely,  that 
the  last  coefficient  shall  retain  the  same  aign,  and  that  each  digit  shall  oome 
out  not  greater  than  9.  It  will  also  be  obserFed  that  the  number  of  tha 
figures  in  the  working  columns  increases  much  more  rapidly  than  their  utility 
in  determining  the  digits  of  the  root  All  that  ia  actually  neoesaaiy  for  the 
suggestion  of  the  next  digit  at  any  step,  and  to  make  sure  of  the  aoeoracy  of 
the  suggestion,  is  to  know  the  first  two  or  three  figures  of  the  last  two 
coefficients. 

Unless,  therefore,  a  very  large  number  of  additional  digits  of  the  root  ia 
required,  we  may  shorten  the  operation  by  neglecting  some  of  the  figures  in 
(5).  If^  for  example,  we  divide  all  the  coefficients  of  (5)  by  1000,  we  get  the 
equivalent  equation  * 

•001a» +81 -92x2+ 1603628 -Sa;-  6969856  =  0  (5'). 

Hence,  retaining  only  the  integral  parts  of  the  coefficients,  we  have 

Oa?  +  81ar'  + 1 603628a;  -  6969856  =  0  (5"). 

It  will  be  noticed  that  the  result  is  the  same  as  if,  instead  of  adding  zeros, 
as  heretofore,  we  had  cut  off  one  figure  from  the  second  last  coefficient,  two 
from  the  third  last,  and  so  on.t 

Since  6969856/1603628=4*  .  .  .,  we  have  for  the  next  digit  4.  We  then 
diminish  the  roots  of  (5")  by  4.  In  the  necessary  calculation  the  first  working 
column  now  disappears  owing  to  the  disappearance  of  the  coefficient  of  a^ ;  we 
have  in  its  place  simply  81  standing  unaltered.  It  is  advisable,  however,  in 
multiplying  the  contracted  coefficients  by  4  to  carry  the  nearest  number  of 
tens  from  the  last  figure  cut  off  (just  as  in  ordinary  contracted  multiplication 
and  division  and  for  the  same  reason). 

*  If  the  reader  find  any  difficulty  in  following  the  above  explanation  of 
the  contracted  process,  he  can  satisfy  himself  of  its  validity  by  working  out 
the  above  calculation  to  the  end  in  full  and  then  running  his  pen  through  the 
unnecessary  figures. 

t  In  many  cases  it  may  not  be  advisable  to  carry  the  contraction  so  far  at 
each  step  as  is  here  done.  We  might,  for  instance,  divide  the  coefficients  of 
5  by  100  only.    The  resulting  subsidiary  e<i[uation  would  then  be 

0jk3  +  819ar^  +  16036288a;  -  69698560, 
with  which  we  should  proceed  as  before. 
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-6969856  (4 
6416828 

-  554028 


The  next  step,  therefore,  runs  thns : — 

81  + 1608628 

828 

1603957 
328 

*l    1604285 

The  corresponding  subsidiary  equation  is 

81ar»  +  16042850a;  -  66402800 =0  (6) ; 

or,  contracted,  Qa? + 160428a;  -  554028 = 0  (6'). 

The  next  digit  is  3  ;  and,  as  the  coefficient  of  2?,  namely  0*81,  still  has  a 

slight  effect  on  the  second  working  column,  the  calculation  runs  thus : — 

0                +160428  -554028  (3 
2  481298 

160431  'I  -  72785 
2 

^1    160433 

The  resulting  subsidiary  equation  after  contraction  is 

16043a; -72735=0  (7). 

The  rest  of  the  operation  now  coincides  with  the  ordinary  process  of 
contracted  division  ;  it  represents,  in  £Eict,  the  solution  of  the  linear  equation 
(7),  that  is  (see  chap,  xvi.,  §  1),  the  division  of  72735  by  16043. 

The  whole  calculation  may  be  arranged  in  practice  as  below.  But  the 
prefixes  1,  '|,  &c.,  which  indicate  the  coefficients  of  the  various  equations, 
may  be  omitted.  Also  the  record  may  be  still  farther  shortened  by  performing 
the  multiplications  and  additions  or  subtractions  mentally,  and  only  recording 
the  figures  immediately  below  the  horizontal  lines  in  the  following  scheme. 
The  advisability  of  this  last  contraction  depends  of  course  on  the  arithmetical 
power  of  the  calculator. 


+  2 
2 

4 
2 

-5 

8 

3 
12 

-7  (2064434533 
6 

'1  - 1000000 
929016 

6 
2 

^  1 160000 
4886 

•|  -  70984000 
64014144 

*•  *1 800 
6 

154836 

4872 

1  -  6969856 
6416828 

806 
6 

1 15970800 
32736 

1  -  564028 
481293 

812 
6 

16003536 
32752 

'1  -  72736 
64178 

18180 
4 

1 1603628^ 
328 

*l  -  8562 
8022 

8184 
4 

8188 
4 

1603957 
328 

•|  16042811 
2 

160431 
2 

1-540 
481 

'1-59 
48 
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Tlia  number  of  additional  digita  obtained  by  th«  eontneted  proecM  is  Isu 
by  two  than  tho  nnmber  of  digits  in  the  aecond  last  coefficient  at  the  beginning 
of  tlio  Rontraction.  Owing  to  the  uncertainty  of  the  carriagea  the  lait  digit 
13  uncertain,  bnt  the  next  last  vill  in  rach  a  com  as  the  present  be  abso- 
lutely correct.  In  (act,  by  substitating  in  the  original  oqoation,  it  i«  eaaily 
verified  that  the  root  lies  between  2'0e44S1534  and  3'061i3iG3G  ;  so  that  tile 
lust  digit  given  above  err«  in  defect  by  1  only.  The  number  of  aocnrate 
figures  obtained  by  the  contracted  process  will  occanonally  be  considerably 
less  than  in  this  example ;  and  the  calculator  mnat  be  on  his  goard  against 
error  in  this  respect  (see  Horner's  Hemoir,  cited  below], 

§  25.]  Since  the  extraction  of  the  square,  cube,  fourth,  '.  .  . 
roots  of  any  number,  say  7,  la  equivalent  to  finding  the  positive 
real  root  of  the  equations,  a?  +  (te-7  =  0,  a^+03^  +  0ar-7  =  0, 
a;'  +  0/  +  Oa^  +  0^  -  7  =  0,  .  .  .  respectively,  it  is  ohvioiu  that 
by  Homer's  method  we  can  find  to  any  desired  degree  of 
approximation  the  root  of  any  order  of  any  given  number 
whatsoever.  In  fact,  the  process,  given  in  chap,  xi,  §  13,  for 
extracting  the  square  root,  and  the  process,  very  commonly 
given  in  arithmetical  text-books,  for  extracting  the  cube  root  will 
be  found  to  be  contained  in  the  scheme  of  calculation  described 
in  §  24.* 

'  Homer's  method  was  first  published  in  tlie  Tratmutiotu  oftht  Philoto- 
phieal  Society  of  London  for  1SI9.  Considering  tlie  remarkable  elegance, 
generality,  and  Bimplicity  of  tlio  method,  it  is  not  a  little  surprising  that  it 
has  not  taken  a  more  prominent  place  in  current  mathematical  text-books. 
Although  it  hiu  been  wcU  expounded  hy  several  English  writers  (for  example, 
De  Mot^n,  Todhnnter,  Rarnside  and  Pnnton),  it  has  scarcely  as  yet  foond  a 
recognised  place  in  English  curricula.  Out  of  tivo  standard  Continental  text- 
books where  one  would  have  expected  to  find  it  we  found  it  mentioned  in  only 
one,  and  there  it  was  expounded  in  a  way  that  showed  little  insight  into  its 
true  character.  This  probably  arisca  from  the  mixtaken  notion  that  there  is 
in  the  method  some  algebraic  profundity.  As  a  matter  of  fnct,  its  spirit  ia 
purely  arithmetical ;  and  its  beauty,  which  ran  only  bo  appreciated  after  ona 
has  used  it  in  particular  cases,  is  of  that  inilescribably  simple  kind  which 
diaHnguishe.i  the  use  of  position  in  the  decimal  notation  and  the  arrangement 
of  the  simple  rules  of  arithmetic.  It  is,  in  short,  one  of  those  things  whose 
invention  ivas  the  ideation  of  a  couiinonjilacc.  For  interesting  Iiislorical 
detail:!  on  this  Hutijvct,  see  De  Morgan— fum/H Dion  lu  Briliah  Aloianatk,  for 
1 R39  ;  Article  "  Involution  and  Evolution,"  Pctmy  Cydopmdia  ;  and  Budget 
.■/Fnradorf^,  pp.  292,374. 
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Exercises  XXII. 

[The  student  should  trace  some  at  least  of  the  curves  required  in  the 
following  graphic  exercises  by  laying  them  down  correctly  to  some  convenient 
scale.  He  will  find  this  process  much  facilitated  by  using  paper  ruled  into 
small  squares,  which  is  sold  under  the  name  of  Plotting  Paper.] 

Discuss  graphically  the  following  functions : — 

(1.)  y=l.  (2.)  tf=^i.       (3.)  y=(— ^T?- 

J  (7.)  Construct  to  scale  the  graph  of  y  =  -  a:*  +  8a;  -  9  ;  and  obtain  graphic- 
ally the  roots  of  the  equation  a?-8a;+9=0  to  at  least  three  places  of 
decimals. 

(8.)  Solve  graphically  the  equation 

ar»-16a:»  +  71a;- 129  =  0. 

(9. )  Discuss  graphically  the  following  question.     Given  that  y  is  a  con- 
tinuous function  of  x,  does  it  follow  that  a;  is  a  continuous  function  of  y  ? 
(10.)  Show  that  when  hy  the  increment  of  x,  is  very  small,  the  increment  of 

Pf^-\-p„^is^'^  +  .   .   .+P1X+P0 
is  (np»aj»-i-f-(n-l)pn-iiE""^  +  .  .  .^l.pijh, 

(11.)  If  A  be  very  small,  and  a; = 1,  find  the  increment  of  2a?  -  9a:*  -I-  12a; + 5. 
(12.)  If  an  equation  of  even  degree  have  its  last  term  negative,  it  has  at 
least  two  real  roots  which  are  of  opposite  signs. 

(13. )  Indicate  roughly  the  values  of  the  real  roots  of 

10a?-17ar»4-a;4-3  =  0. 
(14.)  What  can  you  infer  regarding  the  roots  of 

a? -5a: -I- 8  =  0? 
(15.)  Show  by  considerations  of  continuity  alone  that  a^-l=0  cannot 
have  more  than  one  real  root,  if  n  be  odd. 

(16. )  U/{x)  bo  an  integral  function  of  x,  and  if/{a)=  -p^f{h)=  +q^  where 
p  and  q  are  both  small,  show  that  x={qa-\-ph)l{p'\-q)  is  an  approximation  to 
a  root  of  the  equation /^a;)=0. 

Draw  a  series  of  contour  lines  for  the  following  functions,  including  in 
each  case  the  zero  contour  line : — 

nil    I         3 

(17.)  z=xy.         (18.)  £=-.  (19.)  c=ar»-y2.  (20.)  r=^-i^ . 

y  •*' 

Is  the  proposition  of  §  16  true  for  the  last  of  these  ? 

Draw  the  Argand  diagram  of  the  dependent  variable  in  the  following 
cases,  the  path  of  the  independent  variable  being  in  each  case  a  circle  of  radius 
unity  whose  centre  is  O : — 

\       (21.)  y=^.        (22.)  y=  +  V:>-.         (23.)  y=  ^Va;.         {2A.)  y  =  l-j^. 
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\y     Find  by  Homer's  method  the  podtive  real  roots  of  the  following  eqnatioos 
in  each  case  to  at  least  seven  places  of  decimals : — * 

(25.)  aj»-2=?0.  (26.)  JB»-2aj-5=0. 

(27.)  «»+«- 1000=0.  (28.)  a^-46iii^-8&B+18B0. 

t(29.)  a:*+a»+ar»+x- 127694=0. 
(30.)  «*-80a:»  +  24i«-6aj-8087968»=0.      (81.)  a^-4aB*+7a^- 868=0. 
(32.)  aJ»-7=0.  (88.)  a^-4aj-2000=a 

(84.)  4aJ»+7aJ»+9aj*+6a!»+5a^+8aj- 792=0. 

(35.)  Find  to  twenty  decimal  places  the  negative  root  of  2a^+8as^' 6flB--  8 
=  0. 

(86.)  Continue  the  calculation  on  p.  844  two  stages  fiurther  in  its  unoon- 
tracted  form ;  and  then  estimate  how  many  more  digits  of  the  root  could 
be  obtained  by  means  of  the  trial  division  alone. 

-^ z 

*  Most  of  these  exercises  are  taken  from  a  large  selection  given  in  Da 
Morgan's  ElemmU  o/Ariikmdtc  (1854). 


CHAPTER   XVL 
Equations  and  Functions  of  the  First  Degree. 

EQUATIONS  WITH  ONE  VARIABLE. 

§  1.]  It  follows  by  the  principles  of  chap.  xiv.  that  every 
integral  equation  of  the  1st  degree  can  be  reduced  to  an  equiva- 
lent equation  of  the  form 

ax  +  b  =  0  (1); 

this  may  therefore  be  regarded  as  a  general  form,  including  all 
such  equations.  As  a  particular  case  b  may  be  zero ;  but  we 
suppose,  for  the  present  at  leasts  that  a  is  neither  infinitely  great 
nor  infinitely  small. 

Since  a  ^  0,  we  may  write  (1)  in  the  form 

'»{-(-l)}=o  (')•' 

whence  we  see  that  one  solution  is  a;  =  -  b/a.  We  know  already, 
by  the  principles  of  chap,  xiv,  §  6,  that  an  vniegral  equation  of 
the  \st  degree  in  one  variable  has  one  and  only  one  solution.  Hence 
we  have  completely  solved  the  given  equation  (1). 

It  may  be  well  to  add  another  proof  that  the  solution  is  unique. 

Let  us  suppose  that  there  are  two  distinct  solutions,  x=a  and  a;=/3,  of  (1). 

Then  we  must  have 

aa+J=0, 

From  these,  by  subtraction,  we  derive 

a(tt-/3)  =  0. 

Now,  by  hypothesis,  a^^O,  therefore  we  must  have  a- j8=0,  that  is, a=j8; 
in  other  words,  the  two  solutions  are  not  distinct 
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^  2.]  Two  eqtiaiims  of  the  iBi  degree  m  one  variahU  teiit  in 
general  he  inconsidetU. 

If  Oie  e^aUom  he  oz  +  6  =  0  (1), 

a'x  +  b'^0  (2), 

Hie  necessary  and  sufficient  condition  for  consittencg  w 

ab'-a-b  =  0  <3). 

The  Bolution  of  (1 )  is  z  =  -  bja,  and  the  solution  of  (2)  is 
x=  - b'ja'.  These  will  not  in  general  be  the  same ;  hence  tlie 
equations  (I)  and  (3)  will  in  general  be  inconsistent. 

The  necessary  and  suflScient  condition  that  (1)  and  (2)  be 
conaistont  is 

-I' -I  <*)• 

Since  a  4=  0,  a'  4=  0,  (4)  is  equivalent  to 

a-h  =  ab\ 
or  oh'  -  a'h  =  0, 

Obs.  1.  If  i  =  0  and  b'  =  0,  thou  tho  condition  of  consistency 
is  satisfied.  In  this  case  the  equations  become  az  =  0,  a'x=0; 
and  these  have  in  fact  tho  common  solution  x  =  (). 

Obs.  2.  When  two  equations  of  tlie  1st  degree  in  one  vari- 
able are  consistent,  the  one  is  dorivuble  by  multiplying  the  other 
by  a  constant.  In  fact,  since  (i  +  0,  if  we  also  suppose  J  *  0,  we 
derive  from  (3),  by  dividing  by  ah  and  then  transposing, 

hence  a'  -  to,     6'  =  kh, 

BO  that  a'x  +  b'  =  hu-  +  kh, 

^k(aT  +  b). 
If,  then,  (3)  be  satisfied,  (2)  is  nothing  more  or  less  than 
liax  +  fc)  =  0 
where  £  is  a  constant. 

Thia  might  ha^'C  been  expected,  for,  tninspositions  apart,  the 
only  way  of  deriving  from  a  single  eejuation  another  perfectly 
equivalent  is  to  multiply  the  given  equation  by  a  constant. 
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Solve  the  following  eqDati< 


1, '<-"-'■)/' 


t' 


:*■) 


Gad  X  to  thr«e  pitcos  of  decimals, 
a.)  <i/(l-te)=ft/(l-a*). 

,7.)  (o+il!)(6+it)-o(4  +  e)  =  (ai'+to?)/*. 

i>-o>    a?-*"    ^-1?         , 

(10.)  (a'  +  i^  +  a'-6'=o*-l'  +  a6(o'  +  i»). 

^  _  o*    a?  -  <= 

(12.)  (a!-l)(a;  +  2)(2«-2)=(2i:-l){a!:  +  l){3^  +  l). 

„„,  _J ^__3 ^ 

«+l  a;  +  2~a:  +  3  x+l' 
z-1  :c-;8_,a-_2  a:-4 
a!-a    1-4    3!-3    «-5' 

11   _         6 -7 

i2a!  +  ll'''6a!  +  6~*^+7" 

3-3!      6-^  3?-2 

1-x    f=i^'"7-to+^- 

»!  +  2'''r+10~j:  +  6'''!c  +  14' 
a?-4a;  +  5 


x'-4j;  +  5      /•!c-2\' 
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aaj+6y+c=0  has  oo^  SOLUTIONS 


CHAP. 


(19.) 
(20.) 

(21.) 
(22.) 
(23.) 
(24.) 


1  1  3(a;+5)     _^    to+17 

x+2g    ag-2g_    4flft 
26-a:'*'2d+aj"4*»-a?' 

(a+h)x-i-e    (a-b)x+e_       Job 
(o-6)aj+d"(a+ft)sB+/~(a+>){a-ft) 

«-«    x-fx-a    x-h' 


+ 


+ 


aj+a-6    a:+6-c 
2  1 


=2. 


+ 


{x-a){x-h)    (x~a){x-e)    («-ft)(«-c) 

1  2 


f 


-',* 


(aj+a)(«+d)    (a!+a)(«+c)    (a;+6)(x+c) 


EQUATIONS  WITH  TWO  VARIABLES. 

§  3.]  A  single  eguaiion  of  the  1st  degree  in  two  variables  has  a 

one-fold  infinity  of  solutions. 

Consider  the  equation 

ax  +  hy  +  c^O  (1). 

Assign   to  y  any  constant   value  we   please,  say  p,  then   (1) 

becomes 

oa;  +  ft)8  +  c  =  0  (2). 

We  have  now  an  equation  of  the  Ist  degree  in  one  variable, 
which,  as  we  have  seen,  has  one  and  only  one  solution,  namely, 
«=  -(6j3  +  c)/a. 

We  have  thus  obtained  for  (1)  the  solution  x=  -  {hp  +  c)jay 
y  =  j8,  where  p  may  have  any  value  we  please.  In  other  words, 
we  have  found  an  infinite  number  of  solutions  of  (1). 

Since  the  solution  involves  the  one  arbitrary  constant  p, 
we  say  that  the  equation  (1)  has  a  one-fold  infinity  (sometimes 
symbolised  by  oo  *)  of  solutions. 

Example. 

3ar-2y  +  l=0, 
the  solutions  are  given  by 

2/3 --1 


x=  - 


3/=/3; 


TWO  LINEAR  EQDATIOMS  IN  TWO  VARIABLES 


vehave,  fore»mple,  forp= -B,  (3= -1,  (3  =  0,  ^=  +  5,  /S= +1.  ^=  +2,  the 
following  wlutiotu  ; — 


^      I     -2         -1  0+1         +1         +2 

y         -2       -1  "       +1       +1       +2 


g  4.]  We  should  expect,  in  accordance  with  the  principles  of 
chap,  xiv.,  g  5,  that  a  B7stem  of  two  equations  each  of  the  1st 
degree  in  two  variables  admits  of  definite  solution. 

The  process  of  solution  consists  in  deducing  from  the  given 
system  an  equivalent  system  of  two  equations  in  which  the 
variables  are  separated ;  that  is  to  say,  a  system  such  that  x 
alone  appears  in  one  of  the  equations  and  y  alone  in  the 
other. 

We  may  arrive  at  this  result  by  any  method  logically  con- 
sistent with  the  general  principles  we  have  laid  down  in  chap. 
xiv.,  for  the  derivation  of  equations.  The  following  proposition 
affords  one  such  method : — 

If  I,  r,  m,  m'  be  constants,  any  tme  of  which  may  be  zero,  but 
wAtcA  are  such  that  Im'  -  I'm  +  0,  thtn  the  two  systems 

ax  +by  +e  =0  (I), 

a'x  +  fi'y  +  c"  =  0  (3), 

and 

/((W!  +  6y  +  c)+  r{a'x  +  b'y  +  c')  =  0  (3), 

m{ax  +  by  +  c)'i-  m'{a'z  +  b'y  +  c')  =  0  (4), 

are  eqmvalent. 

It  is  obvious  that  any  solution  of  (I)  and  {2)  wUI  satisfy  (3) 
and  (4) ;  for  any  such  solution  reduces  both  ax  +  bt/  +  e  and 
a'x  +  b'y  +  <^  to  zero,  and  therefore  also  reduces  the  leiVhand 
sides  of  both  {3)  and  (4)  to  zero. 

Again,  any  solution  of  (3)  and  (4)  is  obviously  a  solution  of 
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m'{  l{aX'¥by  +  c)+  f{a'x+Vy  +  (f)} 
-r  {m{ax  +  by  +  e) ■¥m\a'z  +  Vy  +  (T)}  =  0  (5), 

-w{  l(ax  +  by-¥e)+  V{a'x -¥  Vy  +  <f)} 
+  1  {fn(flx  +  by  +  c)  +  m\a'z  +  b'y  +  (f)]^0  (6). 

Now  (5)  and  (6)  reduce  to 

(/m'-rw)(aaj  +by  +e)  =  0  (7\ 

and,  provided  Imf  -  I'm  ^  0,  (7)  and  (8)  are  equivalent  to 

oaj  +  6y  +  c  =  0, 
a'x  +  6'y  +  ^  =  0. 

We  have  therefore  shown  that  eveiy  solution  of  (1)  and  (2)  is  a 
solution  of  (3)  and  (4) ;  and  that  every  solution  of  (3)  and  (4)  is 
a  solution  of  (1)  and  (2). 

All  we  have  now  to  do  is  to  give  such  values  to  /,  /',  m,  m' 
as  shall  cause  y  to  disappear  from  (3),  and  x  to  disappear  from 
(4).     This  will  be  accomplished  if  we  make 

wi=  -a',     m'=  +a; 
so  that  Im!  -  I'm  =  ab'  -  a'b. 

The  system  (3)  and  (4)  then  reduces  to 

(ab'  -  a'b)x  +  (*'  -  c'6  =  0  (3'), 

(ab'  -  a'b)y  +  c'a  -  ca'  =  0  (4') ; 

and  this  new  system  (3'),  (4')  will  be  equivalent  to  (1),  (2), 

provided 

ab'  -a'b^O  (9). 

But  (3')  and  (4')  are  each  equations  of  the  1st  degree  in  one 
variable,  and,  since  ab'  -  a'b  4=  0,  they  each  have  one  and  only 
one  solution,  namely — 

cb'  -  c'b  "^ 


x=  - 


y=  " 


ab'  -  a'b 

ad  -  a'c 
oF^'b 


(10). 


J 
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It  ther^ore  foUows  that  the  system 

ax  +by  +c  =0  (1), 

a'z  +  J'y  +  C  =  0  (2) 

has  one  and  only  one  dejmxU  solutwm,  mimely,  (10),  provided 

ab'  -  a'6  =*=  0  (9). 

The  method  of  aolution  just  discussed  goes  by  the  name  of 
CTOis  mtUUplkalion,  because  it  consists  in  taking  the  coefficient 
of  y  from  the  second  equation,  multiplying  the  first  equation 
therewith ;  then  taking  the  coefficient  of  y  from  the  first  equation, 
multiplying  the  second  therewith ;  and  finaUy  subtracting  the 
two  equations,  with  the  result  that  s  new  equation  appears  not 
containing  y. 

The  foIlowiDg  memoria  Uchniea  for  the  Tftlnei  of  x  uid  y  irill  enable  the 
Btadent  to  TecoUect  the  valuea  in  (10). 

The  deuomiiistora  ara  the  nune,  nftmely,  ab'  -  a'b,  fonned  from  the  co- 
effidents  of  a:  and  y  thai 


the  line  sloping  down  from  left  to  right  indiotiiig  ft  positive  prodnct,  that 
from  right  to  left  a  negative  product. 

The  numentor  of  x  is  fonned  from  Ita  denominator  by  putting  e  and  c*  in 
place  of  a  and  a'  mpectivelj. 

The  unmetator  of  y  by  patting  e  and  «*  in  place  of  b  and  V. 

Finall]',  negative  ngns  moat  be  affixed  to  the  two  fractiona. 

Another  waj  which  the  reader  ma;  prefer  ia  as  follows  :  — 

Observe  that  we  ma;  write  (10)  thus, 

b<r-i'c  ca'-tfa  ,„, 

'^^ii^s'  v=iin^b  <">■ 

ra  formed  according 

It  is  very  important  to  remark  that  (1)  and  (2)  ate  col- 

laterally  B3mimetrical  witli  respect  to  I  a,b  I,  see  chap,  iv.,  g  20. 

Hence,  if  we  know  the  value  of  a^  we  can  derive  the  value  of  y 
by  puttii^  everywhere  i  for  a,  a  for  b,  b'  for  a',  and  a'  For  b'.    In 


fact  the  value  <^  y  thm  derived  &om  the  valne  of  a:  in  (10)  is 
-  {ea'  ~  c'a)l{ba'  -  h'a) ;  and  this  is  equal  to  -  («'  -  a'e)j{ab'  -  a!h), 
which  is  the  value  of  y  given  in  (10), 


Eiampls  1. 

Proceeding  bjr  direct  application  of  (11),  we  have 


_10  +  13_U      ...27-16    2 


Or  thoji :  mnltii^r  (a)  bj  2,  ftod  we  hive  the  eqniraleiit  ijitem 


-9a!  +  4y+6  =  0; 

151-11  =  0, 

11 
*"~15 


whence,  by  subtractian, 

which  gives 

Again  multipljing  (a)  by  3,  and  then  adding  (/3),  i 
10y-i=0, 
which  givea 

i     2 

Example  2. 


Unltipljing  the  first  of  these  eqaations  by  ^  and  enbtracting  the  second,  we 

Since  the  eqaationa  are  symmetrical  i"  (    '  g  )  ""^  get  the  value  of  y  by 
intccchauging  a  and  ^,  namely, 

a,- .J 
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Sometimes,  before  proceeding  to  apply  the  above  method,  it 
is  convenient  to  replace  the  given  system  by  another  which  is 
equivalent  to  it  but  simpler. 

ExEiuple  3, 

i(2a  +  6)i  +  a(a  +  2i)i/=(^+o'J  +  a6'  +  6»  (,8). 

By  adding,  we  dodace  from  (a)  and  (fi) 

which  is  eqairalent  to 

i  +  y  =  a  +  i  (7). 

It  U  obnooa  that  (a)  and  {y)  am  equvalent  to  (a)  and  [fi).  Hnltipljing 
(t)  bj  ^  <uid  snbtTwting,  we  have 

{a"-M)a!=2a«6  +  ai'-*', 
=i(2o-6)(a+6). 

Hence  ="-^^'- 

Since  the  original  Bj8t«m  u  B;inmetrical  in  I  ^  °),wehBTe 

a(ai-») 

§  5.]  Under  the  theoiy  of  last  paragraph  a  variety  of  par- 
ticular cases  in  Trhich  one  or  more  of  the  constants  a,  b,  e,  a',  b',  c' 
involved  in  the  two  equations 

ax  +bi/  +c  =0, 
a'x  +  b'y  +  cf  =  0 
become  zero  are  admissible ;  all  cases,  in  shorty  which  do  not 
violate  the  condition  ah'  -  a'b  #  0. 

Thus  we  have  the  following  admitsible  cases : — 
a  =  0  (1),  i'  =  0  (4), 

6  =  0  (2),  a  =  0andi'  =  O     (5), 

o'  =  0  (3),  a'  =  0  and  6  -  0     (6). 

The  following  are  exc^titmal  cases,  because  they  involve  ab'  -  a'b 

=  0:— 
a  =  0  and  a'  =  0        (I.),  a,  h,  a',  h'  all  different 

tt  =  0  and  &  =  0       (II.),  from  0,  but  such  that 

6'  =  0  and  a'  =  0     (III.),  ab'  -  a'6  =  0  (V.). 

J'  =  Oand  6  =  0     (TV.), 
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We  shAll  return  again  to  the  conmderatioii  of  the  exceptional 
cases.  Id  the  meantime  the  reader  shonld  vtantj  that  tlie 
fonnule  (10)  do  really  give  the  correct  solnlaoii  ia  oaaee  (1)  to 
(6),  as  by  theory  they  ought  to  do. 

Take  caae  (1),  for  example.    The  equtioiu  In  tbii  cue  reduoe  to 
ty  +  E=0,    a'ai-ffy  +  e'=0. 
The  fint  givee  y=  -efb,  and  thia  relne  of  y  redtteM  the  Mcond  to 

which  giree  g=.    T. -■ 

It  will  be  found  that  (10)  give*  the  Nine  lemlt,  If  we  pnt  i)=0. 

There  is  one  special  case  that  deserres  particnlar  notice,  tbat^ 
namely,  irhere  e  =  0  and  ^  =  0 ;  bo  that  the  two  equations  are 
homogenous,  namely, 

ax  +by  =0  (a), 

a'ai  +  6'y  =  0  (fi). 

If  di'-o'i^O,  these  formuhe  (10)  give  x=0,  y  =  0  as  the  only 
possible  solution.  IS  ah'  -  a'b  =  0,  these  formulse  are  no  longer 
applicable ;  what  then  happens  will  be  understood  if  we  reflect 
that,  provided  y  +  0,  (a)  and  (fi)  may  be  written 

aj+fi=0  (a'), 

,  a'z  +  b'  =  0  (fi"), 

where  z  =  su/y. 

We  now  have  two  equations  of  the  Ist  degree  in  z,  which 
are  consistent  (see  §  2),  since  ab'  -  a'b  =  0.  Each  of  them  gives 
the  same  value  of  z,  namely,  « =  -  b/a,  or  z  =  —  b'/a'  (these  two 
being  equal  by  the  condition  ab'  -  a'b  =  0). 

If  then  ab'  -  a'b  +  0,  the  only  solviion  of  (a)  and  (fi)  is  x  =  0, 
y  =  0  ;  if  ab'  ~  a'b  =0,  x  and  y  may  have  any  values  such  thai  the 
ratio  xjy  =  -b/a  =  -  b'ja'. 

§  6.]  There  ia  another  way  of  arranging  tlie  process  of  solu- 
tion, commonly  called  Bezovt's  mellwd*  which  is  in  reality  merely 
a  variety  of  the  method  of  §  i. 

•  For  an  account  of  Biizout's  iiirthoda,  properly  so  called,  see  Muir's 
papers  on  the  "  History  of  Determinants  ;  "  I'rvc.  E.S.E.,  1886. 
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If  \  he  any  finite  constant  quantity  whatever^*  then  any  aolviion  of  the 

eystem 

ax+by+c=0,    a'x+h'y+c'=0  (1) 

is  a  solution  of  the  equation 

{ax  +  by+e)+\{a'x+h'y+c')=0  (2), 

that  ia  to  say,  of        (a  +  W)a!+(&+\6')y+(c+Xc')=0  (3). 

Now,  since  X  is  at  our  disposal,  we  may  so  chooed  it  that  y  shall  disappear 

from  (3) ;  then  must 

\b'+b=0  (4), 

and  (3)  will  reduce  to  (a + \a')x + (c  +  Xc') = 0  (6). 

From  (4)  we  have  X=  -  h/h',  and,  using  this  value  of  X,  we  deduce  from  (5) 

-  _  g+^_     h'c-bcf 
*"     a+X/»'~     ab'-a'b' 

which  agrees  with  (10). 

The  value  of  y  may  next  he  obtained  by  so  determining  X  that  x  shall 

disappear  from  (3).    We  thus  get 

Xfl'+a=0  (6), 

(6+X6')y+(c+Xc')=0  (7), 

and  so  on. 

To  make  this  method  independent  and  complete,  theoretically,  it  would 

of  course  be  necessary  to  add  a  proof  that  the  values  of  x  and  y  obtained  do 

in  general  actually  satisfy  (1)  and  (2);  and  to  point  out  the  exceptional  case. 

§  7.]  There  is  another  way  of  proceeding,  which  is  inter- 
esting and  sometimes  practically  useful. 

The  systems 

aa;+8y+c=0)  .,v 

and  y^*  ~ 


(2) 
a'x  +  6'y  +  c'  =  0 

are  equivalent,  provided  (4=0,  for  the  first  equation  of  (2)  is 
derived  from  the  first  of  (1)  by  the  reversible  processes  of  trans- 
position and  multiplication  by  a  constant  factor. 

Also,  since  any  solution  of  (2)  makes  y  identically  equal 
to  -(ax  +  c)/bj  we  may  replace  y  by  tliis  value  in  the  second 
equation  of  (2).     We  thus  deduce  the  equivalent  system, 

*  So  far  as  logic  is  concerned  X  might  be  a  function  of  the  variables,  but 
for  present  purposes  it  is  taken  to  be  constant.  A  letter  introduced  in  this 
way  is  usually  called  an  "  indeterminate  multiplier  "  ;  more  properly  it  should 
be  called  an  "undetermined  multiplier." 


SOLUTION  BT  BCBSTITOTIOH 


V{ax  +  e) 


'  =  0 


Now,  BUice  i4<  0,  the  second  of  the  equationa  (3)  gives 

(a'6-fli>+(i('-6'c)=0  (4). 

If  a'h  -  oi'  -4=  0,  (4)  bos  one  and  only  one  solution,  namely, 

this  v&lue  of  X  reducoB  the  first  of  the  eqnationB  (3)  to 

"         b\  oJ'-a'S   *■)' 

ahc'  -  if  be 


that  i: 


tiait'-ti'l)' 


«»•-«'* 


(6). 


The  equations  (5)  and  (6)  arc  equivalent  to  the  syBtem  (3), 
and  therefore  to  the  original  Bystem  (I).  Hence  ve  have  proved 
that,  if  (A'  -a'h*Q  and  h^Q,  the  system  (1)  liaa  one  and  only 
one  solution. 

We  can  remove  the  restriction  &  #  0 ;  for  if  ^  :^  0  the  first  of 
the  equations  (1)  reduces  to  ax-¥c  =  fi.  Hence  (if  a  4=  0,  which 
must  be,  since,  if  both  a  =  0  and  6  =  0,  then  ab'  -  a'b  =  0)  we  have 
x=  - c/a,  and  thia  value  of  x  reduces  the  second  of  equations 
(1)  to 

-  —  +  b'y  +  c'  =  0, 

which  gives  (since  h'  cannot  in  the  present  case  be  0  without 
making  ah'  -  a'i  =  0)  y  —  (ni'  -  c'<i)'iih'.  Now  these  values  of  x 
and  y  are  precisely  tliose  given  by  (5)  and  (C)  whon  h-Q. 

The  excepted  case  ?/  =  0  is  therefore  included  ;  and  the  only 
exceptional  cases  excluded  are  those  that  come  under  the  condi- 
tion ut'  -  a'h  =  0. 
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The  method  of  this  paragraph  may  be  called  solution  by 
substiitUum,  The  above  discussion  forms  a  complete  and 
independent  logical  treatment  of  the  problem  in  hand.  The 
student  may,  on  account  of  its  apparent  straightforwardness 
and  theoretical  simplicity,  prefer  it  to  the  method  of  §  4. 
The  defect  of  the  method  lies  in  its  want  of  symmetry;  the 
practical  result  of  which  is  that  it  often  introduces  needless 
detail  into  the  calculations. 

Example. 

8x+2y-3  =  0  (o), 

-9a;  +  4y+6=0  (/3). 

—  826*4-3 

From  (o)  we  have  y= — 5 (7)' 

Using  (7),  we  reduce  (/3)  to 

-9«+2(-8a;+8)  +  6=0, 
that  is,  -16a;+ll  =  0; 

whence  a5=Tr' 

15 

This  value  of  x  reduces  (7)  to 

-3x^  +  3 

y= — 2 — ' 

__2 
~6* 

The  solution  of  the  system  (a)  and  (P)  is  therefore 

11  2 

^=i6»  y=5 

§  8.]  Three  eguoHons  of  the  Isi  degree  in  two  variables,  say 
aaj  +  6y  +  c  =  0,     a'a;  +  6'y  +  c'  =  0,     al'x  +  b^y  +  c"  ==  0     (1), 
tvUl  not  be  consisterU  unless 

a\bc'  -  Vc)  +  Vica'  -  c'a)  +  c''{ah'  -  a'b)  =  0     (2) ; 

and  they  will  in  general  be  consistent  if  this  condition  be  satisfied. 

We  suppose,  for  the  present,  that  none  of  the  throe  functions 
db'  -a%  a^b-ab",  a'^-a^V  vanishes.*  This  is  equivalent  to 
supposing  that  every  pair  of  the  three  equations  has  a  deter- 
minate finite  solution. 

If  we  take  the  first  two  equations  as  a  system,  they  have 
the  definite  solution 

*  See  below,  §  25. 


COKDITIOIT  or  00N8ISTSN0T 


Jxf-h'e 
aV-a'b' 


"fly -or 


The  necessary  and  sufficient  condition  for  the  oonaiatency  of  tlie 
three  equations  is  ihat  this  soIatioB  Bhonid  taiiaSy  ihs  third 
equation ;  in  other  words,  that 

,6c'  -  b'c     ,,ett'  -  c'o      .     _ 
*  TT — ii  +  *^-r — ::;i  +  *^  =  0- 
ao  -ab       ail  —ao 

Since  aJ}'  -  a'b  +  0.  this  it  equivalent  to 

a'{b<f  -  b-e)  +  6'(oa'  -  tfa)  +  tr{ab'  -  a'b)  =  0 
The  reader  should  notice  that  this  condition  may  be  v 
any   one   of  the   following  fbnns  by  merely   rearranging  the 


(3). 


a(b'tr  -  b'c')  +  b(c^a'  -  (fa")  +  c(a'b'  -  oTb")  =  0  (4), 

a\btr  -  b'c)  +  b\ea'  -  (Ta)  +  c'(a5'  -  a"h)  =  0  (5), 

a{b'<r  -  fcV)  +  a'(b"c  -  fe-)  +  a'(bc'  -  b'e)   =  0  (6), 

i(c'a-  -  c'a')  +  b'((ra  -  m")  +  fi-^  -  c'a)  =  0  (7), 

c(o'6"  -  a'}/)  +  (!{a.'b  -  oi*)  +  (^(aft'  -  o'6)  =  0  (8), 

ah'fT  -  ah'd  +  be'a"  -  bc'a'  +  ea'b"  -  ea'b'  =  0  (9). 

The  forms  (4)  and  (5)  could  have  been  obtained  direcUy  by 
taking  the  solution  of  the  two  last  equations  and  substituting  in 
the  first,  and  by  solving  the  first  and  last  and  substituting  in  the 
second,  respectively.  Each  of  these  processes  is  obviously  lo^o- 
ally  equivalent  to  the  one  actually  adopted  above. 

The  forma  (6),  (7),  (8)  would  result  as  tiie  condition  of  Hie 
connstency  of  the  three  equations 

ou:  +  a'y  +  o'  =  0,    Jz  +  6'y  +  &'  =  0>     ex  +  (fg  +  <f  =  0     (10). 
We  have  therefore  the  following  interesting  side  result : — 

Cor.  1/  the  three  equaiiims  (1)  be  consialmi,  then  the  three  equa- 
tions (10)  are  consistent. 

If  tliB  reader  will  now  compare  tlio  present  patagraph  with  §  2,  be  will 
see  that  tho  Tunclion 

ob'-a'b 
plaj-s  the  same  part  for  tho  Bystem 
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as  does  the  function  ^ 

a(h'<r  -  6V)  +  J(cV  -  d'a')  +  cia'h"  -  oTh') 
for  the  system 

aaj+5y+c=0,    a'a;+J'y+c'=0,    a''x+b''y+d'=0. 

These  functions  are  called  the  deUrminanta  of  the  respective  systems  of  equa- 
tions.    They  are  often  denoted  by  the  notations 


a     b 
a'    b' 


for  ab'  -  a'b 


(11); 


(12). 


V    y   -f  foraJ'<J*-a6V  +  6c'a''-6(ra'+ca'6*-ca'y 

The  reader  sliCimd- notice — 

Ist.  That  the  determinant  is  of  the  Ist  degree  in  the  constituents  of  any 
one  row  or  of  any  one  column  of  the  square  symbol  above  introduced. 

2nd.  That,  if  all  the  constituents  be  considered,  its  degree  is  equal  to  the 
number  of  equations  in  the  system. 

A  special  branch  of  algebra  is  nowadays  devoted  to  the  theory  of  deter- 
minants,  so  that  it  is  unnecessary  to  pursue  the  matter  in  this  treatise.  For 
the  sake  of  more  advanced  students  we  have  here  and  there  introduced  results 
of  this  theory,  but  always  in  such  a  way  as  not  to  interfere  with  the  progress 
of  such  as  may  be  unacquainted  with  them. 

The  reader  may  find  the  following  memorim  technica  useful  in  enabling 

him  to  remember  the  determinant  of  a  system  of  three  equations : — 

For  the  form  (4), 

a  b  c 


to  be  interpreted  like  the  similar  scheme  in  §  4. 
For  the  form  (9), 

b 


where  the  letters  in  the  diagonal  lines  are  to  form  products  with  the  signs  + 
or  - ,  according  as  the  diagonals  slope  downwards  from  left  to  right  or  from 
right  to  left. 

Example. 

To  show  that  the  equations 

8a;+6y-2=0,     4a:  +  6y-l  =  0,     2^+4^-3  =  0 
are  consistent 

Solving  the  first  two  equations,  we  have  a;=  -  7/2,  y=5/2.     These  values 
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reduce  2a;+4y-3  to  -7  +  10-3,  which  is  zero.  Hence  tiie  aolatum  of  the 
first  two  equations  satisfies  the  third ;  that  is,  the  three  are  oontiatent. 

We  might  also  use  the  general  results  of  the  abore  paragraph. 

Since  3x6-5x4=-2,  5x2-8x4=-2,  4x4-2x6= +4,  each  pair 
of  equations  has  by  itself  a  definite  solution.  Again,  calculating  tiie  deteir* 
minant  of  the  system  by  the  rule  given  above,  we  have,  for  the  valne  of  the 
determinant,  -54-10-32  +  24+12+60=0.   Hence  the  system  is  oonsifteiit. 

+  3+5-2+8+6 


+  4+6 


+  2+4 


XX 


1+4+6 


XX 


3+2+4. 


I 


EXBR0I8E8  XXIY. 

Solve  the  following : — 

(1.)  i«+iy=6,    4«+4y=6i. 

(2.)  2a;+3y=18,     3j;-2y=9. 

(3.)  •123a;  +  -686^=3  34,     -SQSa;-  •593y=3-71, 

find  X  and  y  to  five  places  of  decimals. 


-\ 


(4.) 
(6.) 
(6.) 
(7.) 

(8.) 

(9.) 
(10.) 
(11.) 

(12.) 

(18.) 


a;+y:a;-y=6  :3,    ar+6y=86. 
3a5+l=2y  +  l  =  3y  +  2ic 
(«+3)(y+6)  =  (a;-l)(y+2),     8aj+6  =  9y+2. 
x+y=a  +  b,    (x+a)l{y+b)=bla, 

ax+hy=0,     {a-b)x  +  {a  +  b)y=2e 
(fl  +  5)aj- (a -6)y=c,     {a-b)x  +  {a  +  h)y=c 
(a  +  6)a;+(a-%=rt«+2a6-ft2,     {a-b)x+{a-b)y=a^+l^. 


X 


>--r6»="*'    ^+J>+ra?^="<2a+&). 


[ap^  +  b^)x  +  (ap«+i  +  bgl^^)y = ap"+* + fc^+^ 
(ap»  +  bq^)x  +  (ap"+*  +  b^^)y = 0^"+* + b^\ 


*     (14.)  Find  X  and  fi  so  that  a^+T^+ftx+aJfe  may  be  exactly  divisible  by 
x-b  and  by  x-c, 

(15.)  IfX  +  0,  andif  a:-y=rt-fc, -%  +  ^=l,  -^+y-^  =1,  be  con- 

sistent,  show  that  X=  :h\/aF. 

(16.)  If  the  system  (^;  + 0)3-  + (c  +  rt)j/  +  (6f +?>)  =  0,  {c-\-a)x  +  {a-^h)y  +  {b  +  c) 
=  0,  {a  +  b)x-\-{b  +  c)y  +  {c-\-a)  =  0,  be  consistent,  then  «^  +  ^/'  +  r'-3a6c  =  0. 

(17.)  Find  the  condition  that  ax-\-by  =  Cy  a'X  +  b'^y  =  <^,  a^x-\-V^y^f?  be 
consistent. 
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(18. )  Find  an  integral  function  of  x  of  the  let  degree  whose  values  shall 
be  +  9  and  + 10  when  x  has  the  values  -  3  and  +  2  respectively. 

(19.)  Find  an  integral  function  of  x  of  the  2nd  degree,  such  that  the 
coefficient  of  its  highest  term  is  1,  and  that  it  vanishes  when  a; =2  and  when 
aj=  -3. 

(20.)  Find  an  integral  function  of  x  of  the  2nd  degree  which  vanishes 
when  a;=0,  and  has  the  values  -  1  and  +2  when  x—  -  1  and  x=+Z 
respectively. 


;/'*  v^ 


TV.     .    . 

EQUATIONS  WITH  THREE  OR  MORE  VARIABLES. 


%9,]  A  single  equation  of  the  \st  degree  in  three  fariaUes  admits 
of  a  two-fold  infinity  of  solutions. 
For  in  any  such  equation,  say 

we  may  assign  to  two  of  the  variables  any  constant  values  we 
please,  say  ^  =  ^,  z  =  yj  then  the  equation  becomes  an  equation 
of  the  1st  degree  in  one  variable,  which  has  one  and  only  one 

solution,  namely, 

5i8  +  cv  +  rf 

a;=  -  -^- '- • 

a 

We  thus  have  the  solution 

hB  +  cy  +  d  ^ 

Since  there  are  here  two  arbitrary  constants,  to  each  of 
which  an  infinity  of  values  may  be  given,  we  say  that  there  is 
a  two-fold  infinity  (oo  •)  of  solutions.  A  symmetric  form  is  given 
for  this  doubly  indeterminate  solution  in  Exercises  xxv.,  27. 

§  10.]  A  system  of  two  equations  of  the  1st  degree  in  three  vari- 
ables admits  in  general  of  a  one-fold  infinity  of  solutions. 

Consider  the  equations 

aa;  +  8y  +  c«  +  (i  =  0,    a'x-\-Vy-{-dz-{-d'  =  0         (1). 

We  suppose  that  the  functions  Jc'  -  J'c,  ca'  -  c'a^  ah'  -  a'h  do  not 
all  vanish,  say  aJ'  -  a'h  4=  0. 

If  we  give  to  z  any  arbitrary  constant  value  whatever,  say 
0  =  y,  then  the  two  given  equations  give  definite  values  for  x  and 
y.    We  thus  obtain  the  solution 
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OHAV. 


X 


= W:^ '  ^'  ar^Tb         '  '^  ^^^ 

Since  we  have  here  one  arbitrary  conatanti  there  is  a  one-fold 
infinity  of  solutions. 

Cor.  There  is  an  important  particular  case  of  the  above  that 
often  occurs  in  practice,  that,  namelyi  where  d  =  0  and  iF  s  0. 

We  then  have,  from  (2), 

Jc'  -  Vc  ca'  T  da 

This  result  can  be  written  as  follows : — 

*      «      7 
bT^c' ah' -  aV 

y    =    y 

ca'-da    ab'-aV 

Z  y 

ah'  -  a'h  ^  ab' -  a'b 

Now,  y  being  entirely  at  our  disposal,  we  can  so  determine 
it  that  y/(ab'  -  a'b)  shall  have  any  value  we  please,  say  p.  Hence^ 
p  being  entirely  arbitrary y  we  have,  as  the  solution  of  the  system^ 


(ia;+6y+C8i=0) 
a'z  +  b'v  +  dz  =  0 ) 


(3), 


x^pibcf"  Vc\    y  =  p{ca'  -  c'a),    z  =  p{ab'  -  a'b)       (4). 

It  will  be  observed  that,  although  the  individual  values  of 
x^  y^  z  depend  on  the  arbitrary  constant  p^  the  ratios  oix^y^z 
are  perfectly  determined,  namely,  we  have  from  (4) 

xiy\z=(J>(!  -b'c)i{ca'  -  c'a) :  {ah*  -  a'b). 

Example  1. 

2aj+8y+4z=0, 

8a5-2y-6a=0, 


X 


V 


8 


4 


3 


give 


XXX 

-2  -6  3  -2 

aj:y:2= -10:24:  -13; 
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or,  which  ia  the  suae  thiog, 

x=-\Op,     K=24j>,    z=-\Zp, 
p  being  any  qoantitj  whAtwerer. 
Euunple  2. 

give  a;=(W-S^V=  -icp(6-e), 

i={o4"-a'%= -oipto-i). 
If  w«  choOM,  we  may  leplaca  -  abcp  by  v,  aay,  and  we  then  have 
x=Hi-c)la,     y=o[c-a)lb,     i=aia-b)lc, 
when  a  ii  arbitrary. 

lu  other  word*,  ve  hiTe 

x:y:t  =  {b-c)la:{c-a)lb:ifl~b)lc 
§  11.]  ^  tyttem  of  three  equation  of  th^   1st  degree  in  three 
variailes,  say 

ax  +by  +ez  +d  =0  (1), 

a'x  +b'y  +c'z  +d^  =0  (2), 

<i'a+J'y  +  c'z  +  d'  =  0  (3), 

has  one  and  only  one  toltition,  provided 

abY  -  ab'€  +  Jc"*'  -  Jtro'  +  ca'ft'  -  ea'6'  +  0         (4). 
The  three  coefficiente  c,€,  (T  cannot  all  Tanish,  otherwise  ve 
ehould  have  a  sTstem  of  three  equations  in  two  variables,  x  and 
y,  a  case  already  considered  in  §  8. 

Let  us  snppoae  that  c  +  0,  then  the  following  system 

aiE+6y+«+rf    =0  (5), 

ii{ax  +  hy  +  cz  +  Si-(^a'x  +b'y  +  <fz  +(f)-0  (6), 

c'{az  +  by+cz  +  d)-  c{a'x  +  b"y  +  c'z  +  d")  -  0  (7), 

is  obvionsly  equivalent  to  (1^  (2),  and  (3).  Matters  are  so 
arranged  that  z  diaappean  from  (6)  and  (7) ;  and  if,  for  short- 
ness, we  put 

A  =  oe'-a'e,      B  =  6c'-6'<:,      C  =  dif-^e, 
A'  =  «'-a'(^    B'  =  Sc'-6'(,    C'  =  d<r-d"c 
we  may  write  the  i7Bt«m  (5),  (6),  (7)  as  follows : — 

ax  +  hy  +  a-i-d=0  (6"), 

A«  +  By  +  C  =  0  (6'), 

A'ar  +  B'y+C'  =  0  (7'). 
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ORAV. 


a;  = 


(8X 


(10). 


Now,  provided  AB'  -  A'B  +  0 

(6')  and  (7')  have  the  unique  solution 

AF-A'B 

CA^-gA 
''"AB'-A'B 

These  values  of  x  and  y  enable  us  to  derive  from  (5') 

fl(BC^  -  B'C)  +  6(CA^  -  C'A)  +  d(Ag  -  A3) 
^"  c(AF-A'B)  ^^^^• 

(9),  (10),  and  (11)  being  equivalent  to  (5'),  (G*),  {7%  that  is, 
to  (1),  (2),  (3),  constitute  a  unique  solution  of  the  three  given 
equations. 

It  only  remains  to  show  that  the  condition  (8)  is  equivalent 
to  (4). 

We  have 

AB'  -  A'B  =  (oc'  -  a'c)  {he"  -  Vc)  -{(uf-  a^c)  {be'  -  Vc\ 

=  c{ah'c''  -  oftV  +  he' a"  -  hcTa'  +  ca'h"  -  ca^V)    { 1 2). 
Hence,  since  c  4=  0,  (8)  is  equivalent  to  (4). 

Although,  in  practice,  the  general  formulse  are  very  rarely  used,  yet  it  may 
interest  the  student  to  see  the  values  of  se,  y^  z  given  by  (9),  (10),  (11)  ex- 
panded in  terms  of  the  coefficients.     We  have 

-  (BC  -  B'C) =((&'-  d'c)  ( W  -  ITc)  -  {dtT  -  dTc)  (6c'  -  h'c). 

Comparing  with  (12),  we  see  that  -(BC'-B'C)  differs  from  AB'-A'B 
merely  in  having  d  written  ever3rwhere  in  place  of  a  (the  dashes  being 
imagined  to  stand  unaltered).     Hence 

-  (BC  -  WQ)=iidb'<r  -  dU'd  +  Wdr'-  h(fd' + cd'Jf  -  oTft'). 

So  that  we  may  write 

d{V<i'  -  5V) + dWc  -  60  +  <r(6c'  -  b'c) 
*  ~  "  a{Vd'  -  6V) + a'ifrc  -  ftcT) + (f(he  -  b'c)  ^^^'• 

We  obtain  the  values  of  y  and  z  by  interchanging  a  and  h  and  a  and  e 
respectively,  namely, 

d{a'c"  -  oTc')  +  d\a"c  -  ac")  +  (i'W  -  a'c) 


y=- 


h{a'd'  -  a''c')  +  b\a"c  -  ac")  +  b"{ac'  -  a'c) 

dib'a"  -b"a')  +  d'{b"a-  ha!')  -\.jt'{ha'  -  b'a) 
^  "      c[h'a"  -  fTa')  +  c'ijfa  -ba") '+  c"{ba''-  b'a) 


(14). 
(15). 


VI  H0M0GENE0D8  STBTKM  OF  THREE  EQUATIONS 

Written  in  detennlnuit  notatioii  thcae  would  become 


la-    V    €-\ 
\a     h     c   \ 


(ISO. 

(m 


i-  e\ 


(16'). 


g  12.]  In  tie  special  case  where  i  =  %  rf'  =  0,  (r  =  0,  the 
equations  (1),  (2),  (3)  of  last  paragraph  become 

ox  +iy  +«  =0  (1), 

a'x  +  6'y  +  e'a  =  0  (2), 

(i'a:  +  6'y  +  c"2=0  (3). 

which  are  homogeneous  in  x,  y,  2. 

Ifiht  iekr-mvaatd  ofih«  syttem,  namdy,  a'(h(f  -  b'e)  +  V(ca'  -  e'a) 
+  e'{ab'  -  a'b),  do  wA  vaaisk,  vx  iu  fnm  §  11  (9),  (10^  (U)  (or 
more  easily  from  (13),  (14),  and  (IS)  of  the  same  section)  thai 


x=0,     y=0, 


!  =  0. 


If  the  determitiant  doet  vanish,  Ihia  amduskm  doet  not  neassarili/ 
follow. 

In  fact,  if  we  write  (1),  (2),  (3)  in  the  form 

o?  +  6?  +  c  =0  (r), 

a'?  +  6'?  +  c'  =  0  (2-), 


a"^  +  6*^!  +  e"  =.  0 


(3'), 


and  regard  x/z  and  y/z  as  variables,  these  equations   are  con- 
sistent, since 

a'{bc'  -  h'e)  +  b'{ca-  -  <fa)  +  c"{af/  -  a'b)  =  0  (4), 

and  any  two  of  them  determine  the  ratios  xjz,  yjz ;  so  that  we 
have 

x:y:z  =  he!  ~ 


-ve'-ve 


€0."  -  (Ta' 


-a'b, 
-a-b, 
-  a-b: 
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Tliese  different  values  of  the  ratios  are  in  agreement^  by  virtue 
of  (4),  as  the  student  should  verify  by  actual  calculation. 

Hence,  if  the  deierminarU  of  a  system  of  three  homogeneous  equa- 
tions of  the  1st  degree  inx,  y,  z  vanishy  the  values  of  x^yy  z  are  mde- 
terminate  (there  being  a  one-fold  infinity  of  solutions),  Ind  their  roHas 
are  determinate. 

§  13.]  Knowing,  as  we  now  do^  that  a  system  of  three  equa- 
tions of  the  1st  degree  ia  x,  y,  z  has  in  general  one  definite 
solution  and  no  more,  we  may  take  any  logically  admissible 
method  of  obtaining  the  solution  that  happens  to  be  convenient. 
(1)  We  may  guess  the  solution,  or,  as  it  is  put^  solve  by  inspec- 
tion, verifpng  if  necessary.  (2)  We  may  carry  out^  in  the 
special  case,  the  process  of  §  11 ;  this  is  perhaps  the  most  gene- 
rally useful  plan.  (3)  We  may  solve  by  substitution.  (4)  We 
may  use  Bezout's  method.  (5)  We  may  derive  from  the  given 
system  another  which  happens  to  bo  .simpler,  and  then  solve 
the  derived  system.  The  following  examples  illustrate  these 
different  methods : — 

Example  1. 

z+y+z=a+b+c,    {b-c)x  +  {c-a)y  +  (a-b)z=0,     -  +  ^+-  =  3. 

(I      0     c 

A  glance  shows  us  that  this  system  is  satisfied  hy  x=af  y=b,  z=c  ;  and, 
since  the  system  has  only  one  solution,  nothing  more  is  required. 

Example  2. 

Sx  +  by-   72-2  =  0  (a), 

4j-  +  8?/-142  +  3  =  0  (i8), 

Sx+6y-   83-3  =  0  {y). 

Multiplying  (a)  by  4  and  {fi)  by  3,  and  subtracting,  we  obtain 

4y-14s  +  17  =  0  (5). 

From  (o)  and  ^y),  by  subtraction, 

y-z-l=0  (c). 

Multiplying  (e)  by  4,  and  subtracting  (5),  we  have,  finally, 

102-21  =  0; 
whence  2=21. 

Using  this  value  of  z  in  (e),  we  find 

2/-3-1; 

and,  putting  t/  =  3'1,  z  =  2'1  in  (a),  wc  find 

j-=  -4. 

The  solution  of  the  system  (a),  {^),  (7)  is  thcrcforo 

^=•4,     7/  =  3-1,     z  =  2'1. 
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Example  3. 

Taking  the  equations  (a),  03),  (7)  of  last  example,  we  might  proceed  by 

substitution,  as  follows : — 

From  (a) 

6       7       2 


This  value  of  x  reduces  (/9)  to 


*=-3y  +  3"  +  3 


20       28       8     „       ,,      «     ^ 

- -3  y +-3-2+^+8^-142+3=0, 

which  is  equivalent  to 

4y-142+17  =  0  (8'). 

Substituting  the  same  value  of  a;  as  before  in  (7),  wo  deduce 

y-2-l=0  (O. 

Now  (e')  gives 

y=2+i, 

and  this  value  of  y  reduces  ($')  to 

-10a+21=0, 
hence  2=2*1. 

The  values  of  y  and  x  can  now  be  obtained  by  using  first  (c')  and  then  (a). 

Example  4. 

Taking  once  more  the  equations  (a),  (/9),  (7)  of  Example  2,  we  might  pro- 
ceed by  Bczout's  method. 

If  X  and  iL  be  two  arbitrary  multipliers,  we  derive  from  (a),  (/3),  (7), 

(3a;+6y-72-2)+X(4x+8y-14z+3)+ft(3x  +  6y-82-3)=0      («'). 

Suppose  that  we  wish  to  find  the  value  of  x.    We  determine  X  and  ju  so  that 
(5')  shall  contain  neither  y  nor  z.     We  thus  have 

8X  +  6m  +  6=0  (e'), 

-14X-8/i-7  =  0  (n, 

(3  +  4X  +  3/A)aj-2  +  8X- 3/4=0  (V). 

If  we  solve  (e')  and  (^),  we  obtain 

X=--l,    /A=-7. 
The  last  equation  (V)  thus  becomes 

(3- •4-2-l)a;-2- -3  +  2-1  =  0, 
that  is,  •5a5--2  =  0; 

whence  a;=-2/-5=-4. 

The  values  of  y  and  z  may  be  obtained  by  a  similar  process. 

Example  5. 

aa;+5y+(»=0  (a), 

(6+c)aj+(c+a)y  +  (a+6)«=0  (/9), 

ahi^}^\(?z-(i?{))-c)->t\^{c-a)'>ciHP'''h)     (7). 

From  (a)  and  (/3)  we  derive,  by  addition, 

(a  +  6  +  (;)(aj+y+2)=0, 
which,  provided  a+6  +  c+O,  is  equivalent  to 

a;+y+2=0  («). 

We  can  now,  if  we  please,  replace  (a)  and  (/9)  by  the  equivalent  simpler  pair 
(a)  and  (3). 
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Now  (see  §  10),  by  virtae  of  (a)  and  {8),  we  have 

b-e    e-a    a-h 
If  none  of  the  three,  b-c,c-af  a-b,  vanish,  we  may  write  {y)  in  the  form 

a«(6  -  c).—  +  6>(c  -  a)-^ + c«(a  -  J)-l- =a«(6  -  c) + 5»(c  -  a)  +c^a  -  ft).      . 

Using  (e)  we  can  replace  y/(e  -  a)  and  «/(a  -  6)  by  x/ib  -  e),  and  the  last  equa- 
tion becomes 

{a2(6-c)+J*(c-a)+c«(a-6)}^=o«(ft-c)+5»(c-a)+c^a-6); 

and,  8incea'(6-c)  +  6*(c-o)+c'(a-ft)=-(6-c)(c-o)(a-6),  which  does  not 
vanish,  if  our  previous  assumptions  be  granted,  it  follows  that 

*  -1 

Hence  x=b-c,  and,  by  symmetry,  y=e-a,  s=a-6. 

This  solution  might  of  course  have  been  obtained  at  once  by  ijupectioin. 

Example  6. 

x+ay+ah+cfi=0\ 

x  +  by  +  Vhs  +  b^=ol  (o). 

x+ey  +  (Pz+(^=0) 
From  the  identity 

r+l>^^+fl'^+r=(f-a)(f-6)(f-c), 

(see  chap,  iv.,  §  9),  where 

p=  -a-b-e,    q—bc+ca+ab,    r=-abc, 
we  have 

r  +  bq  +  b^p+b^=Ql  OS). 

r+cq+(^+  c'rsOj 

It  appears,  therefore,  from  ()3)  that 

a:=r,    y=y,    z=i? 
is  a  solution  of  (a).     Hence,  since  (a)  has  only  one  solution,  that  solution  is 

x=-abCf    y=bc+ea+abf    z=  -a-b-c 
This  result  may  be  genendised  and  extended  in  various  obvious  ways. 

§  14.]  A  system  of  more  than  three  equations  of  tlie  \st  degree 
in  three  variables  will  in  general  be  inconsistent.  To  secure  consistency 
one  condition  must  in  general  be  satisfied  for  every  equation  beyond 
three.  This  may  be  seen  by  reflecting  that  the  first  three  equa- 
tions will  in  general  uniquely  determine  the  variables,  and  that 
the  values  thus  found  must  satisfy  each  of  the  remaining  equa- 
tions. Thus,  in  the  case  of  four  equations,  there  vnW  be  one 
condition  for  consistency.  The  equation  expressing  this  condition 
could  easily  be  found  in  its  most  general  form  ;  but  its  expression 
would  be  cumbrous  and  practically  useless  without  the  use  of 
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determinaatal  or  other  abbreriative  notation.  There  is,  how- 
ever, no  difficulty  in  working  out  t^e  required  result  directly  in 
any  special  case. 

Example. 

Determme  the  numerical  constant  p,  so  that  the  foat  eqaatioiu 
2x-Zy  +  5i=n,     3x-y  +  i2  =  2<l,     ix  +  2y-i=5, 
(y  +  l)a!+(j.  +  2)!*+(j.  +  8>=78 
gh&ll  be  coDiisUnt. 

If  ire  take  the  first  three  eqmtioiis,  they  detenniss  the  tbIdm  of  x,  y,  i, 
namely,  x=\,     y=Z,    j=B. 

These  ralnes  mnst  satisfy  the  last  equation ;  hence  ne  mnst  have 
(j'  +  l}  +  (p  +  2)8  +  (p  +  3}6=78, 
which  ie  eanivalent  t« 

Bj>=64. 
Henco  p  =  6. 

§  19.]  If  the  reader  will  now  reconsider  the  course  of  reason- 
ing through  which  we  have  led  him  in  the  cases  of  equations  of 
the  1st  d^ree  in  one,  two,  and  three  variables  respectively,  he 
will  see  that  the  spirit  of  that  reasoning  is  general ;  and  that, 
by  pursuing  the  same  course  step  by  step,  we  should  arrive  at 
the  following  general  conclusions  : — 

I.  A  system  of  n-r  eqaationi  of  the  \st  degru  in  n  variaila 
has  in  general  a  tcltdion  intolnng  r  arbitrary  eonslanls;  in  other 
XBords,  has  an  r-fotd  infinity  of  different  tottitiona. 

n.  A  St/stem  of  n  equations  of  the  1st  decree  in  n  variables  has 
a  uRt^  determinate  solviion,  provided  a  certain  function  of  the  co- 
e^dents  of  llie  system,  which  we  may  call  the  determinant  of  the 
system,  does  not  vanish. 

IIL  A  system  of  n  +  r  equations  of  the  ls(  degree  in  n  vimahki 
mil  tn  general  be  inamaislent.  To  secure  consistency  r  different  con- 
ditions mitst  in  general  be  satisfied. 

There  would  be  no  great  difficalty  in  lajring  down  a  role  for  calcnlatiug 
step  by  step  the  fnnctioQ  spoken  of  above  as  the  determinant  of  a  system  of 
n  eqoations  of  the  1st  degree  in  n  variables ;  bnt  the  final  form  in  which  it 
noold  thus  b«  obtained  wonld  ba  neithei  elegant  nor  Imoinona.  Experience 
has  shown  that  it  is  better  to  establish  independently  the  theory  of  a  certain 
class  of  functions  called  determinants,  and  then  to  apply  the  properties  of 
these  functions  to  the  general  theoiy  of  equations  of  the  1st  degree.  A 
brief  sketch  of  this  way  of  proceeding  is  given  in  the  next  paragraph,  and 
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GEXERAI.  SOLUTION   OF  A  STBTEH  0?  LIMKAR  BQnATIONS 
BT   H£AIfS  OF   DBTXBHINANT8. 


16.]  Consider  the  sjsbBm 

TJ,  =  o„x,  +  a,  A  + . 


where  there  are  n  rariahlea,  Xi, 
determine  them. 


in 


,  x^,  and  n  equations  to 


<h,    On 


Oiii     "m    ■    ■    ■      0»b| 

and  let  A,,  Ab  .  .  .,  A„  denote  the  determtnanta  obtained  from  A 
by  replacing  the  constituents  of  the  1st,  2nd  .  .  .  nth  columns 
respectively,  by  the  set  c,,  c,,  .  .  .,  Ca- 

Also  let  the  first  minora  of  A  be  denoted  by  An,  A,„  .  .  ^ 
A,„,  A„,  A„,  .  .  .,  A„,  &c.,  as  usual 

Then,  by  the  theory  of  determinants,  ve  have 


a„Ai.  +  ■ 


.  +  (i„,A„,  = 

■  +  OntAn,  = 


a,„A„  +  o„A„  4  .  .  .  +  <i„„A„,  = 
e,A,i  +  (vA,i    + .  .  .  +  CftAni   =  A, 
and  BO  on. 

If  the  determinant  A,  which  we  call  the  determinant  of  the 


w, 


system  of  equations,  docs  not  vanish,  then  A,,,  A,, 

cannot  all  vanish.      Lot  us  suppose  thut  A,,  +  0. 

chap,  xiv.,  §  10,  the  system 

A„U,  +  A„U,  +  .  .  ,  +  A,„U„  =  0, 
U,=  0,     U,  =  0 U,.  =  0, 

is  equivalent  to  the  system  {I},  (2)  .   .  .  (n).      If  wc 


.  .  .,  A„, 
Then,   by 
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coefficients  of  the  variables  a;,,  x^^  .  .  .,  o^n  in  the  first  of  these 
equations,  and  attend  to  the  relations  (a),  that  equation  reduces  to 

Aa;,  +  Aj  =  0. 

Since  A  #  0,  this  is  equivalent  to 

a;,  =  -  A,/A. 

By  exactly  similar  reasoning  we  could  show  that  x^=  -  Ag/A,  .  .  . 
Xn=  -  A,t/A.  Hence  the  solution,  and  the  only  solution,  of  (1), 
(2),  .  .  .,  (n)  is 

x,=  -Aj/A,     x^=  -A,/A,     .  .  .,     avi=  -An/A    (fi). 

Although,  from  the  way  we  have  conducted  the  demonstration, 
it  is  not  necessary  to  verify  that  (fi)  does  in  fact  satisfy  (1), 
(2),  .  .  .,  (ti),  yet  the  reader  should  satisfy  himself  by  substitu- 
tion that  this  is  really  the  case. 

We  have  thus  shown  that  a  system  of  n  equations  of  the  1st  degi'ee 
in  n  variables  has  a  unique  determinaie  soMion,  provided  its  determin- 
ant does  not  va/nish. 

Next,  let  us  suppose  that,  in  addition  to  the  equations  (1), 
(2),  .  .  .,(71)  above,  we  had  another,  namely, 

On+i,! aJ,  +  On+i^a^  +  .    .    .  +  an+i,n ^  +  <?n+i  =  0,         (71+  1), 

the  system  of  n  +  1  equations  thus  obtained  will  in  general  be 
inconsistent. 

The  neussary  and  sufficient  condition  for  consistency  is  that  the 
solution  of  the  first  n  shall  satisfy  the  n+  Ith,  nanuly,  if  A^O, 

-  On+i,!  Aj  -  On+i^  A,  -  ...  -  an+i,n  ^  +  Cft+,  A  =  0,  that  is, 


Oft 


(ha 


•   •    • 


^+1,1     ^n+«,a 


=  0 


(y)- 


Lastly,  let  us  consider  the  particular  case  of  n  liomogeneous 
equations  of  the  \st  degree  in  n  variabiles.  In  other  words,  let 
us  suppose  that,  in  equations  (1),  (2),  .  .  .,  (n)  above,  we  have 
Cj  =  0,  Ci  =  0,  .  .  .,  <Vi  =  0- 
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1st  Suppose  A  4-  0,  then,  Binee  now  &,  =  0,  ^  *  0,  .  .  ^ 

An  =  0,  08)  gives  ic  =  0,ai  =  0 a^-0. 

2nd.  Soppose  A  =  0. 

We  may  write  the  equations  in  the  form 


-  +  a^  +  . 


■+Om  =  0, 


Om- 


+  a,m  =  0. 


These  may  bo  regarded  as  a  system  of  n  equations  of  the  1st 
degree  in  the  n  -  1  variables  Xifx,„  x,lx^  .  .  .,  x^-ilz^;  and,  since 
A  =  0,  they  are  a  consistent  aystem.  Using  only  the  htst  n  -- 1 
of  tbem,  we  find 

On   Oa  •   ■   ■    Oi.n-i 


a»>im 


■    <h.n-, 


-.-{-ly 


,.,A^ 


Obi   Om  • 
A„ 


In  a  siniilar  way  we  prove  that 

ai/ai.  =  Au/A,„  .  .  .,     iEb-,/%  =  A,.„,,/A™. 
Senee  vie  have 

X,:x,:  .   .  .  :  a:„  =  A„  :  A|, :  .  .  .  :  A,„ ; 
and,  by  parity  qfreas<mng, 

toftere  r  =  2,  =  3,  ,  .  ,,  =  n,  m  tw  please.  In  other  words,  &e  ratiot 
of  the  nariahUt  are  determinate,  hiii  their  actual  valttes  are  ith 
determinate,  there  being  a  one-fold  infinity  of  differait  soltUions. 
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(2.)       2ar+3y+42=29,     3a;+2y+62=32,     4aj+3y+22=26. 
(3.)  •3a:+l-2y  +  6-82=l,     3-3aj-2*5y-3-823=-6, 

•Olx-  -003^-  -3012=  -013  ; 
calculate  x,  y,  zto  four  places  of  decimals. 

.        (4.)  x+y  +  z=26,     x-y=if     x-z=6. 

^  iKMf  ^  (^+1)'        -  A    .    Rc+C 


(5.)  If 


■=--^  + 


(a;  +  2)(a:8  +  aj  +  l)~ar  +  2    ^s  +  jB+r 

detennine  the  numerical  constants  A,  B,  C. 

(6.)  Find  a  linear  function  of  x  and  y,  which  shall  vanish  when  x=xf, 
y=y',  and  also  when  x=:a^,  y='i/',  and  which  shall  have  the  value  +1  when 

(7.)  An  integral  function  of  x  of  the  2nd  degree  vanishes  when  x=2, 
and  when  a; =3,  and  has  the  value  - 1  when  x=  -2;  find  the  function. 

Solve  the  following  systems : — 
(8.)  y+z=aj    2+a:=6,    x+y=c. 


(9.) 


:=2a, 


•f 


c-a  a+o    a-b 


b  +  c    b-c        '  e+a 

^     (10.)  An  integral  function  of  x  of  the  2nd  degree  takes  the  values  A,  B,  C, 
when  X  has  the  values  a,  &,  e  respectively ;  find- the  function. 

Solve  the  following  systems : — 


(ll.l 


6c(6  -  c)« + ca[fi  -  a^y + ab{a  -  5)s  =  0, 
(a+6-c)aj+(6+c-a)y+(c+a-6)2=a"+6*+c*, 

WAb + c'aV + a'Wz = a*c(6c + ca + oft). 


(12.)  If 


X 


a+o 

X 


6+0    c+o 


+ 


y 


a+p    6+/3    C+/3 


then 


a; 


a+7    6+7    c+7 


+ 


=  1, 
=  1, 


7-/9 


(a  +  a)(a+/3)»'*"(6  +  a)(6+/3)«'^(c+a)(c+^)«    (a+/3)(6+/3)(c+^)* 

(13.)  aaj+6y+cs=a+6  +  c, 

o^+ft"y+c^=(«+^+c)^ 
bcx+cay+<ibz=sO, 

ax-¥ey+bz=ex+by+az=bx+ay+cz=a*+lfl-¥<^'3abe. 


(14.) 
(15.) 

(16.) 


te+my+nzssmn+wZ+Zm, 
aj+y+«=/+m+n, 
(m-n)aj+(n-0y+(i-m)2=0. 

te+my+n2=0, 
(m+n)a:+(w+%+(Z+m)2=Z+m+n, 
Px+mry+nh^j]^. 


(17.)  Show  that  (6-e)a;+&y-e2=0,  (c-a)y+a-aa;=0,  {a^b)z-\-ax-by 
=0,  are  consistent 


■*    -    *> 


^\ 


\ 
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(IS.)  Sbow  tlut  the  ■jitaniey-fa=/,  aai-ee=g,  te-av=Aliuiio  fluit« 
■olntioD  nnleH  af+bg+A—0,  in  which  cim  it  hu  an.lDflnite  nnmbw  of 
tolutiona. 

Fiud  a  symmetrica]  form  for  tha  iiulet«niiiiiate  folntion  inrolTing  ona 
orbitraiy  constant 

8ol«  th«  following  ^t«SM  :— 

(19.)  3z'2y-l-Su— 0,  z-y+i=0,  S)r+8i-2u=a,  z+3y+Sz+4«— 8. 

(20.)  Ifm!=p-r,  Jy=p-*B=r-ii<i(V+«)=»-J,«(i+a)=f-»-..A«+I») 
=q-p+g,  find  <  in  terms  of  a,  b,e,tl,  «,/,  g. 

a+y+»  +  w+T-l    fa-Hy-Hb+au+tr+g 
-  4  -  9  ■ 

(22.)  dz  +  tyizl,  <z+dz=l,  <z+/K=l,  jr»+A«=l,  a+y+«+«+»=0.      . 

(23.)  Prove  that,  vith  a  c«rtuD  exception,  thee;it«Di  U=0,  V=0,  W=0, 
ftndXU+(»V+»W=0,  VU+mT+»'W=0,  X'U+//V-i-»'W=OareeqniT«ltat. 

(24.)  If  a:=ly  +  i3  +  rfu,     y^ax  +  a+du, 

(25.)  Show  th»t  the  Bystem  ax  +  b]/+cz-t-d=0,  o'a  +  i'y  +  e'j+if  =  0, 
a!'x+Vy+^2+it'=0  will  be  eqiuvaleut  to  only  two  equations  if  the  system 
ax  +  i^yt-a'=0,  bx  +  b'y  +  b"=0,  a:-te'y  +  d'=(l,  dj!  +  d'y  +  i'=0  he  con- 
sistent, that  is,  if 

S-e^ftV  _  t'e-tg"  _  bi^-h'e 
~a;,r-ard-~ifd-<ur~ad'-a'd- 
Show  that  in  the  case  of  the  aysteni 

»:  +  I,  +  .=a  +  S  +  ^     I  +  i  +  ;  =  l.     ^  +  P  +  3  =  »' 
the  ahove  two  couditious  lednco  to  one  only,  namely, 
be  +  ca  +  ah=0. 
(20.)  Show  that  the  three  equations 

a!  =  A  +  A'u  +  A'p,     y=B  +  B'u  +  By     !  =  C  +  C'i*  +  Cp, 
where  u  and  v  are  variable,  are  equivaleut  to  a  ungle  linear  oqtution  con- 
necting x,y,x;  and  find  that  eqaation, 
(27.)  If<M;  +  6j  +  i»  +  ii=0,  show  that 


-g+»)»-.)- 


where  ;i  and  q  nic  erbitrnry  constants. 
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(28.)  If  aa;+6y+o+rf=0,     a'x+b'y+c'z+d'^O,  show  that 

x=p{bc^  - b'c)  +  {{b' -c')d  -(b  -  e)d'}l{a{b' -c')-\'b(c' -a')  +  c(a' -b')], 
y=p{ca' -</a)  +  {(<^ -a')d-{c  -  ai^')l{a{b' -c')-¥b(c' -a')  +  c{a' -b')\, 
z=p{ab'-a'b)+{{a'-b')d-{a-b)d'}l{a(b''-(^)  +  b(c'-a')  +  c{a'--b')}, 

where  |7  is  an  arbitrary  constant. 

EXAM1>LES   OF  EQUATIONS  WHOSE   SOLUTION   IS   EFFECTED  BY 

MEANS   OF  LINEAR  EQUATIONS. 

§  17.]  We  have  seen  in  chap.  xiv.  that  every  system  of 
algebraical  equations  can  be  reduced  to  a  system  of  rational 
integral  equations  such  that  every  solution  of  the  given  system 
will  be  a  solution  of  the  derived  system,  although  the  derived 
system  may  admit  of  solutions,  called  "  extraneous,"  which  do  not 
satisfy  the  original  system.  It  may  happen  that  the  derived 
system  is  linear,  or  that  it  can,  by  the  process  of  factorisation, 
be  replaced  by  equivalent  alternative  linear  systems.  In  such 
cases  all  we  have  to  do  is  to  solve  these  linear  systems,  and  then 
satisfy  ourselves,  either  by  substitution  or  by  examining  the 
reversibility  of  the  steps  of  the  process,  which,  if  any,  of  the 
solutions  obtained  are  extraneous.  The  student  should  now 
re-examine  the  examples  worked  out  in  chap,  xiv.,  find,  wher- 
ever he  can,  all  the  solutions  of  the  derived  equations,  and 
examine  their  admissibility  as  solutions  of  the  original  system. 
We  give  two  more  instances  here. 

Example  1. 

(Positive  values  to  be  taken  for  all  the  square  roots.) 
If  we  rationalise  the  two  denominators  on  tlie  left,  we  deduce  from  (a)  the 
equivalent  equation, 

^/{x-^/{x'^'l)}-t^/{x+^/{x'-l)}=^{2{a?+l)}  (P), 

From  ifi)  we  derive,  by  squaring  both  sides, 

2a;+2V{ar*-(aJ»-l)}=2(a:»  +  l), 
that  is,  2a;  +  2  =  2a^  +  2  (7). 

Now  (7)  is  equivalent  to  ar*  -  «= 0, 

thatis,to  a:(aj-l)(x  +  l)  =  0  (5). 

^      x=0 

Again  (8)  is  equivalent  to  the  alternatives  [   a;  - 1  =  0 
that  is  to  say,  its  solutions  are  a^=0,  «=!,  x=  - 1. 
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Since,  however,  the  step  from  (fi)  to  (7)  is  irrereraible^  it  is  necoawiry  to 
examine  which  of  these  solationB  actually  satisfy  (a). 

Now  a;= Ogives  V'"^+nA*'*=V^ 

that  is  (see  chap.  ziL,  §  17,  Example  8), 

which  is  correct 

Also,  a;=l  obviously  satisfies  (a). 

But  x=  -1  gives  2i=0,  which  is  not  tme^  hence  xss  - 1  is  not  a  eolation 
of  (a). 

Remark  that  x=:  - 1  is  a  solution  of  the  slightly  different  equation, 

Example  2. 

a!^-y"=a!-y,    2a;+8y-l=0  (a). 

Since  the  first  of  these  equations  is  equivalmt  to  (a;-y)(9!+y~l)=0,  the 
system  (a)  is  equivalent  to 


/      a?-y=0,  and2aj+3y-l=0\ 
\a:+y-l=0,  and  2x+3y-l=0y 


now  the  solution  of  a;-y=0,  2a;+8y-l  =  0  is  aj=l/6,  y=l/5  ;  and  the  solu- 
tion of  iB+y-l  =  0,  2aj+3y-l  =  0  is  a;=2,  y=  -1.  Hence  the  solutions  of 
(a)  are  


X 

y 

1/5 
2 

1/5 
-1 

§  18.]  The  solution  of  linear  systems  is  sometimes  facilitated 
by  the  introduction  of  AitxUiary  Variables,  or,  as  it  is  sometimes 
put,  by  chamging  the  variables.  This  artifice  sometimes  enables  us 
to  abridge  the  labour  of  solving  linear  systems,  and  occasionally 
to  use  methods  appropriate  to  linear  systems  in  solving  systems 
which  are  not  themselves  linear.    The  following  are  examples : — 

Example  1. 

{x-af    x~7a-h  .  . 

{x  +  bf~x-^a  +  2b  ^*^' 

Lot  x+&=z,  so  that  x=z-h  ;  and,  for  shortness,  let  c=a-\'h. 
Then  (a)  may  be  written 

s?     "  z  +  c 
From  (fi)  we  derive 

(s-c)»(2+c)=2»(2-2c). 


W. 
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(7). 


Now  (7)  has  the  oniqae  solution  2=c/2,  which  evidently  satisfies  the  (a). 
Hence  a;=c/2  -  b,  that  is,  a; = (a  -  6)/2,  is  the  only  finite  solution  of  (a). 


Example  2. 

a{x-¥y)  +  b{x-y)+e=0,    a\x+y)  +  b'(x-y)-¥e'=0 

Let  ^=«+y,  i7=aJ-y,  then  the  system  (a)  may  he  written 
Now  (a')  is  a  linear  system  in  ^  and  17,  and  we  have,  hy  §  4, 

*  i  —  'ZTf — TTIf      'J  — 


a*'  -  a'b 


ah'  -  a'b 


(a). 


(«'). 


(«. 


Replacing  ^  and  17  hy  their  values,  wo  have 


a:+y= 


ftc'-ft'c 


a*'  -  a'b 


/!.» 


a;-y= 


eg  -  ca 
ab'-a'b 


(7). 


From  (7),  hy  first  adding  and  then  subtracting,  we  obtain 


Example  3. 


bc^-b'e  +  ca'-c'a  btf-b'e-ea'  +  c'a 

*"       2(ab'-a'b)     '     ^"      2(a6'-a'6)      ' 

Dividing  by  be,  by  eo,  and  by  ab,  we  may  write  the  given  system  in  the 
following  equivalent  form 

(a). 


c    a 


X    y 


OS), 
(7). 


Now,  if  we  add  the  eqnations  (/3)  and  (>),  and  sabtract  (a),  we  have 


that  is, 


X 

2-=:6+c-a; 
a 


ajb+e-a) 


whence 

By  symmetry,  we  have 

y=6(c+a-6)/2,    a=c(a+ft-c)/2. 

Here  we  virtually  regard  x/a,  y/b,  zjc  as  the  variables,  although  we  have 
not  taken  the  trouble  to  replace  them  by  new  letters. 


382 


EXAMPLES 


OSiP. 


(ffi. 
hav« 

(7). 


(«). 


Example  4. 

!>   "    ?    "   r 

Represent  each  of  the  three  equal  fuDctionB  in  (a)  by  ^    Then  we 
{x-a)lp=^p,    (y-b)lq=p,    (t-e)lr=p, 
which  are  equivalent  to 

x—a+pp,    y=h+qp,    z^e-^-rp 

Using  (7),  we  reduce  (/3)  to 

/(a+jjp)+m(6+gpj+n(c+fy))=r<|, 
for  which  wo  obtain,  for  the  value  of  the  auxiliary  p, 

d-la-mb-ne 
Ip+mq+nr 

From  (7)  and  {8)  we  have,  finally, 

.    d-la-nib-ne 
x=a+p  -J— ; , 

_  m{aq  -  &p)  +  n{ar  -  q))  +pd 
Ip  +  inq  +  nr 

The  values  of  y  and  s  can  be  similarly  found,  or  they  can  be  written 
down  at  once  by  considering  the  symmetry  of  the  original  system. 

Example  5. 

jr-22/  +  3:;=0 
2;c-3y  +  45=0 
4ar»  +  Si/*  +  2*  -  icys = 216 

From  (a)  and  {p)  we  liavo  (see  §  10  above) 

xll=yl2  =  zll=p,  say. 
Hence  x=p,    y=2p,    z=p 

By  means  of  (5)  we  deduce  from  (7) 

27/>«=216, 
which  is  equivalent  to  f^=8. 

Now  the  three  cube  roots  of  8  are  (seo  cbap.  xii.,  §  20,  Example  1) 

2,     2(  - 1  +  V30.     2(  - 1  -  V30- 
Hence  the  solutions  of  (e)  are 

p=2,     p=2(-l  +  V30»    p=2(-l-V3i'). 
Hence,  by  (5),  we  obtain  the  three  following  solutions  of  (o),  (j8),  (7)  :■ 


(a). 

(7). 


(«). 


(0. 


a* 

2/ 

■1 

•2(  - 1  f-  \/;J0 

2(  -  1  -  V30 

2 

-  1  +  \/3/ 

-  1  -  V3/ 

0 

- 1  +  s/Si 
- 1  -  's/'M 
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Since,  by  chap.  xiv. ,  §  6,  the  system  in  question  has  only  three  solutions, 
we  have  obtained  the  complete  solution. 

N,B. — In  general,  if  ui,  te^,  .  .  .,  'Un-i  be  homogeneous  functions  of  the 
Ist  degree  in  n  variables,  and  v  a  homogeneous  function  of  the  nth  degree  in 
the  same  variables,  the  solution  of  the  system 

may  be  effected  by  solving  a  system  of  n  -  1  linear  equations  in  n  - 1  variables, 
and  then  extracting  an  7ith  root.     See  in  this  connection  §  16  above. 

Example  6. 

If  we  regard  7?  and  y^  as  the  variables,  we  have  to  do  with  a  linear  system, 

and  we  obtain  as  heretofore, 

x« = (6c'  -  b'c)l{ah'  -  a'b),    y*={ca'-  ea)l{flb'  -  a'h). 
Hence  

x=±s/{M-  b'c)l(ab'  -  a'6),    y  =  db  s/{ca'  -  c'a)l{ab'  -  a'b). 

Since  either  of  the  one  pair  of  double  signs  may  go  with  either  of  the  other 
pair,  we  thus  obtain  the  full  number  of  2  x  2  =  4  solutions. 

Example  7. 

ay  +  &B+cajy=0,     a'y-\-b'x  +  c'xy=0. 

These  two  equations  evidently  have  the  solution  a;=0,  y=0. 
Setting  these  values  aside,  we  may  divide  each  of  the  two  equations  by 
xy.     We  thus  deduce  the  system 

al+6l  +  c=0,    a'-+6'i+c'=0, 
X      y  *       X       y 

which  is  linear,  if  we  regard  l/x  and  1/y  as  the  variables^     Solving  from  this 
point  of  view,  we  obtain 

I     bef-  b'c    \     ca'-c'a 
x^ah'-a'V   y''ab'-a'b' 
for  which  we  have 

x=(ah'-  a'b)l{bc'  -  6'c),     y={ab'-  a'b)l{ea'  -  <fa\ 

Wo  have  thus  found  two  out  of  the  four  solutions  of  the  given  system.    There 
are  no  more  finite  solutions. 


Exercises  XXVI. 
Solve  the  following  by  means  of  linear  systems : — 


*Jax-\-  \/b  _\Ja-\-  '^b 
^    '  ^Jax-s/b~      '\Jb      ' 

f  2  \  \Jx+im  _  \/ar  +  2m 

*'  V^  +  Sn  ~  \Jx-k-n  ' 

(3.)  V(a;  +  22)-V(a;+ll)---l. 

(4. )  V*  +  V(aJ  +  3)  =  12/ V(a;  +  3). 
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CHAP. 


t' 


(5.) 
(6.) 

(7.) 
(8.) 

(9.) 
(10.) 
(11.) 


(12.) 

(13.) 

(14.) 

^  (15.) 
(16.) 

(17.) 
(18.) 


T 


(19.) 
(20.) 

(21.) 

(22.) 
(23.) 
(24.) 

t(25.) 
(26.) 

(27.) 
(2S.) 
(20. ) 


V(« + 2)  +  V(a?  -  2) = 5/ V(a; + 2). 

V*  +  \/(o  +  i3)  -  V(a  - /3)  =  \/(« + 2/S). 

y/ix+q-  r)  +  \/(x  +  r-p)  +  \/{x+p  -q)=0, 

s/{x-p)-^p  "^  V(^i')Tv>"  "^^^  "•^^' 

ar=  V{a'-«V(^+«'-a')}  +«. 
\/(  V^  +  V«)  +  V(  V*  -  V»)  =  V(2\/aJ + 2  V&). 

VJ5+  \/{3 -  V(2aJ+ar»)}  =  VS.         *^  ^ 


V 


.=s.    V(y 


-2)=|V(X-8)A^'^'^"'- 


.5) 


V(aJ-3)    V(y-2)~6'     ^^^    "'"2 

V(a-»)- V(y-«)=Vy»   V(*-a')+V(y-»)=Vy- 

/        /      1  17 

(a;-o)a-(y-6)2=0,    (aj-6)(y-a)=a(2J-a).  ^  •'  C/^'     ^      N 
aj-y=3,    a* -2/"= 45. 
xly=alb,    7?'-y^=d, 

a:  +  5y  +  6^^  +  2r»u  +  &*=  0, 

a?  +  cy  +  c*s  +  c'tt + c*= 0, 

a:  +  rfy  +  rf=2  +  cPu+rf*=0. 

a;  +  t/  +  r=0,    flw  +  &?/  +  cs=0, 
ka; + cay  +  oJs  =  («»3  -  c2)  (o-a  -  a2)  (^a  -  ft2). 

tnx  -  ly  _  ny  -  7nz  _  Iz-nx  _    1 
lm{a  -h)~  mn{b  -  c)    nl{c  -a)"  Imn* 

mnx  +  nly  +  ltnz=a-\-  6  +  c 

— .    — = = —  -  ,    —a  +  o+c. 

6+c  c+a  a+o 

2(6-c)a;=0,     l,a[V^-'<?)x  =  0,     2a(6-c);r=n(6-c). 

Sr=l,     2:a;/(6-c)  =  0,     2^^/(62 -c2)=0. 

aa5+A:(y+2  +  w)  =  0i     &y  +  ^'(2  +  w+ar)  =  0, 

<»+it(M+a;+y)  =  0,     rf74  +  X-(a;  +  y+£)  =  0. 

x+y+2=a,    y+s  +  M=6,     c  +  w  +  a;=c,    w+x+t/=rf. 

Zlx'2ly=\,     ix  +  7y  =  llxy.  -r  t.'l  *^/^A. 


1  1     _12        3??/  +  2.r4-3j/  +  2_ 


a;+5    1/+7    35 
l  +  ^-ll 


^?/  +  l 

.s     +■;"— 10. 

9.'.'     2 


^c 


^^x 


/)^^- 


v--..,+^^ya-^ 


•I 


X2 


o  o 


x'-\-y 


3  =  1- 


-t 


^ 


V 


N 


^L^    k 


EXERCISES  XXVI 


(31.) 
(32.) 
(33.) 


+  ?=^.     3  +  ^  = 
^  ^    £_ 


■  ^.^y'~ 


(34.)    ayt- bee -eey=  -ay!+bix-exg=  -ayz-bix+exy^ryz. 

135J8homtbat    ii+U)i\+ay)  =  l  +  h,     il  +  mx){\  +  hj)  =  l+mz, 
(1  +iix)(I  4- <!i/)  =  1  +  >u  are  not  coaaistent  unless 

{b-i^)a!l  +  {c-a)blm  +  (a-b)cln  =  0. 

If  this  cooditioD  be  satisfied,  then  i  =  (c/n-i/in)^(i-0;  and  particnlsr 
solutions  for  y  and  :  are  )/=  -  Ija,  :=  -  Ijl. 

ORAPHICAL  DISCUSSION  OF  LINEAR  FUNCTIONS  OF  ONE  AND 
OF  TWO   VARIABLES. 

§  19.]  The  graph  of  a  linear  funclum  of  one  variable  is  a 
itraigkt  line. 

CoDsider  tlie  function 
y  =  ax  +  b.  To  find  the 
point  where  its  graph  cuts 


we  have  to  measure 
OB  =  6  upwards  or 
downwards,  according 
as  &  is  positive  or 
negative  (Figs.  1  and  2).    Through  B  draw  a  line  parallel  to  the 

Let  OM  represent  any  positive  value  of  x,  and  MP  the  cor- 
'  responding  value  of  y. 
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By  tho  equation  to  tha  graph,  we  have  (y  -  b)}x  =  a.   Now,  ranee 
b=  +  OB  =  +  MN  in  Fig.  1,  =  -  OB  =  -  BIN  in  Fig.  2,  we  h&Td 
y-6  =  PM-MN  =  PNinFig.  1, 
y  -  &  =  PM  +  MN  =  FN  in  Kg.  2. 
Hence  we  have  in  both  cases 

PN_PN_y^-6 
BN"OM"  X  ""* 
la  other  words,  the  ratio  of  FN  to  BN  is  constant  j  hence, 
by  elementaiy  geometry,  the  locus  of  P  is  a  straight  line.  If  a 
be  positive,  then  PN  and  BN  must  have  the  same  sign,  and  the 
line  will  slope  upwards,  from  left  to  right,  as  in  Figs.  1  and  2 ; 
if  a  be  negative,  the  line  will  slope  downwards,  from  left  to 
right,  as  in  Figs.  3  and  4.  The  student  will  easily  complete  tlie 
discussion  by  considering  negative  values  of  x. 


%  20.]  So  long  as  the  graphic  line  is  not  parallel  to  the  axis 
of  X,  that  ia,  so  long  as  a  =1=0,  it  will  meet  the  axis  in  one  point, 
A,  and  in  one  only.  In  analytical  langaage,  the  equation 
ax  +  b  =  0  has  one  root,  and  one  only. 

Also,  since  a  straight  line  has  no  turning  points,  a  linear 
function  can  have  no  turning  values.  In  other  words,  if  we 
incronso  x  continuously  from  -oo  to  +  oo,(WT  +  6  either  increases 
continuously  from  -co  to  +  co ,  or  decreases  continuously  from 
+  00  to  -  00  ;  the  former  happens  when  a  is  positive,  the  latter 
when  n  is  negative. 

Since  n.r  +  b  passes  only  once  through  every  value  Iwtween 
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+  00  and  -  00 ,  it  can  pass  only  once  through  the  value  0.    We  have 
thus  another  proof  that  the  equation  ax  +  b  =  0  has  only  one  root. 

A  purely  analytical  proof  that  ax  +  b  has  no  turning  values 
may  be  given  as  follows : — Let  the  increment  of  z  be  A,  then  the 
increment  of  iw  +  &  is 

[a{x  +  A)  +  6}  -  {(w;  +  6}  -  oA. 
Now  ah  ia  independent  of  x,  and,  if  A  be  positive,  is  always  posi- 
tive or  always  negative,  according  as  a  is  positive  or  negative. 
Hence,  if  a  be  positive,  az  +  b  always  increases  as  x  is  increased  ; 
and  if  a  bo  negative,  ax  +  b  always  decreases  as  x  is  increased. 

§  31.}  We  may  investigate  graphically  the  condition  that  the 
two  functions  ax  +  b,  a'x  +  b'  shall  have  the  same  root ;  in  other 
words,  that  the  equations,  tw  +  S  =  0,  a'j;  +  5'  =  0,  shall  be  con- 
sistent. Denote  ax  +  h  and  a'x  +  6'  by  y  and  y*  respectively,  so 
that  the  equations  of  the  two  graphs 
are  y  =  ax  +  h,  ^  ^a'x  +  h'.  If  both 
functions  have  the  same  root,  the 
graphs  must  meet  OX  in  the  same 
point  A.  Now,  if  P'M  PM  be  ordi-  _ 
nates  of  the  two  graphs  correepoDding 
to  the  same  abscissa  OM,  and  if  the 
graphs  meet  OX  in  the  same  point  A, 
it  is  obvious  that  the  ratio  P'M/PM 
is  constant  Conversely,  if  PW/PM 
is  constant,  then  P'M  must  vanish  when  PM  vanishes ;  that  is, 
the  graphs  must  meet  OX  in  the  s^me  point.  Hence  the  neces- 
sary and  sufBcient  analytical  condition  is  that  (a'x  ■(■  b')f(ax  +  b) 
shall  be  constant,  =  i  say.     In  other  words,  we  roust  have 

a'x  +  h'=h(aa:  +  b). 
From  this  it  follows  that 

a'  =  ka,    b'=kb, 
and  ab'  -  a'b  =  0. 

These  agree  with  the  results  obtained  above  in  g  2. 

§  22.]  By  means  of  the  graph  we  can  illustrate  various  limiting 
cases,  some  of  which  have  hitherto  been  excluded  from  con- 
sideration. 
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I.  Let  (  =  0,  a*0.    In  tliu  cue  OB  =  0,  ud  B 
with  0 ;  that  is  to  Bay,  the  gnph  pasui  throngh  0  (wa  Fi^ 


6  and  7).     Here  the  graph  meets  OX  at  0,  and  the  root  cf 
ox  =  0  is  z  =  0,  as  it  should  be. 

II.  Let  ( *  0  and  a  =>  0.  In  this  case  tlie  equation  to  the 
graph  JB  t/  =  h,  which  repregents  a  line  parallel  to  the  a^^xia  (see 
Figs.  8  and  9).     In  this  case  the  point  of  intersacUon  of  the 


graph  with  OX  is  at  an  infinite  distance,  and  OA  =  oo .     If  we 
agree  that  the  solutioo  of  the  equation  ax +  1  =  0  shall  in  all 
s  be  3^  =  -  fr/o,  then,  when  b^O,  a  =  Q,  this  will  give  z  =  oo , 
in  agreement  with  the  conclosion  just 
derived  by  considering  the  gnph. 
This  case  will  be  beat  understood 
—V  by  approaching  it,  both  geometric- 
ally  and   analytically,   as   a  limit. 
Let  us  suppose   that  b=  -\,  and 
that   a  is  very  small,  =  1/100000, 
"■■  '"■  say.     Then  the   graph  correBpond- 

ing   to   y  =  a-/100000- 1    is   aometbing   like  Fig.    10,   where 


xvi  INFIKITE  BOOT  389 

the  intersectioQ  of  BL  with  the  axis  ot  x  is  very  far  to  the  right 
of  0 ;  that  is  to  say,  BL  is  nearly  parallel  to  OX. 
On  the  other  hand,  the  equation 

100000  ~  ^  =  ^ 
gives  x=  100000,  a  very  lai^e  value  of  x.     The  smaller  we 
make  a  the  more  nearly  will  BL  become  parallel  to  OX,  and  the 
greater  will  be  the  root  of  the  equatioii  ax  +  b  =  0. 

If,  DurefoTE,  tn  any  case  where  an  equatwti  of  the  1st  degree  in 
X  teas  to  he  expected,  me  obtain  the  paradadait  equation 

6-0, 
where  b  is  a  conatatU,  this  indicates  that  the  root  of  the  tquaiion  lias 
become  infinite. 

IIL  If  a  =  0,  d  =  0,  the  equation  to  the  graph  becomes  y  =  0, 
which  represents  the  axis  of  x  itself.  The  graph  in  this  case 
coincides  with  OX,  and  it«  point  of  intersection  with  OX  becomes 
indeterminate.  If  we  take  the  analytical  solution  of  ax  +  b=0 
to  be  X  =  -  6/ti  io  all  cases,  it  gives  us,  in  the  present  instance, 
X  =  0/0,  an  indeterminate  form,  as  it  ought  to  do,  in  accordance 
with  the  graphical  result 

g  33.]  The  graphic  surface  of  a  linear  function  of  two  inde- 
pendent variables  x  and  y,  say  z  =  ax  +  by  +  c,  is  a  plane.  It 
would  not  be  difficult  to  prove  tjiis,  but,  for  our  present  pur- 
poses, it  is  unnecessary  to  do  so.  We  shall  confine  ourselves  to 
a  discussion  of  the  contour  lines  of  the  function. 

The  contour  lines  of  the  function  3  =  ax  +  6y  +  c  are  a  series  of 
paraUel  straight  tines. 

For,  if  J;  be  any  constant  value  of  z,  the  corresponding  con- 
tour line  has  for  its  equation  (see  chap,  xv.,  §  1 6) 

ax  +  by  +  c-k  (1). 

Now  (1)  is  equivalent  to 

(2). 


<-l> 


But  (2),  aa  we  have  seen  in  §  19  above,  represents  a  straight 
line,  which  meets  the  axes  of  x  and  y  in  A  and  B,  so  that 


CONTOUR  LINES  OF 


Let  K  be  any  other  value  of  z,  then  tlie  equation  t 
spending  contour  line  is 

iw  +  Jy  +  e  =  i*  (3), 

»-(-?)" -r  <*'■ 

Hence,  if  this  second  contour  line  meet  the  axes  in  A'  and  B' 
respectively,  we  have 

OB' =-"-'',     0A'  =  ^. 


Hence 


OA  _  6  _  OA' 
OB^a"bB" 
which  proves  that  AB  is  parallel  to  A'B'. 

The  zero  contour  line  of  s=ax  +  hy'^-c\&  given  by  the  equa- 
tion 

aJr  +  ^  +  C  =  0  (5). 

This  straight  line  divides  the  plane  XOY  into  two  regions,  such 
that  the  values  of  x  and  y  corresponding  to  any  point  in  one  of 
them  render  oj;  +  6y  +  c  positive,  and  the  values  of  x  and  y  cor- 
responding to  any  point  in  the  other  render  ax  +  by  +  c  negative. 
g  24.]  Let  us  consider  the  zero  contour  lines,  L  and  L',  of 
two  linear  functions,  :-ax  +  l<i/-i-  r  and  ;'  =  a'x  +  h'lj  +  e'.  Since 
the  co-ordinates  of  every  |ioint  on  L  satisfy  the  c<(uatiou 
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and  the  co-ordinates  of  every  point  on  L'  satisfy  the  equation 

a'x  +  h'y  +  c'  =  0  (2), 

it  follows  that  the  co-ordinates  of  the  point  of  intersection  of  L 
and  L'  will  satisfy  both  (1)  and  (2);  in  other  words,  the  co- 
ordinates of  the  intersection  will  be  a  solution  of  the  system 

(1).  (2). 

Now,  any  two  straight  lines  L  and  L'  in  the  same  plane  have 
one  and  only  one  finite  point  of  intersection,  provided  L  and  L' 
be  neither  parallel  nor  coincident  Hence  we  infer  that  the 
linear  system  (1),  (2)  has  in  general  one  and  only  one  solution. 

It  remains  to  examine  the  two  exceptional  cases. 

I.  Let  L  and  L'  (Fig.  11)  be  parallel,  and  let  them  meet  the 
axes  of  X  and  Y  in  A,  B  and  in  A',  B'  respectively.  In  this  case 
the  point  of  intersection  passes  to  an  infinite  distance,  and  both 
its  co-ordinates  become  infinite. 

The  necessary  and  sufficient  condition  that  L  and  \I  be 
parallel  is  OA/OB  =  OA'/OB'.  Now,  OA  =  -  c\a,  OB  =  -  c\h ; 
and  OA'  =  -  c'/a\  OB'  =  -  c'/b\  Hence  the  necessary  and  suffi- 
cient condition  for  parallelism  is  b/a  =  b'/a',  that  is,  ab'  -  a'b  =  0. 

We  have  thus  fallen  upon  the  excepted  case  of  §§  4  and  5. 
If  we  assume  that  the  results  of  the  general  formulse  obtained 
for  the  case  ab'  -  a'b  *  0,  namely, 

be'  -  b'c  ca'  -  c'a 


^-^t.''  ^'JL»   y~ 


n » 


ab'  -  a'V     -"     ab'-  a'b 

hold  also  when  ab'  -  a'b  =  0,  we  see  that  in  the  present  case 
neither  of  the  numerators  be'  -  b'e,  ca'  -  c'a,  can  vanish.  For  if, 
say,  be  -  b'e  =  0,  then  -e/b=  -  c'/b',  that  is,  OB  =  OB' ;  and  the 
two  lines  AB,  A'B',  already  parallel,  would  coincide,  which  is  not 
supposed. 

It  follows,  then,  that 

be'  -  b'e  ca'  -  e'a 

0  '     -^  0  ' 

and  the  analytical  result  agrees  with  the  graphical. 

II.  Let  L  and  L'  be  coincident,  then  the  intersection  becomes 
indeterminate.     The  conditions  for  coincidence  arc 


392  iNDETEftMlNATE  SOLtmON  ciiAir. 

OA  =  OA',    OB  =  OF, 

whence  -c/a^  -djolj     -e/b^  -tfjb', 

which  again  give 

We  thus  have  once  more  the  excepted  case  of  §g  4  and  5,  but 

this  time  with  the  additional  peculiarity  that  hd -Vc^Q  and 

ca'  -  c'a  =  0. 

If  we  assert  the  tinith  of  the  general  analytical  eolation  in 

this  case  also,  we  have 

0  0 

that  is,  the  values  of  x  and  y  are  indeterminate,  as  they  ought  to 
be,  in  accordance  with  the  graphical  result 

§  25.]  Since  three  straight  lines  taken  at  random  in  a  plane 
have  not  in  general  a  common  point  of  intersection,  it  follows 
that  the  three  equations, 

Oic  +  ^y  +  c  =  0,     a'x-\-  Vy  +  c'  =  0,     ax  +  ITy  +  c"  =  0     (1), 

have  not  in  general  a  common  solution.     When  these  have  a 

common  solution  their  three  graphic  lines,  L,  L',  L",  will  have  a 

common  intersection.      We  found  the  analytical  condition  for 

this  to  be 

ah'e  -  aV'd  +  hda"  -  hc"a'  +  ca'b"  -  ca'b'  =  0  (2). 

In  our  investigation  of  this  condition  we  left  out  of  account  the 
cases  where  any  one  of  the  three  functions,  ab'  -  a%  a'b  -  ab"^ 
a'b"  -  a"b\  vanishes. 

We  propose  now  to  examine  graphically  the  excepted  cases. 

First,  wo  remark  that  if  two  of  the  functions  vanish,  the 
third  will  also  vanish;  so  that  we  need  only  consider  (I.)  the 
case  where  two  vanish,  (II.)  the  case  where  only  one  vanishes. 

I.  ah'  -  n'h  =  0,     n'b  -  ah"  =  0. 

This  involves  that  L  and  L'  aie  parallel,  and  that  L  and  J/  are 
l)arallel ;  so  that  all  three,  L,  L',  I/,  are  parallel ;  and  we  have, 
in  addition  to  the  two  given  conditions,  also  a^h"  -  a'h'  -  0. 
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Hence,  since  the  condition  (2)  may  be  written 

c{aV  -  oTh')  +  c'(a"6  -  ah")  +  c\ah'  -  a'h)  =  0, 

it  appears  that  the  general  analytical  condition  for  a  common 
solution  is  satisfied. 

This  agrees  with  the  graphical  result,  for  three  parallel 
straight  lines  may  be  regarded  as  having  a  common  intersection 
at  infinity. 

In  the  present  case  is  of  course  included  the  two  cases  where 
two  of  the  lines  coincide,  or  all  three  coincide.  The  corre- 
sponding analytical  peculiarities  in  the  equations  will  be  obvious 
to  the  reader. 

II.  *      ah'  -  a'h  =  0. 

Here  two  of  the  graphic  lines,  L  and  L',  are  parallel,  and  the 
third,  \/y  is  supposed  to  be  neither  coincident  with  nor  parallel 
to  either. 

Looking  at  the  matter  graphically,  we  see  that  in  this  case 
the  three  lines  cannot  have  a  common  intersection  unless  L  and 
U  coincide,  that  is,  unless 

a'  =  ka,     b'  =  kb,     c'  =  kc, 

where  k  is  some  constant 

Let  us  see  whether  the  condition  (2)  also  brings  out  this 
result,  as  it  ought  to  do.  ^ 

Since  ah'  -  a'b  =  0, 

we  have  -  =  -  =  A:,  say. 

a     0 

Hence  a'  =  kay     b'  =>  kb. 

Now,  by  virtue  of  these  results,  (2)  reduces  to 

a" {be'  -  b'c)  +  b\ca'  -  da)  =  0, 

that  is,  to 

a" {be  -kbc)  +  b''{cka  -  c'a)  =  0, 
that  is,  to 

{a^b  -  ah")  {c'  -  fo)  =  0, 

which  gives,  since  a''b  -  ab"  4=  0, 

c'  -  A:c  =  0, 

that  is,  c'  =  kc. 
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Hence  the  agreement  between  the  analysiB  uid  the  geometry  is 
complete.* 

§  26.]  It  would  lead  us  too  far  if  we  were  to  attempt  here 
to  take  up  the  graphical  discussion  of  linear  functions  of  three 
variables.  We  should  have,  in  fact^  to  go  into  a  discusnon  of 
the  disposition  of  planes  and  lines  in  space  of  three  dimenrions. 

We  consider  the  subject,  so  far  as  we  have  pursued  it^  an 
essential  part  of  the  algebraic  training  of  the  student.  It  will 
help  to  give  him  clear  ideas  r^arding  the  generality  and 
coherency  of  analytical  expression,  and  will  enable  him  at  the 
same  time  to  grasp  the  fundamental  principles  of  the  application 
of  algebra  to  geometry.  The  two  sciences  mutually  illuminate 
each  other,  just  as  two  men  each  with  a  lantern  have  more  light 
when  they  walk  together  than  when  each  goes  a  separate  way. 

Exercises  XXVII. 

Draw  to  scale  the  graphs  of  the  following  linear  functions  of  a; : — 
(1.)  y=ur  +  l.  (4.)  y=2x  +  S. 

(2.)  y=-x+\.  (5.)  y=-4'-4. 

(3.)  y=-a--l.  (6.)  y=-3(x-l). 

(7.)  Draw  the  graphs  of  the  two  functions,  3a; -5  and  6x+7;  and  by 
u>oaus  of  them  solve  the  equation  Sx-  5=5x+7. 

(8.)  Draw  to  scale  the  contour  lines  of  2=2a;-  3y  + 1,  corresponding  to 

s=-2,    s=-l,    c=0,    c=+l,    r=+2. 

(9. )  Draw  the  zero  contour  lines  of  2= 6j; + 6y  -  8  and  3* = 8a;  -  9y  + 1 ;  and 
by  means  of  them  solve  the  system 

6a'j-6y-3  =  0,     8a:-9i/+l  =  0. 


*  It  may  be  well  to  warn  the  reader  explicitly  that  he  must  be  careful  to 
u.se  the  limiting  cases  whicli  we  have  now  introduced  into  the  theory  of 
(>(|uation8  with  a  proper  rcganl  to  accompanying  circumstances.  Take,  for 
instance,  the  case  of  the  paradoxical  equation  &=0,  out  of  which  we  manu- 
factured a  linear  equation  by  writing  it  in  the  form  Ox+b=0;  and  to  which, 
ncconlingly,  we  ansigiied  one  infinite  root  Nothing  in  the  equation  itself 
])re vents  us  from  converting  it  in  the  same  way  into  a  quadratic  equation, 
for  we  might  write  it  Ojr  +  Ox  +  b  =  0,  and  say  (see  chap,  xviii.,  §  5)  that  it 
has  two  infinite  roots.  Helbrc  we  make  any  such  assertion  we  must  be  sure 
]»eforeliaii(l  wlictlier  a  linear,  or  a  «iiia<lratic  or  other  equation  was,  generally 
speakini^,  to  he  ex[)ccte«l.  'I'liis  must,  of  eourse,  b<»  decided  by  the  circum- 
staiues  of  each  particular  case. 
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Also  show  that  the  two  coutoar  lines  divide  the  plane  into  foar  regions, 
such  that  in  two  of  them  {5x+6y-^)(Sx-9y-^\)  is  always  positive,  and  in 
the  other  two  the  same  fanction  is  always  negative. 

(10.)  Is  the  system 

3a;-4y  +  2  =  0,     6j:-8y  +  3  =  0,     a;-|i/  +  l  =  0 
consistent  or  inconsistent  ? 

(11.)  Determine  the  value  of  c  in  order  that  the  system 

2a;+y-l  =  0,     4x+2y  +  8  =  0,     (c  +  l)aj  +  (c  +  2)y  +  6  =  0 

may  be  consistent 

(12.)  Prove  graphically  that,  if  ab'-a'b=0,  then  the  infinite  values  of  x 
and  y,  which  constitute  the  solution  of 

aa;+6y+c=0,    a'x+b'y-^c'=0, 
have  a  finite  ratio,  namely, 

xly={be'-b'e)l{ea'-c'a), 

(13.)  If  ((ix-\-by+e)l(a'x-\-b'y+c^)  be  independent  of  a;  and  y,  show  that 
ab'-a'b=0,    ca'-c'a=0,     b<^-b'c=0; 
and  that  two  of  these  conditions  are  sufficient. 

(14.)  Illustrate  graphically  the  reasoning  in  the  latter  part  of  §  5  of  the 
preceding  chapter. 

(15.)  Explain  graphically  the  leading  proposition  in  §  6. 


CHAPTER   XVIL 

Equations  of  the  Second  Degree. 

EQUATIONS  OF  THE  SBCOin)  DEGREE  IN  ONE  VARIABLE. 

§  1.]  Every  equation  of  the  2nd  degree  (QiMMiratic  fijuo/tem) 

in  one  variable,  can  be  reduced  to  an  equivalent  equation  of 

the  form 

a;c'  +  Jd;  +  c  =  0  (1). 

Either  or  both  of  the  coefficients  h  and  c  may  vanish;  but 
we  cannot  (except  as  a  limiting  case,  which  we  shall  consider 
presently)  suppose  a=0  without  reducing  the  degree  of  the 
equation. 

By  the  general  proposition  of  chap,  xii.,  §  23,  when  a,  6,  c 
are  given,  two  values  of  x  and  no  more  can  be  found  which 
shall  make  the  function  a:i?  -{-bx  +  c  vanish ;  that  is,  the  equation 
(I)  has  always  two  roots  and  no  more.  The  roots  may  be  equal  or 
unequal,  real  or  imaginary,  according  to  circumstances. 

The  general  theory  of  the  solution  of  quadratic  equations  is 
thus  to  a  large  extent  already  in  our  hands.  It  happens, 
however,  that  the  formal  solution  of  a  quadratic  equation  is 
always  obtainable ;  so  that  we  can  verify  the  general  proposition 
by  actually  finding  the  roots  as  closed  functions  of  the  coefficients 

(7,  hf  c. 

§  2.]  We  consider  first  the  following  particular  cases  : — 

I.  c  -  0. 

The  equation  (I)  reduces  to 

a.rf  +  bx  -  0, 
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that  is,  since  a  4=  0, 


which  is  equivalent  to 


Hence  the  roots  are  aj  =  0,  a;  =  -  b/a. 

n.  J  =  0,    c = 0. 

The  equation  (1)  now  reduces  to 

arc  X  a;  =  0, 
which,  since  a  #=  0,  is  equivalent  to 

Hence  the  roots  are  a;  =  0,  a;  =  0.     This  might  also  be  deduced 
from  I. 

Here  the  roots  are  equal  We  might  of  course  say  that  there 
is  only  one  root,  but  it  is  more  convenient,  in  order  to  maintain 
the  generality  of  the  proposition  regarding  the  number  of  the 
roots  of  an  integral  equation  of  the  nth  degree  in  one  variable, 
to  say  that  there  are  two  equal  roots. 

HL  b  =  0. 

The  equation  (1)  reduces  to 

oa*  +  c  =  0, 
that  is,  since  a  4=  0,  to 

<'V-.-)('-y-i)=»' 

which  is  equivalent  to 


«  + 


X 


0 


Hence  the  roots  are  aj  =  -  v/(  -  c/a),  a;  =  +  ^/(  -  c/a) ;   that  is, 
the  roots  are  equal,  but  of  opposite  sign.     If  c/a  be  negative, 
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both  roots  will  be  real ;  if  c/a  be  positive,  both  roots  will  be 
imaginary,  and  we  may  write  them  in  the  more  impropriate  form 
a;  =  -  i  v/(c/rt),  a;  =  + 1  s/{efa). 

§  3.]  The  general  case,  where  all  the  three  coefficients  are 
different  from  zero,  may  be  treated  in  various  ways ;  bat  a  little 
examination  will  show  the  student  that  all  the  methods  amount 
to  reducing  the  equation 

a/  +  te  +  c  =  0  (1) 

to  an  equivalent  form,  a{x  +  A)'  +  /i^  0,  which  is  treated  like  the 
particular  case  IIL  of  last  paragraph. 

1st  Method. — The  most  direct  method  is  to  take  advantage 
of  the  identity  of  chap,  vii,  §  5.     We  have 

-iac)]  {^     -b-  ^{V-iac) 


(uf  ■{■bx-^-c 


•i-  ^f^>}f- 


2a 


)■■ 


hence  the  equation  (1)  is  equivalent  to 


a-lx 


2a 


that  is,  to 


){'- 


2a 


0. 


^     -b+sf'-iac)^ 


>v 


x- 


2a 

-h-  s/{b'-4ac) 
2a 


^ 


=  0 


The    roots    of    (!)    are    therefore    {-h+  \/(6* -  4ac)}/2a,    and 
{-&-  ^/(6•-4ac)}/2ff. 

2nd  Method. — ^We  may  also  adopt  the  ordinary  process  of 
"  completing  the  square."     We  may  write  (1)  in  the  equivalent  form 


ji     6  c 

iir  +  -x=  — 

a  a 


(2), 


and  render  the  left-hand  side  of  (2)  a  complete  square  by  adding 
(b/2ay  to  both  sides.     We  thus  deduce  the  equivalent  equation 


V  "■  2a)  ~  4cr     a' 


(3). 
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The  equation  (3)  is  obviously  equivalent  to 

r 


< 


b 

x  +  -  - 
2a 


x  + 


2a  "  "  V    \ 


4rt"    /J 

from  which  we  deduce 

x={-h-\-  v/(6'  -  4flw:)}/2fl,     a:  =  {  -  6  -  v/(//  -  4rtc)}/2a, 

as  before. 

3rrf  Method, — By  changing  the  variable,  we  can  always  make 
(1)  depend  on  an  equation  of  the  form  a/  +  c?=0.  Let  us 
assume  that  x  =  z  +  h^  where  h  is  entirely  at  our  disposal,  and  z 
is  to  be  determined  by  means  of  the  derived  equation.  Then, 
by  (1),  we  have 

a(z  +  liY  +  ^(-sr  +  A)  +  c  =  0  (4). 

It  is  obvious  that  this  equation  is  equivalent  to  (1),  provided  x 
be  determined  in  terms  of  z  by  the  equation  x  =  z-\-h. 
Now  (4)  may  be  written 

mf  +  (2aA  +  h)z  +  {ah^  +  6A  +  c)  =  0  (5). 

Since  h  is  at  our  disposal,  we  may  so  determine  it  that  2ah 
+  i  =  0 ;    that  is,  we  may  put  h=  - b/2a.     The  equation  (5) 
then  becomes 


''^-^"(-^y-^K-ii) 


+  c  =  0, 


that  is, 


a/ -, =  0 

4a 


(6). 


From  (6)  we  deduce  z=  +  s/{b' -  4ac)/2a,  z=  -  s/{b^ -  4ac)/2a. 
Hence,  since  x  =  z  +  h=  - b/2a  +  z,  we  have 

a;  =  {  -  J  +  v^(4^  -  4ac)}/2a,     «  =  {  -  J  -  s/{b'  -  4a<;)}/2a, 

as  before. 

In  solving  any  particular  equation  the  student  may  either 
quote  the  forms  {-b±  >J{b* -  4a<;)}/2a,  which  give  the  roots  in 
all  cases,  and  substitute  the  values  which  a,  &,  c  happen  to  have 
in  the  particular  case,  or  he  may  work  through  the  process  of 


i% 


\c^,  "zrA  wtetkfA  m  Out 

i  i/  Ia  ikUatnitMag  the 

V/  r<!;f#ia(t  tbt  imrmmim  of  ch^  m,  {  7,  ob  the 
iwfjjfstt  fd  Ma  iotegnl  qtiiititif  funrlirw 
\l>  tinft  tee  thtt  tht  miU  «f 

/I;  WilllMr«y«id«iievMlif«''4Kbe]MMitife. 
^^;  Win  bend  and  equal  if  i^-4«r^a 
^3;  Will  be  two  eoojngite  coapleir  miBlien  if  ¥^4me 
y^,   Miotire,      Tbe  appropriate  upffiiiiH  in  this  cmb  me 

^  f ;  Tbe  n>Q4a  will  be  lational  if  ('  -  44c  be  poaiUfe  and  tlie 

iir^tuire  of  a  nUional  nnmber. 

(Tff  The  roou  will  Ije  conjugate  smdi  of  the  form  A  ±  sfB 
in  th«  CUM;  where  //  -  4<i<c  i«  positive,  but  not  tbe  square  of  a 
mtional  riuruU^r. 

(C;  If  the  coeffiaentii  /i,  //,  «  be  rational  fanctions  of  any 
given  r^aantitien  p,  q,  r^  f, .  .  .  then  the  roots  will  or  will  not 
be  rational  functionii  of  p,  y,  r^  s, .  .  .  according  tLsb*-  iac  is  or 
is  not  th<;  s^jtiare  of  a  rational  function  olptq^r^  s,  .  .  . 

It  shouM  lic  noticed  that  the  conditions  given  as  characterising 
the  alKive  caiv;H  are  not  only  sufficient  but  also  necessary. 

The  caH^iS  where  //,  h,  c  are  either  irrational  real  numbers,  or 
c'imjilex  numbers  of  the  general  form  a  +  a\  are  not  of  sufficient 
imf>ortaricr5  to  rc/^uire  discussion  here. 

Hy  inufKi^rtion  wo  nee  that  the  roots  are  x=0,  x=8/2. 

Kxaniplo  2. 

2>^  +  8=0. 

TliiH  fqtiution  \H  *;/|uivalf;nt  to  ar'  +  4  -0,  whose  roots  are  «=2i,  «=  -2i. 
Kx(uiip](* .'{. 


Th*'  ^rqiiation  i'h  *'f|uiv»ilr'ijt  to 


y.V--ii^-l=0. 


.,      2         1 

yo     30' 
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that  i«,  to  ^^_J-V=   >+l=2«. 

Hence  I— 1.=  ±*. 

35        35 

Hence  ^  =  ^- 

The  root*  are,  tlierofoK,  + 1/5  (nd  - 1/7. 

Example  4. 

The  roots  are  1  +v'3 uid  l-^/S. 
Example  6. 

The  given  cquatiou  is  eqaivalent  to 

j?  +  8z  +  16=0. 
that  is.  to  (j:  +  *)»=0. 

Hence  x=  -l±Oi  that  U  to  njr,  the  two  roots  are  each  eqiuti  to  ~4 
Eianinle  6. 

ThU  ia  eqaiTalent  to 

a?-ii^  +  t=-Z, 
that  is,  to  (z~2)'=3t*. 

Hence  the  roots  are  2  +  v^i,  2  -  V^^ 

Example  7. 

i»_2(;.  +  }J'j:  +  2/  +  12/j'+2?'=0. 
This  equation  is  equivalent  to 

{^-0.  +  S)')'=(p+?)*-2p'-12,V-V. 
=  -(?-?>'. 
=  (P -?)'.'. 
Hence  tiic  roots  are  (7+9)' ■fO>-7}*>,(p+9)*-(p -?)■<. 

EXBBOIKEH  .\XVIIt. 

(I.)  i?  +  x=0.  (2.1  (2a;-l){&i!-2)=a 

(3.)  <z  +  l)(r-l)  +  l  =  0.  (4.)  (^-l)>  +  3(i^-l)  =  0. 

(5.)  (z-l)'  +  (z-2)'=0.  (6.)  3<j;-l)'-2(:«-2)'  =  0. 

(7.)  ;<a:  +  a)'-s(a:  +  ^)'=0.  (8.)  (pr  +  }l'  +  {j*+;*)>=0. 

(9.)  2z>  +  33;  +  6  =  3a*+4z  +  l.  (10.)  a^  +  8*'  + Ifte- I  =  (a:  +  3)'. 

(11.)  255*"- 431^  +  182  =  0.  (12.)  *i?-ilXe +  107  =  0. 

(13.)  i'-22i:+170  =  0.  (14.)  jr'-20Ij:  +  200  =  0. 

(15.)  i»  +  loai +  2597  =  0.  (10.)  *>-4j!-2597  =  0. 

(17.)  »^  +  6V?'!  +  55  =  0.  (18.)  i=-2(l  +  V2)j:  +  Sv'i  =  0. 

(19.)  !c'+(23  +  12i>  +  97  +  137i=0.  (20.)  a^-(8- 2i)-<  =3Si"- ai. 
VOK  I  2  D 


02  EQUATIONS  BEDUCIBLE  TO  QUADBATIG8  chat. 

(21.)  (i-l)(^-2)  +  (*-l)(«-3)  +  («-S){i-3)  =  0. 

(22.)  (x-l)'  +  (a:-l)>(ii;-a)-3(a>+l)»=0. 

(23.)  (^-|)(«-*)  +  {*-«<ii-i)=0. 

(21.)  {x~ai'*{^-bf=a*  +  V.  (26.)  ;^+4«w-(t-e)»+i(*e-aT. 

(26.)  x?+{b-e)x=a*  +  be  +  <a+ai. 

(27.,^-.l=.(y^^y^). 

{28.)(o  +  *)(ofa'-2)  =  «.'+t>)a^ 

(29.)  (a-6)a!>-{o»+(i*  +  (i»)z+o4(2o  +  t)=0. 

(30.)  (i:4-a-2i}^  +  (a  +  i-2e)z  +  (A+e-!a)  =  0. 

(31.)  {a'-aj!  +  «»)(o»+<H!+c»)=a'  +  oV+«*. 

(32.)  a^-2(a'  +  f  +  i:V  +  ii*+6*  +  <*+JV+rti«  +  a'i»=2<.ic(«  +  fc+e). 

(33.)  (i-<!){«-a)»+(<!-o)(i-6)«+(a-6)(«-«)»=0. 

(34.)  Evalo»t8  V(7 + V(7  +  V{?  +  V(7-.- ■*»...)»>■ 


EQUATIONS  WHOSE  SOLUTION  CAN  BE  EKEHtTUU  BT  HSAKS  OF 
QUADRATIC   EQUATIONS. 

§  5.]  Hedttction  hy  Fadtmmiion. — If  we  know  one  root  oi  an 
int^al  equation 

/W  =  o  (1). 

Bay  x  =  a,  then,  by  the  remainder  theorem,  we  know  that  ^(x)  = 
{x-a)^x),  where  ■^a;)  is  lower  in  degree  hy  one  than  /(z). 
Hence  (1)  is  equivalent  to 

<2). 


The  solution  of  (1)  now  depends  on  the  solution  of  ^x)  =  0.  It 
may  happen  that  <^x)  =  0  is  a  quadratic  equation,  in  which  case 
it  may  be  solved  as  usual ;  or,  if  not,  we  may  be  able  to  reduce 
the  equation  ^:ir)  =  0  by  guessing  another  root ;  and  so  on. 

Kxample  1. 

To  fioA,  the  cub;  roots  o!  - 1. 

Let  X  be  any  cube  root  of  - 1,  then,  bf  the  definitioD  oI  a  cub«  root,  we 
must  have  3?=  - 1.     We  have  therefore  to  solve  the  cq^iiation 

.f^  +  l=0. 
We  know  one  root  of  this  equation,  namely,  x=  -1;  tlie  equation,  in  fact,  is 
equivalent  to 

{..•  +  1)(./'    ^■  +  l)-0, 

Tilt  iiiiaiiralic  j-  -  .^'  +  ]  =  0,  solved  as  usual,  gives  j  -  (liiVSj/^- 
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Heuce  tli«  three  cube  roots  of -1  are  -1,  (l  +  tv^)/2,  (l-iV3)/2,  wliich 
■KTees  with  the  resnlt  already  obtained  in  chap.  lii.  by  ueaus  of  Demoivre'a 
TheDrem. 

Example  2. 

7i'-13a=+S«+3=0. 
This  equation  b  obviously  satisfied  by  »;  =  1.     Hence  it  ia  eiiuivalent  to 

(7*=-8a;-3)(i-l)  =  0. 
Therooteof  thequadt*tic7^-6a!-3  =  0are(3±V3O}/7,     Heuce  the  three 
roots  of  the  original  cubic  are  1,  (S  +  VSO)/:,  (S-\^)/7. 

It  may  happen  that  we  are  able  by  some  artifice  to  throw  an 
int«gral  equation  into  the  form 

PQR  ...  -  0, 
where  P,  Q,  B,  ...  are  all  integral  functions  of  x  of  the  2nd 
degree.     The  roots  of  the  equation  in  question  are  then  found 
by  solving  the  quadratics 

P=0,     Q=0,     E  =  0.     .  .  . 
Example  3. 

p[ta?+to:  +  c)''-q(da?  +  tx+/)'=0. 
This  equation  is  obviously  equivalent  to 

Hence  its  roots  are  the  four  roots  of  the  two  quadratics 

which  can  be  solved  in  the  usual  Rsy. 

g  6.]  Inkgralisaiion  and  BatitmaHsalion. — W«  have  seen  in 
chap,  xiv,  that  every  algebraical  equation  con  be  reduced  to  an 
integral  equation,  which  will  be  satisfied  by  all  the  finite  roots  of 
the  given  equation,  but  some  of  whose  roots  may  happen  to  be 
extraneous  to  the  given  equation.  The  student  should  recur  to 
the  principles  of  chap,  xiv.,  and  work  out  the  full  solutions  of 
as  many  of  the  exercises  of  that  chapter  as  he  can.  In  the  exer- 
cises that  follow  in  the  present  chapter  particular  attention 
should  be  paid  to  the  distinction  between  solutions  which  arc 
and  solutions  which  are  not  extraneous  to  the  given  equation. 

The  following  additional  examples  will  serve  to  iiluBtrate  the 
point  just  alluded  to,  and  to  exemplify  some  of  the  artifices  that 
are  used  in  the  reduction  of  equations  having  special  peculiarities. 
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Example  1. 

11  1      .  .  >,   ,^n. 

x+a+b    x-a+b    x+a-b    z-a-h~ 
It  w«  conMne  tlie  fint  and  lut  tornu,  and  bIm  Uu  two  middle  tanm,  ve 
derive  the  equiTalent  eqn*tion 

^-{»-\-bf*^-{n-h'f-^ 
ICwenow  mnltiplj  by  {:fi-(a-¥hf^  {^-(ii-fr)'}  we  deduce  tLe  equation 

and  it  ma;  be  that  we  introdnoe  BztmuMHu  aolutiane,  tiaot  tlie  mnltiplier 
used  ia  a  fnnction  of  x. 

The  {filiation  last  derlTed  ia  equTtdent  to 

{=:?_(„.  +  ji)Io|- 
Hence  the  roots  of  the  latt  derived  equation  are  0,  -t-'^(a'  +  I^,  -V('' '''''*)• 

Now,  the  root^  if  any,  introduced  by  the  factor  {z>-  (a+&^(  {'^-{a-hY\ 
iniut  be  ±(a-l-i)  or  ±(a-i).  Hence  none  of  the  three  roots  obtuned  from 
the  laat  derived  equation  are,  in  the  present  case,  extraneous. 

Example  2. 


'e  Tationalise  the  donominaton  on  the  left,  we  have 


m- 


From  ifi),  alter  multiplying  both  aides  by  x,  and  transposing  all  tho  terms 
that  are  rational  in  x,  we  obtain 

(a  +  ^ll-Ca-rlJ^SiV*  in)- 

From  (y),  by  squaring  and  trausposing,  we  dednco 

2n'-3<u'=2(B'-ir>)i  (a). 

From  (S),  by  squaring  and  ttansponng,  we  have  finally  the  integral  equation 

Tlie  roots  of  <()  are  0  (rcpcotel  four  times;  but  that  does  not  concern  us  so  far 
as  the  origiual  irrational  equation*  (a)  is  concerned)  and  ±ay'3/Z 

It  is  at  once  obvioua  that  z=0  ia  a  root  of  (a). 

If  we  obseiTo  that  V(l  ±  V^/S)  =  n  ±  V3)/2.  we  see  that  ±aVS/2  are  roots 
of  (a),  provided 

2Ty3   2±ys_, 

that  is,  provided 

3tV:>  +  3±v'3  _ 

which  is  obviously  true. 

Ileiicc  all  the  tlmi-  root'  of  (f )  are  rooti  of  (a). 

■  For  we  have  cntabliHhed  no  theory  rfgariiiiig  th.>  iiiiTiihcr  of  the  mols  of 
an  irralioiutt  rijuution  as  such. 
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Example  3. 

By  a  process  almost  identical  with  that  followed  in  last  example,  we  dednce 
from  (a)  the  conation 

The  roots  of  (/3)  are  0,  and  :ka\/3l2  ;  bnt  it  will  be  found  that  none  of  these 
satisfy  the  original  equation  (a). 

Example  4. 

V(2i=-4a;  +  l)  +  V(''-6«+2)  =  V(2ar'-2a;  +  3)  +  V(«'-3x+4)    (a). 
The  given  equation  is  equivalent  to 

V(2ar»-4a;  +  l)-V(a5^-3a;+4)=V(2ic'-2a;  +  3)-V(a^- 5-^  +  2). 
From  this  last,  by  sqiuiring,  we  deduce 

3ar»  -  7a;  +  6  -  2'^{2j^ix  +T)(a:»-3jj+4)  ^^^^ 

=  3ar»-7a;+5-2V(2a:«-2a;+8)(ar»-5x+2), 
which  is  equivalent  to 

V(2a^-10iB»  +  21ic»-19a;  +  4)  =  V(2a:*-12a;'  +  17ar«-19j:  +  6)       (/3). 

From  (/3),  by  squaring  and  transposing  and  rejecting  the  factor  2,  we  deduce 

a'  +  2a:»-l  =  0  (7). 

One  root  of  (7)  is  a;  =  - 1,  and  (7)  is  equivalent  to 

(x  +  l){a^+x-l)=0. 

Hence  the  roots  of  (7)  are  - 1  and  ( - 1  ±  V5)/2. 

Now  x=  -1  obviously  satisfies  (a).  We  can  show  that  the  other  two 
roots  of  (7)  are  extraneous  to  (a) ;  for,  if  x  have  either  of  the  values 
(-l±V5)/2,  then  a!"+a;-l=0,  therefore  s^=  -aj+1.  Using  this  value  of 
ar*,  we  reduce  (o)  to  ^/{-Qx+S)=\/{-ix+6),  This  last  equation  involves 
tlie  truth  of  the  equation  -6a;+3=-42+5,  which  is  satisfied  by  a;  =  - 1,  and 
not  by  either  of  the  values  x={-  l±\/5)/2. 

N.B. — An  interesting  point  in  this  example  is  the  way  the  terms  of  (a) 
are  disposied  before  we  square  for  the  first  time. 

Example  5. 

l-V(l-a^_     V(l+x)  +  V(l-a;) 

l  +  V(l-«')        V(l+«)-V(l-a:)  ^^' 

Multiply  the  numerator  and  denominator  on  the  left  by  1  -  \/(l  -sfi)^  and  the 
numerator  and  denominator  on  the  right  by  \/(l  +^)  -  V(l  ~^)»  ^^^  ^®  ^^• 
tain  the  equivalent  equation 

(l_y T^^'  _  g 

a^  ""'l-VCl-a^)' 

Multiply  both  sides  of  the  last  equation  by  a?(l  -  Vl  -  ar*),  and  we  deduce 

{l-V(l-«')}'=27a:»  ifi). 
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If  1,  u,  >i*  {tw  chap,  xii,  I  20]  be  tbs  threa  cnlw  nwta  of  +1,  thui  (fQ  !• 

equivalent  to 


.ee  from  (y)  ths  three  intef 
|l+9«)i*-6.A;=oj 


Bj  ratioiuIiMtioD  wt  dednee  from  {y)  the  three  integril  eqiutioiit 


(». 


The  roots  of  theMeqnataouBW  41*0,  S/6  ;  0,  «»/(l-t-0u^  ;  0,  Sh>/(1  +  Bw). 

The  stndent  will  have  no  ditBonltj  in  BettUng  which  of  them  aiUdy  ttw 
oripnal  equation  (a). 

BxxBOUBs  XXIX. 

(2.)  K'-(o+&+e)rf-(o'  +  J'  +  (*-Jc-eo-<i*)«+i^+(»+^-3a6fl«.(l. 
(3.)  3'-4tte+a9=0. 

(4.)  a!*  +  2{o-S)z*  +  (o-2)W+2B'{o-a>"!+o*=0. 

(5.}  2it»-i'-2r-8  =  0.  (6.)  nit'  +  z+a  +  l  =  0, 

(7.)  z'-aE'  +  4i'-3z  +  l  =  0. 

(9.)  ^•-ei"+lfti?-8r+ie=0.         (10.)  X^-t  =  M,!i?-x-l). 
(II.)  (ii!>  +  aj  +  9)(»'  +  8*  +  18)  =  (i»  +  43:  +  4)(ie=-12*  +  3«). 

EXKItCIBES   XXX 


9.g  +  S  4z-2_iajr+3  4a  +  3  11 
'  12  7^-1"  18  7i+9'''48' 
w-3-'^-27 

ttt  +  fr    oj:+fr_2aa!+d     6 
'      e        ct  +  i""     &     ■*■? 
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(10. 

(11. 

(12. 
(13. 
(14. 
(15. 
(16. 
(17. 


26  +  a;    2a+x'~  a^b^x' 
x  +  a    x~a_7?-\-a^    x^-a^ 
x~a    x  +  a~ai^-a^    x^  +  a^' 

{x-a){X'b)_(x-e){x-d) 
x-a-b     ~     x-c-d 

a^  +  ax-^ip^y_a  +  2x 
(t^-ax+x^J  ~a-2x' 


(: 


X  7i 


x  +  \ 


ar»-2a;-16    ic»  +  2x-36~ar»  +  10j?+2l' 


2x4- 3ff    2j^-8a 


a+6    a-b 
a-b    a  +  b' 


2x-3rt  ■  2jt;  +  da 

{x-ay  jx-b)^         

(x-b^x-e)    (x-e){X''a)^(x-a){x-b) 


(x-ef 


=3. 


n  ^  x-^\Jx_x{X''\) 


Exercises  XXXI. 


(2.) 


4 


V(«  +  2) 
(8.)  a:+ 


=V(«+2)  +  2Vic 


,=2a. 


(V(a5+«)-V«)' 

(4.)  (a«  +  te)V(«'+«=)  =  (a'  +  ftcMa'+«'). 

(5.)  6a:(ar-l)-3V{3(aJ-2)(ar+l)-2(a;-6)}=4(a;+8). 

(ft.)  V(a5+\/«)+V(a5- ^/^)=«^/*/^/(^+^/*)• 
(7.)  (l+a:)V(l-«')  +  (a;-l)  =  0. 

(8. )  (x  -  3 )/V(«'  -  6a;  +  36)  =  (jc  -  4)/ V(a3^  -  8a;  +  64). 
(9. )  (2iB  -  a)/ V(ar»  -  aa;  +  a')  =  (2a;  -  6)/\/(a^«  -  6a; + ft*). 

(11.)  V(a!'  +  &B  +  l)-\/(a^+^  +  4)+V(-e*  +  ^-3)  =  0. 
(12.)  V(a«  +  te)  +  V(ft*  +  aar)=3(a+6). 

(13.)  VMte-a')/6}+V{*(««-^)/a}=a-ft. 
(14.)  V(«+«)+\/(^  +  a-)  =  2V(a  +  6+a;). 

Consider  more  especially  the  case  where  a=b, 

(15.)  V(a;+4)-V('-4)=V(-^-l). 
(16.)  2arV(a;^+a*)  +  2a-v/(a^  +  ft2)=rt2-.62. 

(17.)  \/(^  +  4a;  +  3)-V(^  +  3a:  +  2)  =  2(x  +  l). 

Two  solutions,  a;=  -  1  an«l  another. 

(18.)  a;«+a«+V(«*+a*)  =  2arV {«*+%/(«*  +  «■*)}. 


08  CnAJfGE  OF  TABIABLE 

(IS.)   S!=V {<«  +  !«* -'>\/(<Kt+i^}. 

(21.)  v'(«*+a!')  +  V(2a3!)  =  V{'>'  +  8»»)  +  V(a?+3o*). 


(32.)  - 


1 


1 


(23.)  V«  +  V{a  +  a')-V('>-a!)  =  i/(a'-»^- 
(24.)mV(«  +  «)  +  «V('»-»:)=V(m»+»*)-y{»'-«*)- 
(25.)  Rationaliae  and  solve  £V(^-'~<!)  =  V*- 
(28.)  V{(a^  +  '>')(*'+*'))+'«M^+'>^-V(*'+6^1  =«**+«*• 
(27.)  «  +  (*+*)V{(^+»')/(:^  +  6^1  =ft  +  («+«)V{(«'+'^A'>^+»'))- 
§  7.]  BeducHoa  of  Equations  Ay  change  of  Fariable.    If  we  have 
an  equation  which  is  reducible  to  the  fonn 

then,  if  we  put  £  *f{x),  we  have  the  quadratic  equation 

f'  +  K  +  !-0  (« 

to  determine   |.      Solving   (j8),   we   obtain   for   ^  the   values 
{ -p  ±  '\/{i>'  -  45))/2.     Hence  (a)  ia  equivalent  to 


A^h 


A^)- 


-p  +  ^{p'-Jq) 


-p--J(p'^4q) 


If  the  function  /(x)  be  of  the  lat  or  2nd  degree  in  ce,  the 
equations  (y)  can  be  Eolved  at  once ;  and  all  the  roots  obtained 
will  be  roots  of  (a). 

Even  when  the  equations  (y)  are  not,  as  they  stand,  linear 
or  quadratic  equations,  it  may  happen  that  they  are  reducible  to 
such,  or  that  solutions  can  in  some  way  bo  obtained,  and  thus 
one  or  more  solutions  will  be  found  for  the  original  equation  (n). 

In  practice  it  is  unnecessary  to  actually  introduce  the 
auxiliary  variable  ^.  We  should  simply  speak  of  (a)  as  a 
quadratic  in/(.e),  and  proceed  to  solve  for/(x)  accordingly. 
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It  may  therefore  be  regarded  as  a  quadratic  equation  in  xp'^.    Solving,  we  find 

arP/f=+2,     xPf9=-e, 
From  the  first  of  these  we  have 

Hence,  if  1,  w,  or^,  .  .  .,  w**-*  be  the  ;>th  roots  of  +1,  we  find  the  following  J9 

values  for  x : — 

29'P,     u>29^P,     ur2f'P,     .   .  .,     u>P-^2f'P, 

In  like  manner,  from  xp^9=:  -  6,  we  obtain,  if  ^  be  even,  the^  values 

6«>,     toe^ffP,     t,P69^P,     .  .  .,     u)P-^6pf9; 

and,  if  9  be  odd,  the  p  values 

u)'69'p,     u'^e^'P,     ta'^^'fiP,     .  .  .,     «'?p-i6«/^ 

where  w',  w'',  .  .  .,  w'^p-i  are  the  jvth  roots  of  -  1. 

Example  2. 

This  equation  may  be  written 

a^-2a;+2-2V(a5^-2j;  +  2)  +  l  =  0; 
that  is, 

{V(a^-2^  +  2)}^-2{V(«»-2a;  +  2)}+l=0, 

which  is  a  quadratic  in  \/(**  -  2je + 2). 
Solving  this  quadratic  we  have 

V(a^-2^  +  2)  =  l. 
Whence  a"-2a;+2=l, 

that  is,  (x- 1)2=0. 

The  roots  of  this  last  equation  are  1, 1,  and  a;=  1  satisfies  the  original  equation. 

Example  3. 

22«-3-2*+3  +  32=0. 

We  may  write  this  equation  as  follows, 

(2*)3- 12(2') +  82  =  0; 
that  is,  (2«-4)(2*-8)  =  0. 

Hence  the  given  equation  is  equivalent  to 


l2«=8/ 


The  first  of  these  has  for  one  real  solution  .'c=2;  the  second  has  the  real 
solution  x=Z. 

Example  4. 

(ar+a)(ar+a+6)(a;+a  +  26)(a!  +  a  +  86)=c*. 

Associating  the  two  extreme  and  the  t^'o  intermediate  factors  on  the  left, 
we  may  write  this  equation  as  follows, 

{a:»  +  (2a  +  86)ic4-a(a  +  86)}{a:9  +  (2a  +  36).r  +  (rt  +  6)(rt  +  05)}=<^. 
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BECIFBOCAL  BIQUADBATIO 


If  fsa^-f  (Za-i-3b>x+((i*-i-3ai),  the  Uat  «qiutton  m>7  bs  writtan 
t«+2i*)=«'i 
that  is,  (•+24»J+6«=M+(*. 

Hence  .{= -B»±V(ft*+e*)- 

The  oiiginol  aqiutiQii  U  tborefore  eqaivalent  to  the  two  qnadntloa 

§  8.]  Beeiprocal  Equations. — A  ver7  important  dus  of  eqiu- 
tions  of  the  4th  degree  (biquadratics)'  can  he  reduced  to 
quadratics  by  the  method  we  are  now  iliuatra^g. 

Consider  the  equations 

<w'  +  6j?  +  a^  +  te  +  o  =  0  (1), 

az*  +  fa'  +  c^-fe  +  a  =  0  (L), 

where  the  coefficients  equidistant  &om  the  ends  are  either  equal, 
or,  in  the  case  of  the  second  and  fourth  coefficients,  equal  or 
numerically  equal  with  apposite  signs.  Such  equadons  are 
called  redproml.' 

If  we  divide  by  ic*,  we  reduce  (1)  and  (L)  to  the  forms 

'•("'4) -»("?)—"         <^>' 

«(/.^).»(.-i)+c.O  (11.) 

These  are  equivalent  to 

aL  +  -y  +  b(x  +  ^^  +c-2a  =  0  (3), 

3  and  III.  are  quadratics  in  x  +  Ijx  and  x  -  l/x  respectively.  If 
their  roots  be  a,  |8,  and  y,  S  respectively,  then  (3)  is  equivalent  to 


o  the  reciprocnla  of  the 


)  we  Hiitt  1/f  for  .r,  we  get  an  cnufltiou  which  is  equiva- 
bi  +  n^O.  HcnCT,  if  £  he  any  root  of  (1),  1/f  is  also  a 
I  two  of  the  four  rooti  of  {1]  are  the  reciprocals  of  the 
ii;iy  be  shown  that  two  ot  the  roots  of  (I. ) 


;  two  witli  tho  sign  changed. 
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that  is,  to 


Similarly,  III.  is  equivalent  to 

.r*-  yx 


(^-ar  +  1  =0) 


(4). 


|/-&r-l  =0J 


(IV.) 


The  four  roots  of  the  two  quadratics  (4)  or  (IV.)  are  the  roots 
of  the  biquadratic  (1)  or  (I.) 

Generalisation  of  the  Reciprocal  Equation. — If  we  treat  the 
general  biquadratic 

a.r*  +  1/3?  +  c^  ■\-i!x  +  e=^0 

in  the  same  way  as  we  treated  equations  (1)  and  (L),  we  reduce 
it  to  the  form 

Now,  if  efa  =  (f/b\  this  last  equation  may  be  written 

which  is  a  quadratic  in  a;  +  d/bx. 

Cor.  It  should  be  noticed  that  the  following  reciprocal  equations 
of  the  5  th  degree  can  be  reduced  to  reciprocal  biquadraticSy  and  can 
therefore  be  solved  by  means  of  quadratics^  namely^ 

ax^  +  bx*  +  cji?±C3if±bx±  a  =  0, 

where,  in  the  ambiguities,  the  upper  signs  go  together  and  the 
lower  signs  together. 

For  the  above  may  be  written 

a{af±l)  +  bx{^  ±  1)  +  c:^{x  ±  1)  =0, 

from  which  it  appears  that  either  a^+lorx-lisa  factor  on 
the  left-hand  side.  After  this  factor  is  removed,  the  equation 
becomes  a  reciprocal  biquadratic,  which  may  be  solved  in  the 
manner  already  explained.  The  roots  of  the  quintic  are  either 
+  1  or  -  1,  and  the  four  roots  of  this  biquadratic. 
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EXAMPLES 


EumpU  I. 

To  find  the  fifth  roots  of  + 1.    Lit  z  be  any  fiftU  root  of  4- 1  ;  thMi«^=l. 
Hence  we  have  to  solve  the  eqiutioD 

3^-1=0. 

This  is  equiviileiit  to 

The  latter  equation  is  t,  Mciptoeal  biqiudratic,  and  may  be  written 


(-S'H-y-'- 


ThsM  give  the  two  qnadiatiM 


1-V5 


TheaB  again  give  the  fallowing  four  rolaea  for  x : — 

-  {1  +  V5)/4±iV(">  -  2V6)/4,     -  (1  -  V6)/<±»V{1'>  +  2 V5)/4, 
these,  together  with  1,  are  the  Ave  fifth  roots  of  + 1.     This  will  bo  found  to 
»gT«e  with  the  resnlt  obtained  b;  naing  chap,  xii,  3  IB. 

Eiample  2. 

(i+o)'+(i  +  *)*=17{a-6)'. 

Tbia  eqnation  may  be  written 

(:e  +  «)'  +  (2  +  J)*=17{(iB+«)-(«  +  *)}« 

from  which,  by  dividing  by  {x  +  b)*,  we  dedace 


(S)*^ 


{*  +  l=17(f-W 
where  i=^x■^a)l(x■^.b). 

This  equation  in  f  is  reciprocal,  and  ma;  be  written  thne — 

Henco  f  +  i~^' 


From  tliifl  Inst  T' 


■(     2' 

1  =  1 
■*"{     i' 
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Hence  we  have  the  four  equations 

x-\-a_f.      g-f  a_.       a5  +  a_7±»\/(15) 
x+b"  *     x+b"^*     x+b"        8 

From  these,  four  values  of  x  can  at  once  be  deduced.  The  real  values  are 
x=a-2b  and  x=b-2a. 

§  9.]  By  introducing  auxiliary  variables,  ive  can  always  make 

any  IRRATIONAL  equation  in  one  variable  depend  on  a  system  of 

RATIONAL  equations  in  one  or  more  variables.     For  example,  if  we 

have 

\/(x  +  a)  +  ^/(a;  +  b)  +  ^/(x  +  c)  =  <f, 

and  we  put  u  =  s/{x  +  a),  v=  J{x  +  ft),  w=  J{x  +  c),  then  we 
deduce  the  rational  system 

tt  +  v  +  w  =  c?,     u'  =^x  +  a,     1^  =  x  +  b,     V?  =  x-\-c. 

Whether  such  a  transformation  will  facilitate  the  solution  de- 
pends on  the  special  circumstances  of  any  particular  case.     The 
following  is  an  example  of  the  success  of  the  artifice  in  question. 
Example. 

(a+aj)^(a-i')*=6. 
We  may  write  the  given  equation  thus — 

(a+a:)*+(a-a;)*= |{(a+x)  +  (a-a;)}^ 

Hence  we  deduce 

Let  now  y=  {(a+a;)/(o-a;)}  , 

we  then  have  y + 1  =  — -Ay^  + 1 )  . 

(2a)* 
From  the  last  equation  we  deduce 

2a(y+l)^=6*(y*  +  l), 

which  is  a  reciprocal  biquadratic,  and  can  therefore  be  solved  by  means  of 
quadratics.  Having  thus  determined  y,  we  deduce  the  value  of  x  by  means 
of  the  equation  (a + x)l{a  -  a;) = y*. 


Exercises  XXXII. 

(1.)  a>«-a:»»(6'»  +  c«) +  &"•<?*= 0. 

(2.)  ^'^■\-qc'^^=p ;  show  that  the  sum  of  the  two  real  values  of  x  is 


logr<7^ 


(3.)  2iC<i^)'^=^2-^(aJ*+aJ^«). 
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EXEBCISES  XXXII 


CEA7. 


(4.)  (9')*-2(8*)«8*^*=8>»+». 
(5.)  S'+^-^+S'-'-^^O. 

(6.)  (a;+X)  +  l/(aj+X)=/w. 

(7.)  (l-»+a?)/(l+a«-a;)=(l+a«+a;)/(l+aj+a«). 


(9.)  to*-81a:»+51a!»-81«+6=0. 
(11.)  8aj*-42a!»+2ftB»+42aj+8=0. 
(18.)  <uc>+&a:^-to-a=0. 
(15.)  (M;«+&a:^-fo-a=0. 
(17.)  a*+l=0. 


^x. 


(8.)  6Jc*  +  6a:^-88a?+6aj+6=0. 
(10.)  2a?*-7a:»+7a!»-7aj+2=0. 
(12.)  aa?+&K'+to+a=0. 
(14.)  aaj*+W+c=0. 
(16.)  aV+2ato»+Wa!?-c»=0. 
(18.)  a*+7a?*+»a*-»a?-7JB-l=0. 
(19.)  12a:*+a^  +  18a;»-iaa:»-a?-12=0. 

(20.)  Show  that  the  biquadratio  aa^+bai^+cs^+dx+e^O  can  be  solved 
by  means  of  quadratics,  provided  5/2a=4a(f/(4ac-^. 
(21.)  a;*  +  iac'+22ir»-16aj+2=0. 

(22.)  a?*+2(p-g)aj»  +  (;?'+g»)a!»+^>y(|i-g)»+py(|i'+iigf+g»)=0. 
(23.)  8/(ar»-7aj+8)-2/(jj»+7a;+2)=6. 

(24.)  aJ*A  +^y-(3^+Jc)  =  70.        (26.)  Va-«')  =  l  +  V(l+a^)/a 
(26.)  V(-^+l)  +  4=5/V(^  +  l)-  (27.)  (a;  +  6)*+(a;+5)"*=2. 

(-){fe-:)*-*}(-«)^={e:^-)--*}<--)*- 

(29.)  2af»  +  2\/(ar»+4a;-5)  =  4j?  +  8a;  +  5. 

(80.)  ar'+7a;-8=V(2j:2  +  14a;+2).  .     , 

(31.)  (ar-7)*  +  (ar  +  9)*  +  2(ar'  +  2a;-63)*=70-2a; 

(82.)  ^J{i^+px  +  a)-{'\/{x^+px+b)  +  \/{j^'\-px-\-c)  =  0, 

(33.)  Show  that  the  imaginary  7th  roots  of  +  1  are  the  roots  of 
a;^-aaj  +  l  =  0,  jc^ - jSx + 1  =  0,  a:*-7a;+l  =  0,  where  o,  /3,  y  are  the  roots 
of  the  cubic  ar*+a^-2jj-l=0. 

(84.)  a?*+4=a;V2V(«*-l)-  (35.)  5(l+a?»)/(l -««)=  {(l+«)/(l-a:)}». 

(36.)  (a-a;)»  +  (ar-fc)»=(a-6)».    (37.)   V^a;+ \5^(a;-l)=  v^(a;+l). 
(88.)  (aj+8)(z+8)(a:+13)(aj+18)  =  61. 


SYSTiaiS  WITH  MORE  THAN  ONE  VARIABLE  WHICH  CAN  BE 
SOLVED  BY  MEANS  OF  QUADRATICS. 

§  10.]  According  to  the  rule  stated  without  proof  in  chap, 
xiv.,  §  G,  if  wo  have  a  system  of  two  equations  of  the  /th  and 
7wth  degrees  respectively  in  two  variables,  x  and  ?/,  that  system 
has  in  general  ha  solutions.  Hence,  if  wc  eliminate  i/  and 
deduce  from  the  given  systoni  an  eciuation  in  x  alone,  that  equa- 
tion will  in  general  be  of  the  /y«th  degree,  since  there  must  in 
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general  be  as  many  different  values  of  3;  as  there  are  solutions  of 
the  original  systems.  We  shall  speak  of  this  equation  as  the 
Besultant  Equation  in  x.^ 

In  like  manner,  if  we  have  a  system  of  three  equations  of 
the  Zth,  mth,  and  nih  degrees  respectively,  in  three  variables 
x^  y,  z,  the  system  has  in  general  Imn  solutions ;  and  the  re- 
sultant equation  in  x  obtained  by  eliminating  y  and  z  will  be  of 
the  Imnth  degree  ;  and  so  on. 

From  this  it  appears  that  the  only  perfectly  general  case  in  which 
the  solution  of  a  system  of  equations  tvill  depend  on  a  quadratic  equation 
is  that  in  which  all  the  eqtuUions  but  one  are  of  the  1st  degree^  and 
that  one  is  of  the  2nd, 

It  is  quite  easy  to  obtain  the  solution  in  this  case,  and  thus 
verify  in  a  particulai'  instance  the  general  rule  from  which  we 
have  been  arguing.  All  we  have  to  do  is  to  solve  the  n  - 1 
linear  equations,  and  thereby  determine  n  -  1  of  the  variables  as 
linear  functions  of  the  nth  variable..  On  substituting  these 
values  in  the  nth  equation,  which  we  suppose  of  the  2nd 
degree  in  all  the  n  variables,  it  becomes  an  equation  of  the 
2nd  degree  in  the  nth  variable.  We  thus  obtain  two  values 
of  the  nth  variable,  and  hence  two  corresponding  values  for  each 
of  the  other  n  -  1  variables ;  that  is  to  say,  we  obtain  two  solu- 
tions of  the  system. 

Example  1. 

te+my+n=0  (1), 

aa3  +  2Aary+6y»+2saj+2/y+c=0  (2). 

(1)  is  eqaivalent  to 

y=  -  -  -  (3) ; 

and  this  value  of  y  reduces  (2)  to 

am^ji?  -  7JiiRx{lx  +  n)  ■\-h{lx-\-nf-¥  2gm'X  -  2/wi(te + n)  +  cm^ = 0, 
that  is, 
[am?  -  2Mm + hP)a? + %gw?  -  hmn + hrU  -flm)x + (hii^  -  2fmn + cwi=)  =  0    (4). 

The  original  system  (1),  (2)  is  therefore  equivalent  to  (3),  (4).     Now  (4)  gives 
two  values  for  a;,  and  for  each  of  these  (3)  gives  a  corresponding  value  of  y. 
For  example,  the  two  equations 

8;c  +  2y  +  l  =  0,     ar»  +  2xi/  +  3r-5c  +  t/  +  3  =  0, 
will  be  found  to  be  equivalent  to 


4IG  SYSTEM  IN  TWO  TABUBLE8  CSAT. 

Hence  the  two  aolntioQt  of  the  ByBtem  are 

x=    *  +  V6.        *-  Vfi; 
„        ,  l'=-V-IV8.     -V+W6. 

Example  2. 

The  system  is  etiDinlent  to 

se=-&i~S,    y=8i  +  6,    9(tf  +  U0i+88=l>. 

The  Bolutiana  are 

the  upper  dgD»  going  together  and  the  h>wer  together. 

g  1 1.}  For  the  sake  of  contrast  vith  the  case  last  coneiderad, 
and  as  an  illustration  of  an  important  method  in  elimination,  let 
us  consider  the  most  general  S78t«m  of  two  eqnationa  of  the 
2nd  degree  in  two  variables,  namely — 

03?  +  Stay  +  y  +  2^  +  2/y  +  c  =  0  (l^ 

«y  +  2h-xg  +  by  +  2^x  +  2/y  +  c'  =  0  (2). 

We  may  write  these  equations  in  the  forms — 

V  +  2(/u;  +jyy  +  (*»*  +  2gx  +  c)  =  Q, 
by  +  2{h'x  +f')ij  +  (aV  +  2ff-x  +  c*)  =  0, 
say  }>/+p!/-\-q  =  0  (!'), 

b'f/  +  p'V  +  9'  =  0  (n 

where  p  =  %(hx  +/),  5  =  na^  +  232;  +  c,  &c 

If  we  multiply  (1)  and  (2')  by  b'  and  by  b  respectively,  and 
subtract,  and  also  multiply  them  by  r/  and  by  q  respectively,  and 
subtract,  we  deduce 

(pft'-/%+(6'3-V)  =  0  (3), 

(6'3-igV  +  (p'3-H')i'  =  0  (*)i 

and  provided  bq'  -  b'q  4=  0,  (3)  and  (4)  will  be  equivalent  to  (1') 
and  (2').  In  general,  the  values  of  x  which  make  b^  ~b'q  =  0 
will  not  belong  to  the  solutions  of  (3)  and  (4),  nor  will  the  value 
y  =  0  belong  to  those  solutions.  Hence  we  may  say  that,  in 
general,  the  system 

{pb'-p'b}!,  +  {b-q-bq-)  =  0  in 

is  equivalent  to  (!')  und  (2'). 

Again,  if  ivc  multiply  (3')  and  (4')  by  h'-j  -  hq'  and  by  ji'/  -  j>'6 
respectively,  and  subtract,  wo  deduce 

(ft  -  w  -  0*'  -ri>)  (A-Pi)  •  0  (5), 
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and,  provided  63'  -  b'q  *  0,  (4')  and  (5)  will  bo  equivalent  to  (3') 
and  (4'). 

Hence  we  finally  arrive  at  the  conclusion  that,  in  general,  the 
Bystem 
liX"*"  +  2ji  +  c)  -  h(aV  +  2j'»  +  «'))'  -  4{S'(fa  +/) 

-  b(h'z  +/•))((*■«  +/)  K  +  2?!  +  c)  -  (fa  +/)  («V  +  Sj'i.  +  <0} 
.0     (6), 
{b\a3?  +2^  +  c)-  b{a'3^  +  2^x  +  c')}y 

■f  2{{Xx  +/'>(<ia?  +  2s»  +  c)  -  (fa  +/)  (aW  +  2j'«  +  «•)) 
=  0     (7), 
is  equivalent  to  (1)  and  (2). 

The  first  of  these  in  a  biquadratic  giving  four  values  for  x, 
and,  since  (7)  is  of  the  Ist  degree  in  y,  for  each  value  of  x  we 
obtiun  one  and  only  one  value  of  y.  We  have  therefore  four 
solutions,  as  the  general  rule  requires. 

In  general,  the  resultant  biquadratic  (6)  will  not  be  reducible 
to  quadratics.  It  may,  however,  happen  to  be  so  reducible  in 
particular  cases.  The  following  are  a  few  of  the  more  im- 
portant : — 

I.  If,  for  example,  b'/b  =/'//=  t^l<^  then  (6)  reduces  to 
j?[{b-{ax  +  2y)  -  b(a,'x  +  2y')i'  -  4(i'A  -  bh'Wx  +f)  {ax  +  2r?) 

-{hx+/){a'x^2g')  +  (h-c~hc')}]  =  0, 
two  of  whose  roots  are  zero,  the  other  two  being  determinable 
by  means  of  a  quadratic  equation. 

IL  Again,  if  a'ja  =  b'jb  =  k'/h,  it  will  be  found  that  the  two 
highest  terms  disappear  from  (6).  Hence  in  this  case  two  of  it« 
roots  become  infinite  (see  chap,  xviii.,  §  6),  and  the  remaining 
two  can  be  found  by  means  of  a  quadratic  equation. 

III.  If/=O,fl'  =  0,/'  =  0,  /  =  0,  it  will  be  found  that  only 
even  powers  of  z  occur  in  (6).  The  resultant  then  becomes  a 
quadratic  in  x*. 

IV.  The  resultant  biquadratic  may  come  under  the  reciprocal 
class  discussed  in  §  8  above. 

Most  of  these  exceptional  cases  are  of  interest  in  the  theory 
of  conies,  because  they  relate  to  cases  where  the  intersection  of 
two  conies  can  be  constructed  by  means  of  the  ruler  and  com- 
passes alone.     Another  interesting  case  is  given  below. 
VOL.  I  2  Z 
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Example  1. 
The  system  8a?+2ay+y«=17,    a^-2aEy+6y*=6, 

is  equivalent  to    12ary  +  14a»-80=0,     7Sa^-692a^+1800«iO^^ 
The  solutions  of  which  are 

x=+2,     -2,     +20/V(78),     -20/V{78); 

y=+l.     -1,     +1/V(78),       -1M78). 
Example  2. 

n{x^+2y)=l{l  +  2xy\    n(y«+2x)=i»(l+2a!y). 
Hero  the  elimination  is  easy,  because  the  first  equation  is  of  the  Irt  degree 
in  y.    We  deduce  from  it 

_  na^-l 

*''"2(te-n)' 
This  reduces  the  second  equation  to 

w(na:>-Z)»+8fw(ic-n)«=4w(te-n)»+4««{fe-ii){iia!«-Q, 
which  is  equivalent  to 

(?i«-4?m)a;*  +  4(2/»+«i»)a»-18nZa:»+4(2««+«m)a!+{P-4»m)=0. 
If  it=/,  this  biquadratic  is  reciprocal,  and  its  solution  depends  upon 

(Z-4m)^«+4{2Z+TO)H{8w»-200=0, 
where  ^=a;  +  l/z. 

In  general,  if  we  have  an  equation  of  the  1st  degree  in  x 
and  y  together  with  an  equation  of  the  nth.  degree  in  x  and  y, 
the  resultant  equation  in  x  will  be  of  the  nth  degree.  In  par- 
ticular cases,  owing  to  the  existence  of  zero  or  infinite  roots, 
or  for  other  special  reasons,  this  equation  may  be  reducible  to 
quadratics. 

Example. 

a;+y=18,     aj'  +  y3=4914, 
is  equivalent  to 

y=18-j',     ar»  +  (18-a;)»=4914. 

The  second  of  these  two  last  equations  reduces,  as  it  happens,  to 

ar'-18j!  +  17  =  0. 
Hence  the  finite  solutions  of  the  given  system  are 

a;=17,  1; 

y=l,17. 

§  12.]  A  very  important  class  of  equations  are  the  so-called 
Homogeneom  Systems.  The  kind  that  most  commonly  occurs  is 
that  in  which  each  equation  consists  of  a  homogeneous  function 
of  the  variables  equated  to  a  constant.  The  artifice  usually  em- 
ployed for  solving  such  equations  is  to  introduce  as  auxiliary 
variables  the  ratios  of  all  but  one  of  the  variables  to  that  one. 
Thus,  for  example,  if  the  variables  were  x  and  y,  we  should  put 
y  =  vXy  and  then  treat  v  and  x  as  the  new  variables. 
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Example  1. 

a^+ay=12,    ay- 23^=1. 
Put  y=vx,  and  the  two  equations  become 

a«(l  +  v)=12,    ix^{v-2v^)  =  l. 

From  these  two  we  derive 

aj«(l  +  v)-12a:»(v-2i?«)=0, 
that  is, 

a?{24i>>-llt?+l}=0. 

Since  x=:0  evidently  affords  no  solution  of  the  given  system,  we  see  that  the 
original  system  is  equivalent  to 

ar»(l+t;)  =  12,     24»»-ll«  +  l  =  0. 
Solving  the  quadratic  for  v,  we  find  17=  1/3  or  1/8. 
Corresponding  to  t;=:l/8,  the  first  of  the  last  pair  of  equations  gives  a^sB9, 
that  is,  z=^B, 

Corresponding  to  v=l/8,  we  find  in  like  manner  x=  db4%/(2/3). 
Hence,  bearing  in  mind  that  y  is  derived  from  the  corresponding  value  of 
X  by  using  the  corresponding  value  of  v  in  the  equation  y=:vx,  yre  have,  for 
the  complete  set  of  solutions, 

«=+3,     -3,     +4V(2/3),     -4V(2/3); 
y=+l,     -1,     +1/V6,  -1/V«. 

Example  2. 

a^+2yz=l,    y*+2aj=«i,    2'+2ajy=w. 

Let  x=uz,  y=:iVZf  then  the  equations  become 

(m«  +  2v)2»=/,    {f^+2u)z^=m,     {l  +  2uv)z^=n. 

Eliminating  z,  we  have,  since  2=0  forms  in  general  no  part  of  any  solution, 

w(u*+2i?)  =  /(l  +  2uv),    n[i^+2u)=m{l  +  2uv). 

We  have  already  seen  how  to  treat  this  pair  of  equations  (see  §  11, 
Example  2).  The  system  has  in  general  four  different  solutions,  which  can 
be  obtained  by  solving  a  quadratic  equation  (reducible  to  quadratics  when 

If  we  take  any  one  of  these  solutions,  the  equation  (l  +  2uv)2^=n  gives 
two  values  of  z.  The  relations  x=uz,  y^vz,  then  give  one  value  of  x  and  one 
value  of  y  corresponding  to  each  of  the  two  values  of  z. 

We  thus  obtain  all  the  eight  solutions  of  the  given  system. 

There  is  another  class  of  equations  in  the  solution  of  which 
the  artifice  just  exemplified  is  sometimes  successful,  namely, 
that  in  which  each  equation  consists  of  a  homogeneous  function 
of  the  variables  equated  to  another  homogeneous  function  of  the 
variables  of  the  same  or  of  different  degree. 

Example  8. 

The  system 

aa^+hxy+q/^^dx+ey,    a's^-¥b'xy  +  c'y^=cPx-\-e'y  (1) 

is  equivalent  to 

{a+bv+ci^)si?:={d+eo)x,    {a'  +  Vv+c^iP)Q!^=={<t+e'v)x  (2) 

where  y=vx. 


From  thli  lut  ijitem  we  daiiTe  the  ^item 

which  U  eqniTalsnt  (see  ehtp.  zir.,  f  11)  to  (S),  aloiig  witii 

(a+*«.+CTi')^=0  (fl, 

(d+«>)«=0  (6). 

If  we  oburre  thit  x=0,  y=0  U  a  solution  of  the  fjtttm  (1),  and  keep 
kcconot  of  it  •epantaly,  uid  ohseiTe  ftuther  thit  vftlue*  <rf  «  which  mtiilj  both 
(i)  and  (G)  do  not  in  genenl  exia^  we  eee  tb»t  the  eyitem  (1}  i«  eqniT^ent  to 

la+hi+n^((f+«'«.)-(«'+y«+«'*»)(<i+M)=0  (B) 

klongwith  (a+iv+n^«-<((+et>)=0  (7) 

and  K=0,     y=0. 

The  solntioD  of  the  given  aystem  now  dependa  on  the  enUa  (S).  nie 
thr«e  roots  of  thiacnbic  aahetitatediii(7)give&B  three  valnaaoTz,  andy=m 
prtB  thres  eoireapouding  aolntions  of  (1).  Thu,  counting  z=0,  g=0,  we 
hare  obtained  [ill  the  four  aolntiona  of  (1). 

The  cubic  {6)  will  not  be  redodble  to  quadntiaB  except  in  puticoltr  iiw, 
aa,  for  example,  when  nif  -  a'd=  0  or  ec'  -  £*«  =  0. 
For  example,  the  ajstem 

Sx^-2xy+ay*=x  +  12y,     «x'+3iry-Zy'=23:  +  2ay, 
ia  equiTalent  to  x=0,  y  =  0,  together  with 

(p(IllB'-88e  +  a)  =  0,     (3-2i'  +  3i!^3!=1  +  I2b. 

The  valnea  of  v  are  2/3,  4/37,  and  0.     Hence  the  aolntiona  of  the  ayatem  are 

x=0,     3,     185/227.     1/3; 

y=0,     2,     20/227,      0. 

g  13.]  Sffmmetricai  Si/siems. — A  system  of  equations  is  eaid  to 

be  sjniinotrical  when  the  interchange  of  any  pair  of  the  variables 

derives  from  the  given  system  an  identical  system.    For  example, 

x  +  tf  =  a,     3?  +  ^  =  b;         !^  +  y  =  a,     ^  +  ar  =  ffl; 

x-¥y  +  z  =  a,    a;*  +  y'  +  a'  =  6,    yz  +  zc  +  xt/  =  c, 

are  all  symmetrical  systems. 

There  is  a  peculiarity  in  the  solutions  of  such  systems,  which 
can  be  foreseen  from  their  nature.  Let  us  suppose  in  the  first  place 
that  the  system  is  such  that  it  would  in  general  have  aa  even 
number  of  solutions,  four  say.    If  we  take  half  the  solutions,  aay 


then,  since  the  equations  are  still  satisfied  when  the  values  of  x 
and  1/  are  interchungetl,  the  remaiuing  half  of  the  solutions  arc 

y  =  a,,  ... 
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If  the  whole  number  of  solutions  were  odd,  five  say,  then 
four  of  the  solutions  would  be  arranged  as  above,  Eiad  the  fifth 
(if  finite,  which  in  many  cases  it  would  not  be)  must  be  such 
that  the  values  of  x  and  y  are  equal ;  otherwise  the  interchanges 
of  the  two  would  produce  a  sixth  solution,  which  is  inadmissible, 
if  the  system  have  only  five  solutions.* 

These  considerations  suggest  two  methods  of  solving  such 
equatjons. 

1st  Method. — Replace  the  variables  by  a  new  system  of  vari- 
ables, consisting  of  one,  say  x,  of  the  former,  and  the  ratios  to  it 
of  the  others,  u,  v,  .  .  .  say.  Eliminate  x,v,..  .  and  obtain 
an  equation  in  u  alone ;  then  this  equation  will  be  a  reciprocal 
equation ;  for  the  values  of  u  are 

"  =  3^>       >    ^>       >  *<=■  {*°'J>  '*  ™*r  be,  w  =  1), 
Pi     a,     p,     a, 

that  is  to  say,  along  with  each  root  there  is  another,  which  is  its 

reciprocal.     The  degree  of  this  resultant  equation  can  therefore 

in  all  cases  be  reduced  by  adjoining  a  certain  quadratic,  just  a^ 

in  the  case  of  a  reciprocal  biquadratic 

2fui  Method. — Replace  the  variables  i,  y,  a,  ...  by  an  equal 
number  of  symmetric  functions  of  z,i/,  z,  .  .  .,  say  by  Ix,  Sxy, 
^xgz,  ....  &c.,  and  solve  for  these. 

The  nature  of  the  method,  its  details,  and  the  reason  of  its 
success,  will  be  best  understood  by  taking  the  case  of  two 
variables,  x  and  g. 

Let  us  put  u  =  x  +  y,  e  =  ly.  After  separating  the  solutions, 
if  any,  for  which  ar  =  y,  we  may  replace  the  given  system  by  a 
system  each  equation  of  which  is  symmetrical  We  know,  by 
the  general  theory  of  symmetric  functions  (see  chap,  xviii,,  §  4), 
that  every  integral  symmetric  function  can  be  expressed  aa  an 

*  We  htTS  snppoBed  that  for  M  the  solntions  (except  one  in  tiie  case  of 
on  odd  system]  x  +  y.  It  may,  however,  happen  that  x=y  tor  one  or  more 
solutiooa.  Such  solntions  cannot  be  paired  with  others,  since  an  interchange 
of  values  does  not  produce  a  new  solution.  This  peculiarity  must  always 
arise  in  systems  which  are  symmetrical  as  a  whale,  hut  not  symmetrical  in  the 
individual  equations.  As  aa  example,  we  may  take  the  symmetrical  system 
x'  +  y=a,  y*  +  a:=o,  throe  of  whose  solutions  are  anch  thatz=y. 
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integral  function  of  u  and  v.  Hence  it  win  always  be  pombla  to 
transform  the  given  system  into  &n  equivalent  qrstem  in  %  and  v. 

We  observe  further  that,  in  general,  u  and  v  will  each  have 
as  m&ny  valaes  as  there  are  solutions  of  the  given  system,  and 
no  more ;  bnt  that  ^e  values  of  u  and  v  corresponding  to  two 
solutions,  such  as  x  =  a,,  y  =  Pi,  and  x  =  p„  y  =  a,,  are  oquaL 
Hence  in  the  case  of  symmetrical  equations  the  number  of  sola- 
tions  of  the  system  in  u  and  v  must  in  general  be  less  than  osoaL 

Gorrespondii^  to  any  partioular  values  of  w  and  ^  say  «  =  a, 
«  =  ^,  we  have  the  quadratic  system  x  +  y  =  a,x!if^^  which  gives 
the  two  solutions 

x-{.*  ^(J-tmi',    y-(«T  V(.'-4»}/2. 

If  we  had  a  system  in  three  variables,  ii^  y,  x,  then  we  should 
assume  u  =  z  +  y  +  z,  v  =  yz  +  zx  +  xy,  w-  xyz,  and  attempt  to  solve 
the  system  ia  u,  u,  w.  Let  u  =  o,e  =  (8,  w  =  y,  be  any  eolation  of 
this  system ;  then,  since 

(£-«)({-?)({-»)•£■-<•  +  •£-", 

we  see  that  the  three  roots  of 

constitute  a  solution  of  the  original  system,  and,  since  the 
equations  are  symmetrical,  any  one  of  the  six  permutations  of 
these  roots  is  also  a  solution.  In  this  case,  therefore,  the  number 
of  solutions  of  the  system  in  u,  v,  to  would,  in  general,  be  less 
than  the  corresponding  number  for  the  system  iaz,  y,  z. 

The  student  should  study  the  following  examples  in  the  light 
of  these  general  remarks : — 

EiamrUl.  A(k>  +  ^  +  Bs!/ +C(z  +  !/)  +  D=0\  , 

If  ve  put  ysiK,  and  then  elimiii&t«  z  by  the  method  employed  in  %  II, 
the  remltant  equation  in  d  ia 

i(D'A)  +  (D'B)w  +  {D'A)t^t'=(D'C){l  +  i')={(C'A)  +  {C'B)T.  +  (C'A)v'i     (2). 
where  (D'A)  stands  for  D'A  -  DA',  (D'B)  for  D'B  -  DB',  nnil  so  on. 

The  bic|uaJratio  (Z)  is  obTiousIy  reciprocal,  and  can  tliereforo  be  solved  by 

Tbe  aolution  cun  then  be  completed  by  means  of  the  equation 

{(D'A)  +  (D'B)i.+  (D'A)ii'}i  +  (D'C)(l  +  v)  =  0  (3). 
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As  an  instance  of  this  method  the  student  should  work  out  in  full  the 

solution  of  the  system 

2{aP+y')-Zxy  +  2{x+y)-S9=0, 

8(ar»  +  ya)-4a:y+   (a;  +  y)  -  50  =;  0. 

We  may  treat  the  above  example  by  the  second  method  of  the  present 
paragraph  as  follows.    The  system  (1)  may  be  written 

A(aj+y)'  +  (B  -2A)xy  +  C  {x-\-y)  +  T)  =0, 
A'{x + y)'  +  (B'  -  2A')xy  +  C'{x + y)  +  D'  =  0  ; 

.,    ..  Att«+(B  -2A)r  +  Cw+D=0\ 

^''^^  '^  A V  +  (B'  -  2A')v  +C'u  +  D'=0)  ^*'' 

Eliminating  first  u^  and  then  v,  we  deduce  the  equivalent  system 

(A'B)t;  +  (A'C)w  +  (A'D)  =  0  \ 
( A'B) w2  +  { (C'B)  -  2(C'A) }  w  +  { (D'B)  -  2(D'A) }  =  0  /  ^  '' 

where  (A'B),  &c.,  have  the  same  meaning  as  above. 
The  system  (5)  has  two  solutions, 

M=o,  a', 

say,  corresponding  to  which  we  find  for  the  original  system 

x=  {adbV(a2-4/3)}/2,     {a'±y/{a'^-i^)}l2, 
y=  {a:FV(a'-4/3)}/2,      {a'zp  VC*"'- W}/2, 
in  all  four  solutions. 

This  method  should  be  tested  on  the  numerical  example  given  above. 

Example  2.  ar*+y*=82,    x+y=i. 

We  have  a?*+y*=(a:+y)*-  4icy(aj2+y«)  -  fiajVi 

={x+y)*-'ixy{(x  +  y)^-2xy}  -6a^, 

Hence  the  given  system  is  equivalent  to 

Using  the  value  of  u  given  by  the  second  equation,  we  reduce  the  first  to 

t;«-82v+87=0. 

The  roots  of  this  quadratic  are  3  and  29.     Hence  the  solution  of  the  u,  v 
system  is  u=4,  4, 

«=8,  29. 

From  a;  +  y=4,  ajy=29,  wo  derive  {x-y)''=  -100,  that  is,  a;-y=±10i; 
combining  this  with  jc  +  y=4,  we  have  a;=2±5i,  y=:p5i. 
From  x+y=4,  a:y=3,  we  find  x=S,  y=l ;  a:=l,  y=3. 
All  the  four  solutions  have  thus  been  found. 

Example  3.  a^=inx-\-ny,     y*=nx  +  my  [I), 

Let  us  put  y=vx;  then,  removing  the  factor  x  in  both  equations,  and 
noting  the  corresponding  solution,  a;=0,  y=0,  we  have 

These  are  equivalent  to 

a^=m+ni;,    ir*(m  +  m7)=mi;+n  (2). 


The  sBCond  of  thu«  mij  be  wiittan 

i<t>»-l)+«w(ii"-l)=0  (8), 

and  ii  therofon  equiralent  to 

'*"^(»*0''+(»''"0'''*'(H'*'0''*^"°r 

The  second  of  th««e  ia  »  redpnc*!  Inqiudiatic    Hencs  all  the  fin  roota  of  (S) 
can  be  foand  without  8olrIng  uiy  eqoatioti  of  highsr  df^cM  than  tha  Sni 
To  the  root  v^l  conrnpond  the  three  wlutiona, 

of  the  original  •^■tem,  when  (m  +  m)'^  u  the  Ml  Talne  of  the  cube  rMti  and 
u,  ^  aro  the  imagfiurj  cube  roots  of  unitj. 

In  like  manner  three  aolntiona  of  (I)  are  obtained  tar  each  of  tha  ratnain- 
ing  four  roots  of  (Z).  Henoe,  counting  x^O,  y=0,  we  obtain  all  the  nxtecn 
eoluttons  of  (I). 

The  reader  ahould  work  out  tha  details  of  the  numerical  caae 

and  calcalate  all  the  real  roots,  and  all  the  coefflcienta  in  the  complex  root^ 
to  one  or  two  places  of  decimals. 

Example  4.  y2-i-se+xi/=29, 

!(%  +  t)  +  «<;  +  x)  +  ^i+!/)  =  lB2, 
I^j/»  +  e») +st(2'+ a?) +z!/(a^ +  !/')= 538. 
If  we  pat  usx-t-y  +  i,  v=yi+sc  +  xy,  io=iys,  the  above  system  reduces  to 

o =28,     «T>  -  3 10=  1 82,     (u'  -  2c)r  -  Kto=  338. 
Hence  2ew-3ie  =  ie2,     26u'-itw  =  ieS0. 

Hence  2au'+ 81ii  -  2835 =0. 

The  roots  of  this  quadratic  are  u  =  Band  u=  -315/28. 

We  thus  obtain  for  the  values  of  u,  t>,  w,  9,  26,  24,  and  -  31S/26,  26, 
-  169.     Hence  we  have  the  two  cubica 

j«_9f»  +  28£-31  =  0, 

Twelve  of  the  roots  of  the  original  system  conaist  of  the  ui  permntationa 
of  the  three  roots  of  the  first  cubic,  together  with  the  six  permutations  of  the 
roots  of  the  second  cabic 

The  first  cubic  evidently  has  tho  root  f =2  ;  nnd  the  other  two  are  eaaily 
found  to  b«  I  nnd  i.     Hence  we  have  the  following  six  eolutioas  i — 
1  =  2,     2,     3,     3,     4,     4; 
y  =  Z,     4,     4,    2,     2,    3; 
;  =  4,     3,    2,     i,     a,    2, 
Other  sis  arc  to  ba  found  by  solving  the  second  cubic. 

g  14.]  Wo  coTwluUe  this  chapter  with  a  few  miscellaneous 
examples  of  artilicca  tlmt  aro  suggested  merely  by  the  {Xiculi- 
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arities  of  the  particular  case.  Some  of  them  have  a  somewhat 
more  general  character,  as  the  student  will  find  in  working  the 
exercises  in  set  xxxiv.  A  moderate  amount  of  practice  in  solv- 
ing puzzles  of  this  description  is  useful  as  a  means  of  cultivating 
manipulative  skill;  but  he  should  beware  of  wasting  his  time 
over  what  is  after  all  merely  a  chapter  of  accidents. 

Example  1. 

ox        by__{a+b)c  _ 

Let  a+x^{a-\-b+c)^,    b-\-y={a+b+e}n; 

the  system  then  reduces  to 

This  again  is  equivalent  to 

{(a+6){-a}2=0,    {  +  17=1. 

Hence  we  have  the  solution  f =a/(a+ft),  7i=bl{a  +  b)  twice  over. 

The  solutions  of  the  original  system  are  therefore  x=acl{a + 6),  y  =  ^/(o+ 6) 
twice  over. 

Example  2. 

aa:'+&cy+cy"=5aj^+ca!y+ay'=d  (1). 

This  system  is  equivalent  to 

(a-ft)2»+(ft-c)ajy+(c-a)y«=0  (2), 

flKc*+«ay+cy*=rf  (3). 

The  equation  (2)  (see  chap,  xvi.,  §  9)  is  equivalent  to 

aja=(c<r  +  l)/),    ar2/=(a<r+l)p,    y2=(6<r  +  l)p  (4), 

where  p  and  a  are  undetermined. 
Since  x^={xy)^t  we  must  have 

(c<r  +  l)(6<r+l)  =  (a<r+l)'. 

Hence  we  deduce  <r=0,     <r=    ^2_fcg  ^^^' 

The  first  of  these,  taken  in  conjunction  with  (4),  gives  x=y\  and  hence 

that  is  to  say,  two  solutions  of  (1).     If  we  take  the  second  value  of  <r  we  find 
^_p{c-a?  p(c-a)(a-5)        ,_p(«-6)«  .gx 

where  it  remains  to  determine  pl{a^  -  be).    This  can  be  done  by  substituting 
in  (3).     We  thus  find 

p/ia^  -  bc)=dl{a* + oc^  -  oi^ + ab^  -  a^b  -  dbc). 

We  now  deduce  from  (6) 

two  more  solutions  of  the  original  system. 

The  system  (2),  (3)  could  also  be  solved  very  simply  by  putting  y=w, 
as  in  §  12. 
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Eiampls  8. 

Thexe  eqniUou  give 


Hence  x  =  ±it{a;  the  two  lut  eqiuitions  of  thg  origiiul  ijitem  thengiTB 
y=±ca/b,  s=±able.    The  upper  ligiu  go  together  tnd  the  lowar  to 
BO  thst  ve  hftve  only  obtained  two  oat  of  the  poMible  eight  MlatioUb 

Example  4. 

«<K+r)=«»,    K.+«)=J»,     i<»+»r)=A 
This  cat)  be  reduced  to  lut  by  lolTing  for  yz,  a,  xg. 
Eiemple  6. 

x(x  +  y+i)=a\     yix  +  y  +  i)  =  b»,    i(z+y  +  «)=A 
Let  x+j/+t=p.     Thau,  if  we  add  the  thrae  sqnmtioiu,  m  haxa 
,i»=o»  +  i>  +  A 
Ilenee  p=  ±  V(a*+**  +  ifl  ;  »ni5  we  have 

dbg' ±i' jtfS 


1'=^.- 


Examplc  6. 
To  find  the  real  solntious  of 

z>  +  ^-l.J*=a'       (1),  fiy  +  i:)  +  ilf=k         (*), 

!/'  +  i«  +  f  =  6»        (2),  i,(J  +  x)  +  rt=ai         (6), 

i'  +  f  +  ')'  =  c»        (3),  n^  +  j/)  +  £.,  =  a6        («)■ 

From  (2},  (3),  and  (i)  we  deduce 

1fly+!)  +  'jf}'-{y'  +  i*  +  f|{='+{'  +  l')=0; 
thatU,  (f'-!/!l=  +  (Jl-W  +  (K-'W)'=0  (7). 

Every  solution  of  the  given  system  must  satisfy  (7)-    Now,  since  (f'-yi)', 
(fiJ-^f)*.  (f£-is)'  "re  all  positive,  provided  x,  y,  i,  f,  i),  f  be  all  Kal,  it 
follows  that  for  all  real  solutions  wo  must  have  f  =  y:,  fi;  =  f*,  fi  =  iy' 
Hence,  fcom  the  symmetry  of  the  system,  we  must  have 

f.„,    ,'.=1    f=»I.  (8), 

-f     "?■     •-?  <"■ 

By  means  of  (S)  we  rcdncff  (1),  (2),  (3)  to 

z{x  +  y  +  i)  =  a\    y(x+y  +  i)  =  i",     =(»:  +  j/ + 1)  =  c>. 
Ilplicc,  liy  Eiainple  5,  we  have 
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If  we  take  account  of  (4),  (5),  (6)  we  see  that  the  upper  signs  must  go  to- 
gether throughout,  and  the  lower  together  throughout ;  so  that  we  find  only 
two  real  solutions. 

Example  7. 

a<a;-o)=y2,    y(y-h)=zx,    z{z-c)=xy  (1). 

From  the  first  two  equations  we  derive  {x-y){x+y-\-z)=ax-hyf  which, 
if  we  put  p=a;+y+2,  may  be  written  {p-a)x={p-b)y.  Hence,  bearing  in 
mind  the  symmetry  of  the  system,  we  have 

*=r"/.'   y^r~h*    ^=r"/.  (^)' 

p  —  a  p  —  0  p  —  c 

where  p  and  a*  have  to  be  determined. 
From  the  first  equation  of  (1)  we  have 

p-a\p-d      J     (j>-b){p-cy 

Removing  the  factor  a-,  to  which  will  correspond  the  solution  x=y=z=Of 
we  find 

<r{(2a- 6-c)/)+ (6c -a')}  =a(p-a)(p- 6)0)- c)  (8). 

Similarly  we  find 

<r{(26-c-a)p+(«»-6«)}=6(p-a)(p-6)(p-c)  (4). 

From  (3)  and  (4)  we  now  eliminate  a-,  observing  that  in  the  process  we 

reject  the  factors  a-,  p-a,  p-b,  p-c,  which  correspond  to  three  solutions, 

namely, 

x=a,    0,     0 ; 

y=0,     b,     0; 

2=0,     0,     c 

We  thus  deduce  p = r , 

s 

which    gives    one    more   solution.      We  have  in    fact   p-a=:(6c-a^)/2)a^ 
p-b={ea'V^)l2a,  p-c^iab-t^/l^. 
Hence  (2)  gives 

_    <r   _(cg-y)(o6-c^ 
*"p-a"      8a6c-Sa«     ' 

and,  by  symmetry,  we  have  two  corresponding  values  for  y  and  z. 

This  example  is  worthy  of  notice  on  account  of  the  symmetrical  method 
which  is  used  for  treating  the  given  system  of  equations.  The  solution  might 
be  obtained  fully  as  readily  by  putting  x=uz,y=ivz,  and  proceeding  as  in 
§  18,  Example  3. 

Exercises  XXXIII. 

(1.)  a!+y=30,    ajy=216.  (2.)  a:-y=8,    ar»+y2=65. 

(3.)  aj»+y2=68,    a^=21.  (4.)  a:+y=8,    3ic2-2a^+y»=54. 

(5.)  a!+2y=x«,    2a5+y=y». 

(6.)  a!»+y»+2(«+y)=ll,    ^xy=2(x-\-y), 

(7.)  »*  +  y*=a*,    «+y=6. 


(8.)  ai^+lh=Fe-n.    *(»? +»^ =!"-»■ 

(10.)«+«*=e,    blx+aly=d. 

(11.)  Ifae+6v=l,a^+4v>=l,luTa(uilrMianlntitn,tluB</a+'ffytf'< 
knd  the  soloticui  in  qoMtion  ii  «e=aft,  f—tfi. 

(12.)  2x'-Sxy=l,     v*+e<9=8i.  (U.)  ^+iyB8«,    sy+y*=l 

(11.)  a»+law+j'=88,    a+r=2. 

(16.)  l/i"  +  l/«*=l/o»,     l/ffi  +  l/^=l/rt 

(IB.)  (pe+3if)(*/p+Wff)='^+y''+;^+j',    ^+irft-V». 

(IT.)  iz^  +  a' =  y'  +  i=  =  ()r  + !,)•+(«    i)». 

(18.)  (I    y)»=oV+tf),     (*+y)*  =  !»(«-»). 

(18.)<a'    **)/(>?+l/^  +  (a'+i')/(j^-Sfl=l,    iW-lW-Ot 

(21.)  2(=:-i,)+air=&,-(»-y)=7. 
(22.)  ,.  -,    7  .-I   +y  +  l),    «,=.12. 
(23.)   'Mr/-  UiV,    v  +  l^=l(te. 
(24.)  8(ai'+F*)-2zy=87.     4{a^+^-(te»-l«. 
(25.)  z>-j»=M8,     1-^=1. 
(28.)  zV  +  iiy'=192,     !C'+J('=2«. 
(27.)  a^  +  zy'=80,     r*i,' +^!/'=46S. 
(28.)  x*  +  j^  =  {a+b)[x-y),    ^  +  xy  +  9'=a-h. 
(2S.)  ii!»+iV+|(*=7«,    !i?-ry+j/'=ia. 

(80.)  .r.,(r  +  y)    <?.    a^+v>=72.  (81.)  z'+v«=ii*,    w+y= 

"■,  (32.)  z<  +  y*  =  97,     5:  +  y=6. 
<%'M^-)  ^  +  V*=ip'  +  ^>V,     t:+y=a.  (81.)  z»+y'=8S.    B+y= 

■''      (35.)  x"  V.    a^-y=&[v(z+-y).- 

(38.)  (x+,.   .      .■'■.->Ui,    (*-y)(ie'  +  s>)=8B8.   ... 

(37.)*'/y  +  yV='  =  l!,    ^  +  y  =  i.  ;  ".  ^      -' 

(88.J  iW    y*)=a'     a!!/(j!* +!/<)(»!' -v')=o.  -^    , 

(89.)  j^    x'+y*    y"-=6t,     ic'+aV  +  !^=W-  ■!    i  --^ 

{iO.)<^ly='^*-=V.    V'lx=i'-xy. 

(11.)  K+i/+V(»T)=H.    a!"+*»+iei(=81.  , 

(12.)  V(l    «M  +  Va-fl/f/)    Vd+oH    »+ir=t.  •>   '•■      -.' 

.(18.)!e+y+V(^-K')=«.     2yV(a^-j>)  =  6'. 

(41.)  V{^  +  12if)  +  \/(y>  +  12i)=S8,    a!  +  s=28. 

(46.)  v'Wl')  +  VW-''l-S/i.     V(.^/tf)  +  V(v'M=9V2/2- 

(18.)  VC»'+«)+V(l'-<')=Wo.    V(='-»)+V(i'-«)=W* 

(47.)  z*  +  y'=«*,     (.!:»  + y*)*  +  (2iy)*=J. 
(18.)a»+«'+y'+6'=vTJW»+y)-K»-j')!, 
j^-a'-j/»  +  S'=V2U»-!')  +  l(n  +  y)|. 
(19.)  {i'+<i')(j(»+4')=)n(iy  +  o*)>,     (x»-B')(.v'-i*)=»i(&c-ayy. 


^ 

r 


(50.)  :c=r/  + 


&    h 


xvn 
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Exercises  XXXIY. 

•(1.)  2aj=0,    2flaj=0,    2aV=8n(6-c). 
(2.)  (y-a)(a-o)=Jc,    (z-'b){x-b)=ea,    lx-c){y-c)=ab, 
(3.)  ya+2(y+2)=ll,    zx+2{z+x)=S,    xy+2{x+y)=16. 
^    d     1 

(5.)  Jc(y+«)=24,    y(2+sr)=18,    2(aj+y)=20. 

(6.)  a<y+2)=y(«+a;)=2(aj+y)=:l. 

(7.)  (z+x)(x+y)=a\    (aj+y)(y+2)=62,    (y+2)(2+a;)=c». 

(8.)  ax+yz=ay'k-zx=€Ui+xy=ji^, 

(9.)  a^+2y2!=128,    y»+2aj=168,    2>  +  2a;y=128. 
(10.)  a»(y+2)«=aV+l,    6»(2+a!)«=6V+l.    c2(aj+y)«=(j»22+l. 
(11.)  a(y+2-a!)=(«+y+2)«-26y,    6(2+a;-y)  =  (a:+y+2)3-2cz, 

c(aj+y-2)  =  (aj+y+2)2-2aa:. 
(12.)  2(a^-y2)-2(a:»-y2)=a«,     2(ai«-y2)-2(y2-2a;)=6>, 

2({B»-y2)-2(2»-ay)=c». 
(18.)  S6a;=0,    2ay»=0,     23^=1. 
(14.)  a(aj+y2)=6(y+«aj)=(j(»+ay),    a?+y'+2'+2aBy2=l. 
(15.)  aj(a+y+2)=y(a+«+a5)=2(a+a;+y)=8a(a;+y+2). 
(16.)  a:'+y^+2"=a*+2a5(y+2)-x',  and  the  two  eqaaUons  derived  fipom 

this  one  by  interchanging  -j  ^  V . 

(17.)  aa?=i+i,     Jy»=l-1,     a>=i+i. 
^      '  y    2*      *      2    as  X    y 

(18.)  y»2»+a»a!»+ajV=49,    {B»+y>+2»=14,    a<y+2)=9. 
(19.)  {yz-sx?)lalh:=(zx-y')lb^=^(xy-z^)lthi=llxyz. 
(20.)  ah?(y-\-zf^(a^'\-7?)}/^,  and  the  two  derived  therefrom  by  inter- 
changing {^}. 

(21.)  2aj»=o(2a5-2ar)=ft(2a:-2y)=(j(Saj-22). 

(22.)  («-l)(y+2-5)=77,     (y-2)(2+«-4)=72,    (2-8)(«+y-8)=65. 

(28.)  tt(y-a:)/(2-t*)=a,    2(y-a;)/(2-u)=6,     y(w-2)/(aj-y)=<;, 

a<tt-2)/(aj-y)=rf. 
(24.)  If  a?+y»+a^+toy2s=o,     8(y^+2^+aBV)=ft,     8(y2«+23B»+a^=c, 
show  that 

«+y+«=(a+6+c)  ,    a5+«*y+w%=(a+w6+«*c)', 

JB + «tf*y + «2 = (o + «*6 + wc)  , 

where  ci^ + » + 1 = 0.    Find  all  the  real  solutions  when  a = 72,    6=75,    c = 69. 
(25.)  a?-y2=a',    y^-«K=&*,    7?~xy=<?, 

m 

*  In  this  set  of  exercises  2  and  II  refer  to  three  letters  only  ;  and  11(6  -  e) 
stands  for  (6  -  c)  (c  -  a)  (a  -  6),  and  not  for  (6  -  c)  (c  -  a)  (a  -  6)  (c  -  ft)  (o  -  c)  (6  -  o), 
as,  strictly  speaking,  it  ought  to  do. 
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EZKRCIBEB   T»  »  V, 

EUminato* 

(].)  X  from  tb«  iTittm 

ex+d    <fx*d;    f»+f 
(2.)  « tndy  from 

(3.)  X  uid  y  ftoin 

(i.)  I,  y,  I  &om 

*(lf+*)=(^,    |f(»+B)=J»,    t(t»+y)=c*,    ayisA 
(G.)  ^  y,  I  from 

x+y+.=  0,     i+|+;=0,     2(j,-j,)=|(y-,)=f<,_rV 
(fl.)  X,  y,  I  from 

IAa?=0,     2Ay=0,    Io«=0. 
&iid  show  tliat  the  reanlt  ii 

Sl/{6^CA')+<!'(AB')-a'(BC)J=0, 
Vfhere  (CA')  =  CA'  -  C'A,  Ac 

(7.)  Show  that  the  foUoiriDg  ayatem  of  equations  iiia^y.iaroiiicontisteiit 
oalesa  r*  -  p*  =  inf,  and  that  tha;  have  an  inEnita  iiDmb«r  of  BolntioDB  if  this 
conditioD  be  fulfilled. 

EliniiDftte 
(8.)  xand  y  from 

(a-i)(o-if)=A     (6-x)(S-y)=?.     (■•-!e)(*-y)/(S-*)(o-y)=t 
(9.)  x,y,£  from 

(10,)  x,y,  ifrom 

ax  +  yz=bc,    b\i+ac=ca,     »+«y=at,    3!yz=ah;. 
(11.)  x,y,i  ftom 

2i'=p»,     Sr'=j',     2i»=r',    iryisa". 
(12.)  a;  y,  I  from 
(a!+a)(y+&H»+<!)=a*«.   (V-e)(*-i)=i^,   (i-o)(x-b)=J>,   (x-J){y_«)=A 
(IS.)  The  ayatem 

2i'  +  !'i"=>^'  +  S'a'=.  .  -=J-,'  +  y.'=rt', 
cither  has  no  aolution,  or  it  bos  an  iDDuite  number  of  solution!!. 

'  The  cliniinaut  is  In  all  cases  to  be  a  ratiouat  integral  ei|uation. 


CHAPTER  XVIII. 

General  Theory  of  Integral  Functions,  more 
particularly  of  Quadratic  Functions. 

REUTI0N3  BETWEEN  THE  COEFFICIENTS  OF  A  FUNCTION  AND  ITS 
ROOTS — SYMUBTRICAL  FUNCTIONS  OF  THB  ROOTS. 

§  1.]  By  the  remainder  theorem  (chap,  v.,  g  15),  it  follows 
that  if  a„  a,,  .  .  .,  a„  be  the  n  roots  of  the  integral  function 

i'f^+i'l"^"' +!*«*""*  +  ■    ■    ■+Pn-iX-^Pn  (l)t 

that  is  to  Bay,  the  n  values  of  X  for  which  its  value  becomes  0, 
then  we  have  the  identity 
p^+p,3f*-''*p^-^  +  .   .  .+pn 

=Ptlx^  a,)(x  -  a.)  .  .  .  ((E  -  o,J  (2). 
Now  we  have  (see  chap,  iv.,  §  10) 
(a:-a,)(:i:-«.)...(x-a^=3:»-P.a^-i  +  P^-S-...+(-l)»P„, 
where  P|,  Pi,  ■  •  -i  Pq  denote  the  sums  of  the  products  of  the  n 
quantities  a„  a,,  ,  .  .,  a„,  taken  1,  2,  .  .  .,  ft  at  a  time  re- 
spectively. Hence,  if  we  divide  both  sides  of  (2)  hy  p,,  we  have 
the  identity 

«>♦»:.— +?-V-  +  .   .   .+?-■ 
P.  ft  ft 

=x"-F^-^  +  F^-'-.  .  .  +  (-l)»P„     (3). 
Since  (3)  is  an  identilf,  we  moat  have 
Pjp.--T.,    PjP.-f.,     •  .  .,    ft./ft-<-l)"P.    (4)- 

In  particular,  if  ^0=  1,  so  that  we  have  the  function 

j?'+j.,i"-'+r^-'  +  .  .  .+y,  (5), 

then         ft- -P.,    ft-P„     .  .  .,    ft-(-l)"P,         (6). 
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Hence,  if  we  eonrider  the  roots  of  the  fimetim 

af^  +  p,:^-^  +  p^-*  + .  .  .+P»-iX+Pk, 
or,  wAol  amies  to  (Ae  same  thing,  the  roots  of  tte  eguatiOK 

then  -p,  u  the  mm  of  then  roots;  p^the  sum  of  all  the  produds  </ 
tlie  roots,  taken  two  al  a  time ;  -  p,  the  tvm  of  alt  the  produds,  taken 
three  at  a  time,  and  so  on. 

Thus,  if  a  and  /3  be  Uie  roots  of  the  qaadi&tio  function 
aa?  +  bx  +  c,  that  is,  the  values  of  x  which  satiefy  the  qoadratio 
equation  <u^  +  &E  +  c  =  0,  then 

a  +  p=-bja,     afi  =  eja  (7). 

Again,  if  a,  ^,  ^  be  the  roots  of  the  cubic  function  aif  +  b^ 
+  cx  +  d,  then 

a■^^  +  y= -bja,      py  +  ya  +  ap  =  ela,      apy=  ~  dja     (8). 
g  2.]  If  s„  s„s„  .  .  .,  Sr  stand  for  the  sums  of  the  Isl,  2nd, 
3rd,  .  .  .,rth powers  of  the  roots  a  and  ^  of  the,  quadratic  equation 
s^+P,x+pt  =  Q  (1), 

we  can  express  s„  s,,  .  .  .,  SfOS  inte^al  functions  ofp,  andp,. 
In  the  first  place,  we  have,  by  g  1  (6), 


Ag^ 


<2>- 


*ff=(.*l!l)--M 


=Px 


(3). 
Since  a  and  ^8  are 


To  find  9,  we  may  proceed  aa  follows, 
rooto  of  (1),  we  have 

a'  +y,o  +^,=  0,     jS"  +p,^  +p,  =  0  (4). 

Multiplying  these  equations  by  a  and  j8  respectively,  and  adding, 
we  obtain 

s,^PiS,+p^,  =  Q  (5). 

Since  s,  and  s,  are  integral  functions  of  ^i  and  p,,  (5)  detei-minca 
s,  as  an  integral  function  oi  p,  and  p,.     \Vc  have,  in  fact, 


M'^ 


(C). 
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Similarly,  multiplying  the  equations  (4)  by  a'  and  ^  respectively, 

and  adding,  we  deduce 

S4+i>iS3+i?A  =  0  (7). 

Hence  s^  may  be  expressed  as  an  integral  function  of  p^  and  p^j 
and  so  on. 

We  can  now  express  any  symmetnc  integral  function  whaia^er  of 
the  roots  of  the  quadratic  (1)  as  an  integral  function  ofpi  and  p^. 

Since  any  symmetric  integral  function  is  a  sum  of  sym- 
metrical integral  homogeneous  functions,  it  is  sufficient  to  prove 
this  proposition  for  a  homogeneous  symmetric  integral  function 
of  the  roots  a  and  p.  The  most  general  such  function  of  the 
rth  degree  may  be  written 

that  is  to  say, 

ASr  -  Bp,  Sr^a  +  Q?,*  5r_4  +  .    .   .  (8), 

where  A,  B,  C  are  coefficients  independent  of  a  and  p. 

Hence  the  proposition  follows  at  once,  for  we  have  already 
shown  that  Sr,  Sr^a,  ^.4,  .  .  .  can  all  be  expressed  as  integral 
functions  of  p^  and  p^ 

It  is  important  to  notice  that,  since  a  and  /3  may  be  any 
two  quantities  whatsoever,  the  residt  just-  arrived  at  is  really  a 
general  proposition  regarding  any  integral  symmetric  function  of 
two  variables,  namely,  that  any  symmetric  integral  function  of  two 
variables  a,  p  can  be  expressed  as  a  rational  integral  function  of  the  two 
elementary  symmetrical  functions  p^=  -  (a  +  j8)  and  p^  =  aj8. 

There  are  two  important  remarks  to  be  made  regarding  this 
expression. 

1st.  If  all  the  coefficients  of  the  given  integral  symmetric  function 
be  integers,  then  all  the  coefficients  in  the  expression  for  it  in  terms  of 
Pi  and  Pa  will  also  be  integers. 

This  is  at  once  obvious  if  we  remark  that  at  every  step  in 
the  successive  calculation  of  Si,  s^f  5a,  .  .  .,  &c.,  we  substitute 
directly  integral  values  previously  obtained,  so  that  the  only 
possibility  of  introducing  fractions  would  be  through  the  co- 
efficients A,  B,  C,  .  .  .  in  (8). 
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'2nd.  Since  all  tiie  equations  abovo  written  become  identttice, 
JiotnogeiicouB  throughout,  when  for  p,  and  p,  we  Bubstiluto  their 
vahiea  -  (a  +  ^)  and  aj3  reBpectlvel y ;  and  since  p,  's  of  the  Ist 
and  p,  of  tlie  2nd  degree  in  a  and  j8,  it  follows  that  in  eeery 
term,  of  any  function  of  p,  aiul  p,  which  r^resenls  tlu  value  of 
a  homogmams  symmetric  function,  the  sum  of  tkt  suffices  *  of  lite 
p's  must  be  equal  to  the  degree  of  the  symmetric  function  in  a  and  fi. 
Thus,  for  example,  in  the  expression  (6)  for  s,  the  Eum  of  the 
sufBxea  in  the  term  ~p',  that  is,  -p,piP,,  is  3 ;  and  in  the  tarm 
3p^p,  also  3. 

This  last  remark  is  important,  because  it  enables  uh  to  write 
down  at  once  all  the  terms  that  can  possibly  occur  in  the  ex- 
pression for  any  given  bomogoneoiiH  symmetric  function.  All 
we  have  to  do  is  to  write  down  every  product  of  p,  and  p„  or 
of  powers  of  these,  in  which  the  sum  of  the  suffixes  is  equal  to 
the  degree  of  the  given  function. 

EiaDLjjIc  1. 

To  calculate  a*  +  ^  in  terms  ofyi,  nndjij. 

This  is  a.  homogeDeous  symmetric  function  of  tlie  4th  degree.  Hence,  by 
the  rule  j  ost  Blatcd,  we  must  hive 

n'  +  j3'  =  Api'  +  B/i,  Va  +  Cj^S 
where  A,  B,  C  are  coeilli^ieDla  U>  be  dctumiined. 

In  tliB  first  place,  let^  =  0,  so  that  jii^  -a,  ;!5=0.  We  must  then  hove 
the  iJeotity  Q*  =  Aa'.     Hence  A  =  l. 

Wo  now  bave 

„«  +  ^  =  [a  +  ^).  +  B[a+p)V  +  C='j?'. 
Obaorring  that  the  term  a'^  does  not  occur  ou  the  left,  we  ace  that  B  must 
have  the  value  -  4. 

Lastly,  putting  a  =  -^  =  1,  so  thatpi  =  0,  jii=  -1,  wo  see  that  C  =  2. 
Hence 


The  same  result  might  also  be  obtained  as  follows. 

We  have 

S4+ji,3a+yj»5  =  0. 

Henoe,  uaing  the  values  of »:  and  ft  alresily  calculated,  w 

ehave 

31=  -Pi<.-pi'  +  ^PiPi)-pJ.pi' 

El»lni>le  2. 

Calculate  a" +  |S-''  + 0^(3= +  0=^;"  in  terms  of  j.,  and 

in. 

•  This  is  calltd  the  tceigkt  of  tlio  Kymuieli-ie  fum, 
Eigher  JIgebm,  §  56. 

Uou.     See  Salmon's 
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We  have 

Putting  P=0,  we  find  A=  - 1 ;  considering  the  term  a%  we  see  that  B=5; 
and,  putting  o=/3=l,  we  find  C=  -  6.     Hence 

Since  any  alternating  integral  function  *  of  a,  j8,  say  /(a,  )8), 
merely  changes  its  sign  when  a  and  P  are  interchanged,  it  follows 
that  we  have  f(a,  P)  =  -/OS,  a).  Hence,  if  we  put  /8  =  a,  we 
have /(a,  a)  =  -/(a,  a);  that  is,  2/(a,  a)  =  0.  Therefore  /(a,  a)  =  0. 
It  follows  from  the  remainder  theorem  that  /(a,  P)  is  exactly 
divisible  by  a  -  /8.  Let  the  quotient  be  g(a,  P),  Then  ^(a,  P) 
is  a  symmetric  function  of  a,  p.     For  ^(a,  P)  =/(a,  )9)/(a  -  P)y  and 

^(/?,  a)  =/(A  a)/09  -  a)  =  -/(a,  i8)/08  -  a)  =/(a,  /8)  (a  -  ^8);  that  is, 

^(a,  )8)  =  g(Pj  a).    Hence  any  alternating  integral  function  of  a  and 

P  can  be  expressed  as  the  product  ot  a- p  and  some  symmetric 

function  of  a  and  p.    Hence  any  alternating  function  of  a  and  p  can 

be  expressed  without  difficulty  as  the  product  of  ±  »J(p'  -  4ps),  and 

an  integral  fv/nction  ofp^  andpg. 

Example  3. 

To  express  a'/3  -  a/3^  in  terms  of  ^  and  p^. 

We  have 

a»/3-a/36=a/3(a*-/9*), 

=  (o-/3)a/5(o+/5)(a«+/3»), 

Every  symmetric  rational  function  of  a  and  P  can  be  ex- 
pressed as  the  quotient  of  two  integral  sjrmmetric  functions  of 
a  and  Py  and  can  therefore  be  expressed  as  a  rational  function 
of  pi  and  p^ 

Example  4. 

tt^+2tt'i3-f2tt/y+j9^_(tt+/3)»-tti3(tt+ffl 
a^P+ap*  "■         a/3(a+/3) 

-PiPi 
_Pi'-Pa 

§  3.]  The  general  proposition  established  for  symmetric 
functions  of  two  variables  can  be  extended  without  difficulty  to 
symmetric  functions  of  any  number  of  variables. 

*  See  p.  77,  footnote. 
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We  shall  fint  prov^  m  it«  most  geoeial  form,  N«wton*B 
Theorem  that  the  nuns  of  the  iategnU  powen  of  A»  rooU  tf  any 
integral  ^uaiion, 

can  be  expreued  at  inUgrat  funetioiu  ^  ;„  f,,  .  .  .,  p^,  wAow  eo- 
efficients  are  ail  integral  numbert. 

Let  the  n  roots  of  (1)  be  a,,  a,,  .  .  .,  ob,  uid  let  the  equation 
whoBO  roots  are  the  same  as  those  of  (1),  vith  the  ezceptjoa  of 
a.,  be 

a^-'  +  JVt"'' +  !?.«""'  +  -  .  .  +  vp.-i  =  0  (2); 

also  let  the  equation  whose  roots  are  the  same  as  those  of  (1), 
with  the  exception  of  a,,  be 

!l!-U.p.it-«  +  ^^-»  +  .    .    .+J>n-,  =  0  (3X 

and  BO  on. 
Then 

3^'^  +  ,Pi3f^  +  ,Ptlf*'^  +  .    ■    .+iPn-i 

=  ((E"  +  p,ai"-i+p^-'  +  ,   .  .+pj)l(x-a,), 
=  3r-^  +  (a,+p,y-^  +  (a,'+p,a,+p^3^-'  .  .   . 
+  (a,'+;..a,'-'  +  .    .    . +p,)l"-'-l  +  .    .    . 

by  chap.  Vt  §  13. 

Hence,  equating  coefGcienta,  we  have 

,p,  =  '^,       +P„  1 


+  Pr, 


(3'X 


=  o,"-^+;),ci,"- 


SimUar  values  can   be   obtained   for  ,p„  tP„  ,p„  .  .  .,  .Pn-i 
in  terms  of  a,  and  p,  ,Pa,--  ■,  2'n ',  i"id  so  on. 

Taking  the  {r  -  l)th  equation  in  the  eystem  (3'),  and  multi- 
plying by  «i,  we  have 

iPr-]"!  =  ''i''+7'i''i''"^  +  ■    ■    ■-'Pr-fi-i- 
Similarly 

)i'r-iiti  =  «/+i'i'l<'"' +  ■    ■    ■■^Pr-i'^i'i 

and  EO  on. 
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AddiDg  the  n  equations  thus  obtained,  we  have 

.Pr-,o. +.i',.,o,  +  .    .    .+^Pr,,a„  =  Sr+P,Sr-,  +  .    ■    ■+pr-,S,    (4). 

Now  ,Pr-,  is  the  sum  of  all  the  products  r  -  1  at  a  time  of  the 
n  -  1  quantities  -  o,,  -  a,,  .  ,  .,  -  a„.  Hence  ,pr.i«i  ia  the  sum, 
with  the  negative  sign,  of  all  those  products  r  at  a  time  of  the 
R  quantities  -a,,  -a,,  .  .  .,  -"n  which  contain  a,.  Similarly 
the  next  term  contains  all  tttose  products  r  at  a  time  in  which 
Of  occurs ;  and  so  on.  Hence  on  the  left  all  the  products  r  at 
a  time  of  the  n  quantities  -  oi,  -  n,,  .  .  - ,  -  on  occur,  each  as 
often  aa  there  are  letters  in  any  such  product,  that  is  to  say,  r 
times.     Hence  the  equation  (4)  becomes 

'Tpr  =  Sr+p,Sr.,+  .    ■    ■   +Pr-A, 
or  Sr+p,3r.i+  ■    ■    ■    +  pr.,S,  +  Tpr=  0. 

This  will  hold  for  any  value  of  r  from  1  to  n  -  1,  both  inclusive," 
We  have  therefore  the  system 


s,-^PA  +  2p, 
h+PA+P^i-^Spt 


<5). 


a,  is  a  root  of  (1),  we  have 


=  0. 


Again,  dnc 

Similarly 

o,"+p,a,"-'+ .  .  .+;>„  =  0; 
and  so  on. 

If  we   first  add   these   n   equations  as   they  stand,   then 

multiply  them  by  a,,  ot.  •  •  ->  '*n  iuid  add,  then  multiply  them 

by  a,*,  a,*,  .  .  .,  On'  respectively,  and  add,  and  so  on,  we  obtain 

Sb     +?,«„.,  +  .  .  .+nj>n 

"n+t+Px^n       +■    ■    ■+S,pn  =  0    \ 
«»+»+P|Sn+>  +  -    ■    ■  +  ««?«  = 


(6X 


and  so  on. 


The  equations  (5)  and  (6)  constitute  Newton's  Formula  for 
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aUcalitin^  a„  s,,  tt, .  .  .,  &&,  in  termaof  j),,^,  .  .  .,  jv  It  is 
obvious  that  i,,  <,,(„...  are  detennined  aa  rational  int^ral 
functions  of  p„  p,,  .  .  .,  Pn,  in  which  all  the  coefBdesta  an 
integral  numbers. 

A  little  consideration  of  the  formnls  will  show  that  in  the 
e^ession  fortfihe  mm  of  the  mffixa  of  At  p's  in  each  term  will 
ber. 

Hence  to  find  all  the  terms  that  can  possiblj  occur  in  i^  we 
have  simply  to  write  down  all  the  prodacts  of  poweiiB  oi  p„p„ 
.  .  . ,  ^n  in  which  the  sum  of  the  sufiBxes  is  r. 

Example. 

To  find  ths  iDiii  of  the  cnb«a  or  the  roots  of  the  equation 

^-2a?+to+l=0. 
We  h&ve 

5|-2=0,     si-2jj  + 2x3  =  0,     4-Z>,-l-3i,-l-3x1  =  0. 
Hence  »i=2,    sj=  -2,    »>=  -13. 

§  4.]  We  can  now  show  that  every  iidegral  symmetric  function 
of  Vie  roots  can  be  expressed  as  an  inte(frai  function  of  p^,Pt,  .  .  .,^„. 
The  terms  of  every  symmetric  function  can  bo  grouped  into 
types,  each  term  of  a  type  being  derivable  from  every  other  of 
that  type  by  merely  interchanging  the  vmables  a,,  a,,  .  .  .,  a„ 
(see  chap,  iv.,  §  22).  All  the  terms  belonging  to  the  same  type 
have  the  same  coefficient.  It  is  sufficient,  therefore,  to  prove  the 
above  proposition  for  symmetric  functions  containing  only  one 
type  of  terms.  Such  symmetric  functions  may  be  classed  as 
single,  double,  triple,  &c.,  according  as  one,  two,  three,  &c., 
of  the  variables  a,,  a,,  .  .  .,  a„  appear  in  each  term.  Thus 
2a|P,  2(1,^0,',  ^f^a^a/,  &c,  are  single,  double,  triple,  &c, 
symmetric  functions. 

For  tho  single  functions,  which  are  simply  sums  of  powers, 
the  theorem  has  alrcaiiy  been  established.  We  can  make  the 
double  function  depend  on  this  case  as  follows : — 

Consiiler  tlio  distribution  of  tho  jiroduct 

(..-+./+. .  .  +  .„.■)(,.,•+«.<+. . .+.,.»). 

Tenns  of  two  different  types,  and  of  two  only,  can  occur,  namely, 
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terms  derivable  from  ai^aj^,  that  is,  af'^%  and  terms  derivable 
from  a,Pa,^.     We  have  in  fact 

Hence  ^y^fL?  =  s^q  -  5p+g. 

Now  Spy  Sqy  Sp^q  Can  all  be  expressed  as  integral  functions  of 
Pi  9  Pay  •  '  '1  Pfi'     Hence  the  same  is  true  of  la^^a^. 

Here  we  have  supposed  p^q*  If  i>  =  ?>  then  the  term  a,Pa,P 
will  occur  twice,  and  we  have 

Sp^  =  2a,2P  +  22a,Pa,^  ; 

but  this  does  not  affect  our  reasoning. 

The  case  of  triple  functions  can  be  made  to  depend  on  that 
of  double  and  single  functions  in  a  similar  way.  In  the  distri- 
bution of 

every  term  is  of  the  form  aJ^aLv^Ow^,  where  t*,  v,  w  are,  lst>  all 
different;  2nd,  such  that  two  are  equal;  3d,  all  equal.  Any 
particular  term  can  occur  only  once  if  p,  q,  r  be  all  unequal. 
Hence  we  have 

In  the  last  equation  every  term,  except  ^aj^a^a^^  can  be  ex- 
pressed as  an  integral  function  oip^^p^^ .  .  . ,  |?n.  Hence  Sai^a^^aa'* 
can  be  so  expressed. 

If  two  or  more  of  the  numbers  p,  q,  r  be  equal,  then  each 
term  of  ^ai^oj^aa''  will  occur  a  particular  number  of  times ;  and 
the  same  is  true  of  certain  of  the  other  terms  in  the  equa- 
tion last  written.  But  this  does  not  affect  the  conclusion  in 
any  way. 

We  can  now  make  the  case  of  quadruple  symmetric  functions 
depend  on  the  cases  already  established ;  and  so  on.  Hence  the 
proposition  is  generally  trua 

It  is  obvious,  from  the  nature  of  each  step  in  the  above  pro- 
cess, and  from  what  has  been  already  proved  for  5,,  s^,  s^  .  .  ., 
that  in  the  expression  for  any  homogeneous  symmetric  function  of 
degree  r  the  sum  of  the  suffixes  of  the  p^s  wUl  he  r  for  each  term ; 
so  that  we  can  at  once  write  down  all  the  terms  that  can  possibly 
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occur  in  that  expreaoioR,  and  then  determine  the  c 
any  means  that  may  happen  to  be  convenient. 

It  is  important  to  remark  that  the  digrtt  m  f„  p^t  ■  •  -i  JFW 
of  the  fxprasion  for  lafa^aj  .  .  .  in  Unas  of  p,,  p,, ,  .  .,p^ 
must  he  equal  to  the  Mghed  of  the  indices  p,  9,  r  .  .  .  For,  let 
tbo  term  of  highest  d^^M  be  p,^*p^ . . .  p^,  then,  nnee 
Pi  =  iPi  ~aiii't=iP>-J>i<>i>  where  p„  ip^  &&,  do  not  contain  a,,* 
we  see  that  p^'p^.--Pn^  when  expressed  in  terms  of 
a,,  a,,  .  .  .,  On,  frill  intToduce  the  power  a,\+^+'  *  '+*■  with 
tlie  coefEcient  (- l)"j'i\p.^-.  ■  j»»-w  Now,  since  there 
are  no  terms  of  higher  d^^ee  than  pt^p^---Pn^,  if  the 
power  a,^'''^'^-  '  -^^  occur  again,  it  most  occnras  the  highest 
{vower,  resulting  from  a  different  term  of  the  same  degree ;  Uiat 
is  to  say,  it  will  occur  with  a  different  coefiBcient  and  cannot 
destroy  the  former  term.  Hence  the  index  of  the  highest 
power  of  any  letter  in  the  symmetric  function  must  be  equid 
to  the  degree  of  the  highest  term  in  its  expression  in  terms  of 

Although,  in  establishing  the  leading  theorem  of  this  para- 
graph, we  liavo  used  the  language  of  the  theory  of  equations, 
the  result  is  really  a  fundamental  principle  in  the  calculus  of 
algebraical  identities;  and  it  is  for  this  reason  that  we  have 
introduced  it  here.     We  may  state  the  result  as  follows : — 

Let  us  call  ^i,  1x,z„  2x,xfi,,  .  .  .,  ^,x^, ...(r„  the  n 
elementary  symmeirtc  functions  of  the  system  of  n  variables 
iTijXt,  .  ■  -,  a;„.  Tlien  we  can  express  any  symmetric  inUffral  function 
of  X„  x^  .  .  .,  x„  as  an  inletp-al  function  of  the  n  elementary 
symmetiic  functions,-  ayid  therefore  any  rational  symmetric  function 
of  these  variables  as  a  rational  fundion  of  the  n  elementary  symmetric 
functions. 

On  account  of  its  great  importance  we  give  a  proof  of  this 

*  Til")'  aru,  ill  fjiot,  the  functiona  of  a^,  oj,  .  .  .,  a„  deliucd  in  §  3.  See 
ExerKisis  ixxvi.,  SI. 

t  Salmon,  ITigher  Ahjrinv,  %  58. 
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proposition  not  depending  on  Newton's  Theorem  {which  is  itself 
merely  a  particular  case).* 

Lot  n?n  nSn  ■  ■  -I  njfi  denote  the  «  elemenUry  aymmetric 
fanctiona  of  the  n  yariables  Xi,  x,,  .  .  .,  x^  that  is  to  say, 
S^a:,,  2^,x„  .  .  .,  x,x,.. .  a:„;  and  let  n-i?,,  n-i!i.  ■  ■  ■>  n-i?B-i 
denotetben-l  elementary  symmetric  functionsofXiiX,, .  .  -jX^,, 
that  is,   "^.Xf,  Sx,x„  .  .  .,  x,x,. ..  ():„.,.     It  is   obvious   tbat^ 

when  ^  =  0,  „?,,  „s„  .  .  .,  n?n-i  become  „_iji,  n-i5>.  ■  ■  -.  n-i?n-i 
respectively. 

Let  us  now  assume  that  all  symmetric  integral  functions  not 
involving  more  than  n  -  I  variables  can  be  expressed  as  integral 
functions  of  „_, 2,,  n-i2i.  ■  ■  ■>  n-iJo-i-  Let /(a;,,  a:,, .  .  .,Xa.i,x^ 
be  any  symmetric  integral  function  of  then  variables  x„  2:,, .  .  .,Xn. 
Then  flxi,  x,,  .  .  .,  Zn-i>  0)  is  a  symmetric  integral  function  of 
^11  ^>  •  •  ■>  ^-11  &nd  can  therefore,  by  hypothesis,  be  expressed 
integrally  in  terms  of  „-,?,,  n-i?s.  ■  ■  ■,  b-i?b-i-  Let  this  ex- 
pression be  ^n-i?ii  n-it^ii  -  ■  ■)  >i-i?n-i)>  eo  that  <^  is  a  known 
function. 

Nov  assume 

f{z„  T,,    .    .    .,  Kn..,  X^  =  4{nq„  „S.,   .    .    .,  „?„_,) 

+  f{li.  ^,    .    -    -,ai,-„ll!«)       (7). 

Then,  since  ^n?i>  n?j>  ■  ■  .,  n?n-i)  is  a  symmetric  integral 
function  of  a;,,  x^,  .  .  .,  x^  y('{x„  x„  .  .  .,  z^.„  x„)  is  obviously 
a  symmetric  integral  function  of  these  variables. 

If  we  put  «„  =  0  on  both  sides  of  the  identity  (7),  then 

A^^.^ ^-i,  0)  =  ^(„_,?„„.,2„  .  .  .,  „.,2„„) 

+  ^^.,3-,,.  .  .,  ^-,,0)     (8). 

But/(3;„  X,, .  .  .,Xn-i,  0)  =  <^„_,3„  „.,q„  .  . .,  „.,5„.,).  Hence, 
by  (8),  ^i„  X,,  .  .  .,  x,^.^,  0)  =  0.  Therefore  the  integral 
function  ^(a;,,  x,,  .  .  .,  a^,.,,  x^  is  exactly  divisible  by  some 
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power  of  x^tay  x^;  ttence,  on  accoant  of  its  Hymmetry,  bIbo  by 
a^',  Xt',  .  .  .,  «■-]"•    We  may  therefore  pat 

^X^,X„   .   .   .,  Xn->,0  =  ^»'M<^,!^,   ■  ■   ■."i.-i.a*). 
where  />  is  a  Bymmetric  integral  function  of  Xi,  a^,  .  .  .,  z.  of 
lower  degree  than  / 

We  can  now  deal  with  /,  in  die  same  way  as  we  dealt  with 
/;  and  80  on.  We  shall  thus  resolve  /(x,,  x^,  .  .  .,  s«_„  x^ ' 
into  a  closed  expression  of  the  form 

-^  +  ^«"V.  +  rf-""-^*.  +  ■  ■  ■  +  »9-"*"^  ■■■■*""-*-    (9). 
where  ^„  ^,  .  .  .,  ^  are,  like  ^  all  known  fnnctioni  of  i^i, 

If,  therefore,  the  integral  expression  in  question  be  possible 
for  n  -  1  Tariables,  it  is  possible  for  n  variables. 

Now  every  Integral  function  of  a  single  variable,  x^,  is  a 
i^mmetric  function  of  that  variable,  and  can  be  expressed 
integrally  in  terms  of  iji,  which  is  simply  x,.  Hence  it  follows 
by  induction  that  every  symmetric  integral  function  of  n  variables 
can  be  expressed  as  an  integral  function  of  the  n  elementary 
symmetric  functions. 

Cor.  It  follows  ai  once,  bymdudion,  from  tlieform  of{d)  Viai  the 
eot^kients  of  the  expres^on  for  any  symmetric  integral  function 
f(xi,  z,,  .  .  .,  z„)  in  (emw  of  „5i,  „q„  .  .  .,  „q„  are  inte^al 
functions  of  the  coefficients  off.  In  particular,  if  the  coefficients  off 
be  inlegrai  nutnbers,  the  coefficients  of  its  ejepression  in  terms  cf 
iil\i  n3ii  ■  ■  -.  b5b  wiW  "^^  ^  integral  numbers. 

We  now  give  a  few  examples  of  the  calculation  of  symmetric 
functions  in  terms  of  the  elementary  functions,  and  of  the  nse  of 
this  transformation  in  establishing  identities  and  in  elimination. 

ExBtiijile  1. 

If  a,  ft  7  bo  the  roots  of  the  Epilation 

eipreaa  ^'y  +  ^y"  +  y'a  +  ya' 4  a^,S  +  a^  in  lorms  olpi,  p^,  p^. 

Here  wu  liovo  p,  —  -a.  p,  —  1a^,  ji^  =  apy.  JioniciHberiiig  that  no  term  of 
liiglicr  dtgrco  than  thti  3rd  can  occur  in  tbo  valua  of  la?§,  wo  see  that 


xviii  EXAMPLES  443 

2a»/3=Api^+Bpi;)j+Cpj«  (1), 

where  A,  B,  C  are  nnmbers  which  we  have  to  determine. 

Suppose  7=0  ;  then^=a+/3,  ^=a/3,  pi=0  ;  and  (1)  becomes 

that  is  to  say,  a»+/9»=A(o+/3)«+Ca/3. 

Hence  A=l,    C=-2. 

We  now  have  2a'/3  =pfy2 + ^PiPz  -  2^2* 

Let  a=/3=7=l,  so  that^=8,  Pi=Z,  ^=1.    We  then  have 

6  =  27  +  3B-18. 

Hence  B=-l. 

Therefore,  finally,  2a'/3  =pi^  -  pipz  -  2pa'. 

In  other  words,  we  have  the  identity 

2:a«/3s(2a)«Sa/3  -  o/SyZa  -  2(2:a/3)». 
Example  2. 

To  show  that 

(yz  -  stu)(2aj-yw)(ay-«*)=(y2U+«iaj+tta!y +0^2)' -a;y2u(aj+y +«+!*)'     (2). 

The  left-hand  side  of  (2)  is  a  symmetric  function  of  x,  y,  z,  u.     Let  us  calcu- 
late its  value  in  terms  oi pi^la,  p^^'Lxy^  pi=Zxy2, pi^xysu. 

Since  the  degree  of  U{yz  -  xu)  in  a;,  y,  z,  u  is  6,  and  the  degree  in  x  alone 
is  8,  we  have 

n(y2  -  aru) = Apfyi  +  hpip^pi + 0^2*  +  Dp2P4  +  Ep8«  (3). 

If  we  put  u=0,  then  pi—'Si^  P3=^^^^>^»  Pi=xyz,  ^^4=0,  where  the  suffix 
8  under  the  2  means  that  only  three  variables,  o;^  y,  2,  are  to  be  considered.  If 
P11  i'Sf  i^  have  for  the  moment  these  meanings,  then  (8)  becomes  the  identity 

jjj«=Bpi;?,l)8+ CP2«+ Ep8«. 
Hence  B=0,    C=0,    E=l. 

Hence  II(y2  -  oru) = Api^i + l^PiP*  +  ;>»'  ( 4 ). 

Now  let  SB=y=l,  and  2=1*= -1,  so  that  j?i=0,  |)2= -2,  |J!i=0,  j74=l. 
Then  (4)  becomes 

0=-2D. 

Hence  D=0. 

We  now  have  Il{yz  -  xu) = Apfyi +/?»'. 

In  this  put  a;=y=2=:i«=l,  and  we  have 

0=16A  +  16. 

Hence  A=-l. 

Hence,  finally,  Tl{yz-xu)=pz^-pfy4i 

which  establishes  the  identity  (2). 

Example  8. 

If  a? + y + 2= 0,  show  that 


g"+y"-t-2^^_a^+y*+2^    afi+^+a^    (g»+y»-t-2»y    a^+f^-^s^ 
------  9*2 

(WolsUnholtM.) 


11         ~        3  2  9  2  ^'^^ 


l(pi=7x,pis!lxi/,pf=xyt,»t=Z^,H=2tf,^e.,  than  m  tn  raqnlied  to 
prove  th&t 


W 


IB 


(8). 
{8). 
<10). 


We  know  that  «ii  ia  a  ntional  fonctian  otpi,  p%,  pt.  In  the  pr— ant  caw 
jii=0,  and  we  and  only  write  down  thoM  t«niii  which  do  not  contain  pi. 
Wa  thus  have 

*u=iM'+Bw^  (fl), 

provided  «+y+i=0. 

A  ma;  be  meet  limply  detenninad  bj  pntting  t=  -  (x+y),  writing  ont 
both  sides  of  (8)  ae  fnuctiona  of  x  and  y,  cUviding  by  xy,  and  comparing  Qie 
coefficients  of  ii^.    We  thai  find  A  =  II. 

We  have  thsrefbre 

»a=llj*iVi+Bptfi'. 

In  this  hurt  equation  we  may  give  x,  y,  *  any  vallM*  oonaiatant  with 
x+y+t^O,  lay  !E=2,  ^=-1,  »=-!.    We  thai  get  B=  - 11.    Hence 

ii=iiftV.-"w.'  in 

In  Uke  manner  we  have 

Putting  in  this  equation  fint  z=l,  y=  -1,  i=0,  and  then  2=2,  V=-l, 
i=-l,  wefind  A=S,  B=  -8, 

Hence  »s=2pa*-8j>yj»' 

We  also  find  i)  =  Spt 

From  (S),  (0),  and  (10)  we  deduce 

^-^-lhW-ip^P7')  +  3p»'p,. 

_Sll 
II' 

which  13  the  required  equation. 

Since  we  have  four  equations,  (7),  (8),  (9),  (10),  and  only  two  qnantitiea, 
pi.  Pi,  to  eliminate,  wo  can  of  course  obtain  an  inGnity  of  difieront  relations, 
auch  as  (5) ;  all  theae  will,  however,  be  equivalent  to  two  independent  equa- 
tions, say  to  (G),  and 

72S,  =  95,*+1*.5'  (11). 

Example  1. 

Eliminate  x,  y,i  from  the  equations  x+y  +  z=0,  3?  +  y'+P=a,  d'  +  y'-t-i* 
=  b.^  +  y'  +  :?  =  C 

Using  the  same  notation  as  in  last  example,  wo  can  show  that 
Si-^ll,     Si=-5p-ips.    Hr-'pJ'j'i- 
Our  elimination  proMcm  is  therofore  reiliiwd  to  the  following  ;  — 

To  cliniLLiate  jia  aiid;ia  from  the  pquatioiia 

This  can  lie  done  at  once.     The  result  is 
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Exercises  XXXVI. 

a  and  p  being  the  roots  of  the  equation  a^'i-px-{-q=0,  express  the  follow- 
ing in  terms  ofp  and  q  :— 

(1. )  a»  +  /3».         (2. )  (a« + ^)l{a  -  /3)«.         (3. )  a-»  +  ^\         (4. )  a-»  -  fi^, 
(6. )  (a»  +  j9»)-i  +  (a»  -  ^)-\  (6. )  (1  -  afp'  +  (1  -  /3) V. 

(7. )  If  the  sum  of  the  roots  of  a  quadratic  be  A,  and  the  sum  of  their 
cubes  B',  find  the  equation. 

(8.)  If  8n  denote  the  sum  of  the  nth  powers  of  the  roots  of  a  quadratic, 
then  the  equation  is 

(9.)  If  a  and  p  be  the  roots  of  3i^+px+q=0,  find  the  equation  whose 
roots  are  (a  -  h)\  (p  -  hf, 

(10.)  Prove  that  the  roots  of 

are  J7+ ci)g,  j7  +  (ii'g,  ia  and  cii'  being  the  imaginary  cube  roots  of  1. 

(11.)  If  a,  /3  be  the  roots  of  a*+a+l,  prove  that  a"  +  /3»»=2,  or  =  -1, 
according  as  n  is  or  is  not  a  multiple  of  8. 

(12.)  Find  the  condition  that  the  roots  of  a2^+&a;+c=0  may  be  deduc- 
ible  from  those  of  a'a^  +  ^x+c'sO  by  adding  the  same  quantity  to  each  root 

(18.)  If  the  differences  between  the  roots  of  a*+^+g=0  and  x^^-qx+p 
=  0  be  the  same,  show  that  either  2?=gorp+g  +  4=0.  What  peculiarity  is 
there  when  J? =g? 

Calculate  the  following  functions  of  a,  /3,  y  in  terms  of  j7i=Za,  j^=Za/3, 

(14.)  aVi37+/32/7a+72/ai3.  (15.)  a-«+j8-5  +  7-». 

(16.)  (/3»  +  y)(7*+o«)(a«+/9»).  (17.)  S(aH /37)/(a« - i9y). 

(18.)  203-7)'.  (19.)  2(a-/3)»(^-7)'.  (20.)  2(/9  +  7)». 

Calculate  the  following  functions  of  a,  p,y,  S  in  terms  of  the  elementary 
sjrmmetric  functions : — 

(21.)  2a\       (22.)  2a-9.       (28.)  Za^p*.       (24.)  J^a^Py,       (25.)  2(a  +  /9)*. 

(26. )  If  a,  /3, 7, 5  be  the  roots  of  the  biquadratic  a^  ^pis^  +p^  +p^  +Pa = 0, 
find  the  equation  whose  roots  are  py+a8,  7a+/35,  ap+y8. 

(27.)  If  the  roots  of  a?-pix-\'P2=0,  x*-gia;+5'j=0,  x*-riaj+r2=0,  be  ft 
7 ;  7,  a ;  o,  /3  respectively,  then  a,  ft  y  are  the  roots  of 

aj'-iCPi+?i+n)a5'+(;^  +  ?2+ra)aj-Jtpigiri-l>iP2-?i?2-n»'2)=0. 

(28.)  If  a,  ft  7  be  the  roots  ofsfi+px-hq=0,  show  that  the  equation  whose 
roots  are  a  +  fty,  p  +  ya,  y+ap,  iaa?-jja?-\-{p-\-Zq)x+q-'{p  +  q)^=0. 

(29.)  If  a,  ft  7  be  the  roots  of 

j?/(a + »)  +  g/(6 + «) + r/(c + a;)  =  1, 
show  that  p = (a + a)  (a + /3)  (a + y)l(a  -  6)  (a  -  c). 

If  o,  /3  be  the  roots  of  a?-{-piX+p2=0,  and  a',  p^  the  roots  of  a?+pix+pi 
=  0,  express  the  following  in  terms  otp^tpt,  pi\  p,' : — 

(80.)  (a'-a)03'-/3)  +  (o'-/3)03'-a). 
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(SI.)  (•'-«)»+0>'-«'  +  (a'-«»+(fl'-.f. 
(38.)  {■+O(^+fl0(»+«0»+«1. 
(33.)  4(«-.')(»-p')(|9-«')tf-n 
[The  raanlt  in  thii  cua  !■ 

(34.)  A,  A'  and  B,  B'  us  four  point*  on  m  itni^t  Una  wIiom  diitauMi, 
from  A  fixed  point  0  on  that  line  (light  or  left  Kcording  •■  the  «]g«lnla 
Ttlne*  ere  podtin  or  oogatiTe),  m  the  raots  of  the  aqutlou 

If  AA'.BB'+AB'.BA'^O, 

■howUut  9iw'+3e'a-U'=0; 

mndif  AA'.BA'  +  AB'.BB'sO, 

that  Bai''-S!c'iM'+iiy-«W=0. 

(3G.)  a,  ji  in  the  root*  of  a^-Saz+f^O,  and  a',  ff  Qie  toott  of 
x>-2ce-i-ij*=0.     Ifaa'+J^-=4ii*,  ahowthet 

(<.»-6>)((»-<P)  =  (M-2»V. 

(3S.)  D,  ^,  a',  ^,  being  m  in  last  exeti3M,  form  the  eqution  whose  roots 
tnaa'+p^,  aj9'-fa'^. 

(37.)  If  the  roots  of  oj?  +  ii  +  e  =  0  be  the  squwe  root*  of  the  roote  of 
o'a»+i'j!+('=0,  show  that  o't>+a»6'=Sao'c 

(38.)  Show  that  when  two  roots  of  a  cubic  are  equal,  its  roola  can  always 
bo  obtained  b;  meant  of  a  qoadiatic  equation. 

Exemplify  by  solving  the  equation  IW- 663^+87*- 45=0, 

(39,)  If  one  of  the  roots  of  the  cubic  ;^+pii^+ptt+pt=0  be  equal  to  the 
som  of  the  other  two,  solve  the  cubic  Show  that  in  this  case  the  coefficients 
most  satisfy  the  relation 

Pi'-ip>Pt  +  Sp,=0. 

(40.)  If  the  square  of  one  of  the  rootsof  the  coble  :^+p|X*+^«c+Ji)=D  be 
equal  to  the  product  of  tbe  other  two,  show  that  one  of  the  roots  is  -p^Pt  i 
and  that  the  other  two  ore  given  by  the  quadratic 

PlP^  +W(Pl'  -P*)^  +Pi'l>t-0. 
As  an  example  of  this  case,  solve  the  cnbic 

a*-ar*-flar  +  843=0. 

(41.)  If  two  roota  of  the  biquadratic  !E*+j)ii'+p»i^+fW!+j'4=0  be  equal, 
show  that  the  repeated  root  is  a  common  root  of  the  two  equations 
li?  +  SpiX'  +  ip^+pi-0,    3*+p,i^-i-p^+pfi:+pt=0. 

(42.)  If  the  three  variables  r.y.tha  connected  b;  the  relation  Zz=xp, 
show  tliat  Z'ix/{l-x')  =  tt2j-Hl-x^. 

(J3,)  If  Zj-=0,  show  that  2Sj?  =  ra',P/;Sjr'. 

(44,)  If  1j-=0,  show  thut  Zc»=2(^y;)'  -  8ih/VZyt. 

(J5.)  If    Za^Q    (tbroo     variables),    then    (2(ft'-c=)/ii'){Ia7{f -<^1)  = 

(46.)  ^1.1^  =  0,  S,c'  =  0  (three  vaiiiiblcs),  show  that  2j!'  +  iy:[(tf-:)(:-«) 
{^-?))'  =  0. 


(17.)  Hi 

{18.)  r»i 

«z(ii  + 1)* + (rf«-)rt_  ■fi.—fi 
EUmintt*  ^  |i'  •  <**■ 

(50.)S^=«',    i^-=^    i—^    ^^ 
(61.)  ShowtliiCj5=>-^^i._^ 
p«=-J>i..l«.,  wbtK^.y.,  m-m^ 

BPBCIAL  IKnfeSK  r  »«»^ 
§  5.]  iXsmiMM^M  «>  J-^  ^ , 
xvii.,  §  4)  how,  viuHK  mm^m^  .  .^lu .f 
tingulsh  between  am  «^  ^  ' 

inary.     There  ire  tf^  »  ^      *" 
for  whichiti8coiiTeiiiaE».jfc^-^ 
by  means  of  the  ttlB«  j^^Tr" 
of  the  equation  ^'vm'm\',^  -        ^"^ 
the  roots  of 

•*.  _ 
then  "*^--%.i'^^ 

If  both  a  and  j3  be p^j-^j  "^^ 
tive.  Conversely,  if  ^  VmZ^* 
Mgna;  and  if  a  +  Pb«ih,j^?^'*t 
be  positive;  but  if  u  +  By^^'*'^ 
must  be  negative,     Heim^^^''*' 

ixt^  Ike  necfssary  and 

thai  hja  be  positive  •""'e/aj^^^ 

that  the  condition  ^or  tien^j?" 

Bcality  being  pifefiuppj^j  ^ 
tliai  the  roots  hare  nppog^ tk»i^^7^ """'  tnijfu'uvl  ""^ 

The  necessiin/ and a^a^^l*^ Outt  rUi  U.  vi-'fif^^ 
ullij  cpuil,  M  of  oppoeilt  ^^^^  llf  i,iu,ti«iUI"^ 

If  one  root  vaniali,  U|^^^'0,rt,i( 
then  at  leaat  """  "'  ♦•"■ '-   ^' 


•tun,,..,,,. 
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tary  and  guffiaeiU  eoHdUion/or  one  xem  root  it  efa  =  0,  thalU,e  =  0, 
a  being  scppoaed  finite. 

If  both  rooto  vanisli,  then  a;3  =  0  and  a  +  j8  =  0;  and,  otm- 
versely,  if  a;3  =  0  sod  a  +  ^  =  0,  then  botli  a^O  aiid/3  =  0;  for 
the  first  equation  requires  that  either  a  =  0  or  /3  =  0,  say  a  =  0 ; 
then  the  second  gives  0  +  ^  =  0,  that  a,  0=0  also.  Bmet  the 
necessary  and  tt^deni  condition  for  two  zemnott  it  eja  =  Of  b/a  =  0, 
tluit  is,  a  being  supposed  finite,  c  =  0,  (  =  0. 

The  two  Lut  conclusions  have  already  been  arrived  at  in 
chap,  xvii.,  §  2.  Perhaps  they  will  be  more  fully  understood  l^ 
conBidcring  the  case  as  &  limit.  Let  us  suppose  that  the  root  a 
remitina  finite,  and  that  the  root  0  becomes  very  small.  Then 
aj3  becomes  very  small,  and  approaches  cero  as  it«  limit,  wbUe 
a  +  /}  approaches  a  as  its  limit  In  other  words,  c/a  becomes 
very  small,  and  -  bja  remains  finite,  becoming  in  the  limit  equal 
to  the  finite  root  of  the  quadratic. 

If  both  a  and  jS  become  infinitely  small,  then  both  a  -t-  jS  and 
aji,  that  in  to  say,  both  -  hja  and  c/a,  become  infinitely  small. 

Infinite  Boots. — If  the  quadratic  (1)  have  no  zero  root,  it  is 
equivalent  to 

that  is,  if  f  =  Ijx,  to 

cf'  +  Jf  +  a  =  0  (2). 

The  roots  of  (2)  are  l/o  and  1/jS;  and  we  have  I/a+  l/j8 
=  -  b/c,  Ifafi  =  ajc.  Let  us  suppose  that  one  of  the  two,  a,  fi. 
Hay  /3,  becomes  infinitely  great,  while  the  other,  a,  remains  finite ; 
then  lj0  becomes  infinitely  small,  and  l/ap,  that  is,  a/c,  becomes 
infinitely  small,  while  l/a  +  l/j8,  that  is,  -  b/c,  approaches  the 
finite  value  l/a.  Hence  the  necessary  and  sufficient  condition 
that  one  root  of  (1)  be  infinite  is  a  =  0,  c  being  supposed  finite. 

In  like  manner,  the  condition  that  two  roots  of  (1)  become 
infinite,  that  is,  that  two  roots  of  (2)  become  zero,  is  n  =  0,  6  =  0. 

1/  therefore  in  any  case  wiikrk  a  quadratic  equation  is  in 
QUKBTION  wc  obtain-  an  e-fiiation  of  (he  form  6j;  +  r  =  0,  ur  <m  eqna- 
tion  of  Vie  paradoxical  form  c  =  0,  we  cmdiide  tliat  one  root  of  Sk 
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qiuidratic  has  become  infinite  in  the  one  case^  and  tliat  the  two  roots 
have  become  infinite  in  the  otlier. 

For  convenience  of  reference  we  collect  the  criteria  for  dis- 
criminating the  roots  in  the  following  table  : — 


Roots  real 

&2-4rtc>0. 

Both  roots  negative 

cja-^-^    bja-h. 

Roots  imaginary     . 

/>--4^/!<0. 

Roots    of    opposite 

Roots  equal    . 

^2-4rt<;  =  0. 

signs  . 

cja-. 

Roots    equal    with 

One  root  =0 

c  =  0. 

opposite  signs 
Botn  roots  positive 

6=0. 

Two  roots =0 

6=0,  c  =  0. 

c/a  + ,    hja-. 

One  root  =  cao 

a  =  0. 

Two  roots =00 

6  =  0,  a  =  Q. 

§  6.]  The  reader  should  notice  that  some  of  the  results  era- 
bodied  in  the  table  of  last  paragraph  can  be  easily  generalised. 
Thus,  for  example,  it  can  be  readily  shown  that  if  w  tJie  eolation 

PoX^  +  p.x'"''^  +  .  .  .  +Pn  =  0  (1) 

the  last  r  coefficients  all  vanish,  tlien  the  equation  will  have  r  zero 
roots ;  and  if  the  first  r  coefficients  all  vanish  it  will  have  r  infinite 
roots. 

Again,  if  p^  =  0,  the  algebraic  sum  of  the  roots  will  be  zero ; 
and  so  on. 

It  is  not  difficult  to  find  the  condition  that  two  roots  of  any 
equation  be  equal.  We  have  only  to  express,  by  the  methods 
already  explained,  the  symmetric  function  n(a,  -  a^y  of  the  roots 
in  terms  of  ^o>  i>i>  •  •  •>  Pm  and  equate  this  to  zero.  For  it  is 
obvious  that  if  the  product  of  the  squares  of  all  the  differences 
of  the  roots  vanish,  two  roots  at  least  must  be  equal,  and  con- 
versely. 

For  example,  in  the  case  of  the  cubic 

ar*+^iar*+i>2«+l?s=0  (2), 

whose  roots  are  a,  p,  7,  we  find 

(/5- 7)3(7 -a)«(a-/5)2=  -4pi^ps+piW  +  l^PiPzP3-^P'J'-27pz^ 
The  condition  for  equal  roots  is  therefore 

Further,  if  all  the  roots  of  the  cubic  be  real,  (i3  -  7)2(7  -  a)2(a  - /3)2  will  be 
positive,  and  if  two  of  them  be  imaginary,  say  /3=X+/ii,  7=X-/iti,  then 
(^_^)2(^_a)V-/5)*=-V{(X-a)2  +  M«}2.  that  is,  03-7R7-a)»(a-/5)3  is 
negative.  Hence  the  roots  of  (2)  are  real  and  unequal,  such  that  two  at  least 
arc  equal,  or  such  that  two  are  imaginary,  according  as 
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is  positive,  loro,  or  uegntive. 

Tlie  further  punuit  of  thii  nutter  belongs  to  the  bff^ier  theory  of  tqam- 

^7.]  If  the  two  qaadratie  eqtuUioiu 

a^  +  bx  +  e  =  0,     a'a?  +  J'a:  +  c"  =  0 
he,  equiralaU,  then  bja  =  b'ja'  and  cja  =  c'ja'.     For,  if  the  roots  of 
each  be  a  aiid  /3,  then 

bja  =  -  (a  +  )8)  =  ft'/a',     e}a  =  ap  =  <f}a' ; 
and  this  condition  Ib  obvionsif  sufficient. 

The  nbove  proposition  leads  to  the  following :  A  qmdratie 
ftatetum  of  x  is  eompltirly  delermijied  mActi  tfe  ntotl  are  given,  and 
algo  tilt  value  of  the  function  corresponding  to  any  valve  of  x  vihieh  it 
not  a  root.  Thin  we  may  prove  independently  as  follows.  Let 
the  roots  of  the  function  y  be  a  and  (i ;  then  y  s  A(x  -a)(x-  j8). 
Now,  it  V  bo  the  value  of  y  when  x  =  X,  any,  then  we  muat  have 
■    V.A(i-.)(i-/5). 

This  equation  determines  the  value  of  A,  and  we  have, 
finally. 

The  result  thus  arrived  at  is  only  a  particular  case  of  the 
following  :  jin  integral  fundion  of  tlu  nth  degree  is  uniquelij  deter- 
mined w/wii  ilsn+\  imlms,  V,,  V„  .  .  .,  V„+|,  corresponding  re- 
spedivdy  to  the  «  +  1  folv-es  A,,  X,,  .  .  .,  A„+,  of  Us  variable  x,  are 
given.  To  prove  this  we  may  consider  the  case  of  a  quadratic 
function. 

Let  the  rcqiiired  function  be  ihr'  +  l>.r.  +  c ;  then,  by  the  con- 
ditions of  the  problem,  we  have 

>iX;  +  b\,  +  r  =--  V„     <iA.,'  +  I'X,  +  c  =  V,,     nV  +  /'A,  +  ^  -  V^ 

These  con.stitnte  a  linear  Bystcm  to  determine  the  luiknown 
coeflicicnts  a,  h,  c.  This  system  cannot  have  nioi-e  than  one 
definite  solution.  Moreover,  there  ia  in  gencnil  one  <lciinitc 
soluliiin,  for  we  can  construct  synthetically  a  function  to  satisfy 
the  rcqiiircil  conditions,  namely, 
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J       \k,-  A,)(A,  _  A.)  "■  *•  (A.  -  A,)(A.  -  A.) ""  *' (A,  -  A.KA,  -  A.) 

(2). 

The  reasoning  and  the  synthesis  are  obviously  general.  We 
obtain,  as  the  solution  of  the  corresponding  problem  for  an  in- 
tegral function  of  x  of  the  nth  degree, 


(ki  -  Aa)(Ai  -  A3) . . .  (Xi  -  A,i+,) 
This  result  is  called  Lagrange's  Interpolation  Formula. 


(3). 


Example  1. 

Find  the  quadratic  equation  with  real  coefficients  one  of  whose  roots  is 
5  +  6i. 

Since  the  coefficients  are  real,  the  other  root  must  be  5  -  6i.  Hence  the 
required  equation  is  


that  is, 
that  is, 


(a;-6  +  6i)(a:-6-«0  =  0, 

(a:-5)3  +  62=0, 

a^-10a;  +  61=0. 


Example  2. 

Find  the  quadratic  equation  with  rational  coefficients  one  of  whose  roots 

i8  3  +  V7. 

Since  the  coefficients  are  rational,*  it  follows  that  the  other  root  must  be 

8  -  \/7.    Hence  the  equation  is 


(a:-8  +  V7)(«-8-V7)=0, 
that  is,  3i^-6x  +  2  =  0. 

Example  3. 

Find  the  equation  of  lowest  degree  with  rational  coefficients  one  of  whose 
roots  is  \/2  +  V3« 

By  the  principles  of  chap,  x.*  it  follows  that  each  of  the  quantities 
-^2  -  V8»  -  V2  +  V3,  -  \/2  -  V8  must  be  a  root  of  the  required  equation. 
Hence  the  equation  is 

(a:-V2-V3)(«-\/2+\/3)(a5+\/2- V3)(aJ+V2  +  V3)=0, 
that  is,  aj*-l(te»+l=0. 

Example  4. 

Construct  a  quadratic  function  of  x  whose  values  shall  be  4,  4,  6,  when 
the  values  of  x  are  1,  2,  3  respectively. 


*  This  we  have  not  explicitly  proved  ;  but  we  can  establish,  by  reasoning 
similar  to  that  employed  in  chap,  xii.,  §  6,  Cor.  4,  that,  if  a  +  6>/P  be  a  root  of 
/{x)  =  0,  and  if  a  and  b  and  also  all  the  coefficients  of  y(^)  be  rational  so  far  as 
\/p  is  concerned,  then  a  -  hsjp  is  also  a  root  of/(ar)=0. 
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Tho  required  fauetloa  is 

'(l-2){l-3)*'C2^1){a-3)*'{8-l)(S-8)' 
that  is,  a?-Bx  +  6. 

g  8.]  The  condition  that  the  two  eqnationB 

(M*  +  &r  +  c  =  0,     aV  +  6'a:  +  c*  =  0 
have  one  root  in  common  is  the  same  as  the  condition  that  the 
two  integral  functions 

y  =  ai^  +  bx  +  e,     if  =  a  V  +  S'a;  +  c* 

shall  have  a  linear  factor  in  common.     Now  any  common  taotor 
of  y  and  ^  u  a  conunon  factor  of 

e'y  -  e^t     and  ay'  -  a'y ; 

that  is,  if  we  denote  ac'  -  a'e  by  (ac'),  &c.,  a  common  factor  of 

{ac')3*  +  (bc')x,  and  («*>  +  {<«■); 
that  is,  since  x  is  not  a  common  factor  of  y  and  y*  unless  c  =  0 
and  (/  =  0,  any  common  factor  of  y  and  ^  is  a  common  factor  of 
{(u^)z  +  (be'),  and  {ai')a;  +  {ac'). 
Now,  if  these  two  linear  functions  have  a  common  factor  of 
tho  Ist  degree  in  x,  tho  one  must  be  the  other  multiplied  by  a 
constant  factor. 

Honce  the  required  condition  if 

(of)  iii/y 

or  {<«'  -  «'«)'  =  {y  -  b'c)  (ab'  -  a'b). 

Tlie  common  i-oot  of  tho  two  equations  is,  of  coiu^ 

(w'-a'c         ab'-a'b' 

By  the  process  here  employed  we  could  find  the  r  conditions 
that  two  integral  equations  should  have  r  roots  in  common. 

It  is  importjint  to  notice  that  the  process  used  in  the  demon- 
stration is  simply  that  for  finding  the  G.C.M.  of  two  integral 
functions — a  process  in  which  no  irrational  operations  occur. 
Hence 
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Cor.  1.  If  two  integral  equations  have  r  roots  in  common,  these 
roots  are  the  roots  of  an  integral  equation  of  tJie  rth  degree^  whose  co- 
efficients are  rational  functions  of  the  coefficients  of  the  given  equations. 

In  particular,  if  the  coefficients  of  the  two  equations  be  real 
rational  numbers,  the  r  common  roots  must  be  the  roots  of  an 
equation  of  the  rth  degree  with  rational  coefficients. 

For  example,  two  quadratics  whose  coefficients  are  all  rational 
cannot  have  a  single  root  in  common  unless  it  be  a  rational  root. 

Cor  2.  We  may  also  infer  that  if  tvx>  integral  equations  whose 
coeffi^cients  are  rational  have  an  odd  number  of  roots  in  common,  then 
one  ai  least  of  these  must  he  real. 

EXBBCISES  XXXVII. 

Discriminate  the  roots  of  the  following  quadratic  equations  without  solving 
them : — 

(1.)  4ar»-8a:+3  =  0.  (2.)  ^i?-\2x-\  =  0.  (3.)  A3^-ix-{-Q  =  0. 

(4.)  9ar»- 36a; +86  =  0.       (5.)  4ar»-4a;-3  =  0.  (6.)  4a:»  +  8a:+3  =  0. 

(7.)  (a:-3)(a;+4)  +  (a;-2)(a;+3)=0. 

(8.)  Show  that  the  roots  of  (6*-  4ac)«*+  4(a+c)a;-  4=0  are  always  real ; 
and  find  the  conditions — 1**  that  both  be  positive,  2**  that  they  have  opposite 
signs,  3°  that  they  be  both  negative,  4^  that  they  be  equal,  5**  that  they  bo 
equal  but  of  opposite  sign. 

(9. )  Show  that  the  roots  of  a:» + 2  tp + g)« + 2(2?* + ^2)  =  0  are  imaginary. 

(10. )  Show  that  the  roots  of 
{<r»-26c  +  ft2}x3_2{c2_(^+5)g+gf^}a.+  {2aS-2(6+c)a  +  62+c2}=0 
are  imaginary. 

(11.)  Show  that  the  roots  of 

(a;- 6)  (x- c)  + (a;- c)  («- a)  + (x- a)  (a;- 6)  =  0 
are  real ;  and  that  they  cannot  be  equal  unless  a^h=c. 

(12. )  The  roots  of  ajix  -a)  +  bl(x  -b)+ c/(x  -  c) = 0  are  real ;  and  cannot  be 
equal  unless  either  two  of  the  three,  a,  6,  <?,  are  zero,  or  else  a=zb=c. 

(13.)  Find  the  condition  that  the  cubic  3cr^-\-qx+r=:0  have  equal  roots. 

(14.)  Show  that  the  cubic  123:*- 52jr*+ 75a; -36=0  has  equal  roots;  and 
solve  it. 

(15.)  If  two  of  the  roots  of  a  cubic  be  equal,  and  its  coefficients  be  all 
rational,  show  that  all  its  roots  must  be  rational. 

(16.)  Find  the  condition  that  two  roots  of  the  biquadratic  aa^+dx+e=0 
be  equal. 

(17. )  If  a/{x + a)  +  bl{x  +  6) = c/(a; + c)  +  d/(x  +  d)  have  a  pair  of  equal  roots^ 
then  either  one  of  the  quantities  a  or  &  is  equal  to  c  or  rf,  or  else  l/a  +  1/6 
=  l/c  +  l/rf.  Prove  also  that  the  i-oots  are  then  -a,  -a,  0,  -&,  -ft,  0, 
or  0,  0,  -2abl{a+b). 


454  KXEBCISXB  XXXVn  oHAP. 

Write  down  and  rimplify  the  eqoatioiu  wlioM  rootB  in  m  fbllom: — 

(18.)  1,0.  (19.)  t  -|.  (20.)  8+va.8-ys. 

(21.)  (ni  +  V^M'lflo-V^^),     (a-N/o'-ljfla  +  N/i^-l). 

Find  tlie  eqoatioiu  of  loweat  degrae  witlt  ml  ntfonal  coeScuDta  wbiolk 
li>Te  rcopcctivelj  the  followiDg  for  one  root : — 

(22.)  a+pi.  (23.)  l^-^/2-^/s.  (si.)  ^/2+i^/8. 

(26.)   ^+^4.     (B«>ult,a!'-te-e=0.) 

(28.)^+^     (B«miIt,a^-lSai'-8W-126  =  0.) 

(27.)  V(?r)  +  VW  +  V<W)- 

(28.)  Find  the  eqnxtion  of  the  6th  degree  two  of  whose  roola  mn 
1  +  V2«ndl+  */-l. 

(2S.)  Find  an  equation  with  ntional  coeffldenls  one  of  whose  iDoti  ii 

Hence  show  how  to  find  the  greateet  integer  in  n;^+I>p'^+«  without 
eitracting  the  cube  roots. 

(30.)  Foim  the  equation  whose  roots  are  p+aiq,  p  +  otg,  .  .  .,  p  +  aftg, 
where  ai.oi,  .  .  .,  a,,  arc  tlio  imaginary  (2n  +  l}th  roots  of  1,  showing  that 
the  coefficients  ore  all  rational,  anil  finding  the  general  tfirm  of  the  eqnatiou. 

(31.)  Construct  a  quadratic  function  whose  roota  shall  be  equal  with 
oppoHite  signs,  and  whose  values  shall  Iw  23  and  67  trtien  x=5  and  when 
x=9  respectively. 

(32. )  Construct  a  cubic  function  y  corresponding  to  the  following  table  of 
values:— 

a=2r.,     3,     3-5,       i; 
y^     6,     8,       15,     18. 

(38.)  It  x*+ax  +  be=0,  j'  +  fci+ca^O  have  a  common  root,  then  their 
other  roots  satisfy  i?  +  cc  +  (ii  =  0. 

(34.)  If2(y  +  j  +  r)  =  o'  +  (?'  +  ri,  and  the  rootsorir?  +  ttz-p  =  Obefland  7, 
and  the  roots  of  x'  +  px-q=0  be  y  aud  o,  then  the  equation  whoso  roots  are 
o  and  ^  is  ;(?+■)«- r=0. 


VAEUTION  OP  QUADRATIC  FUNCTIONS   FOU  REAL  VALUES 
OF  THE   VAItlABLK 

§  9.]  Tho  quadratic  function 

miiy  bo  put  in  one  or  other  of  the  thruo  forms 

?/  =  ,<;(.-■-/}'-"'}  I.. 

?/--<(■■■-  ')-■;  11-, 

y  =  „;(.,. -//  +  ,„;.  III., 

according    us    its    i-onts  u    ;iiid    (i    ai-e    I'eal    (say    a  —  I  +    J 11 
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13  =  I-  \/7n),  equal  (say  a  =  /,  ^  =  /),  or  imaginary  (say  a  =  /  +  i  Vw, 
P  =  l~i  \/m),  I  and  m  are  both  essentially  real  quantities,  and 
m  is  positive. 

Each  of  these  three  cases  may  be  farther  divided  into  two, 
according  as  a  is  positive  or  negative. 

In  all  three  cases  when  x  is  very  great  (x  -  If  is  very  great 
and  positive.  Hence,  in  all  three  cases,  y  is  infinite  when  x  is 
infinite,  and  it  has  the  same  sign  as  a. 

In  all  three  cases  the  function  within  the  crooked  bracket 
diminishes  in  algebraical  value  when  x  diminishes,  so  long  as 
X  >  /,  and  has  an  algebraically  least  value  when  x  =  l  \  ior  (x-  l)\ 
the  only  variable  part,  being  essentially  positive,  cannot  be  less 
than  zero.  When  x  is  diminished  beyond  the  value  x  =  ly(x-  If 
continually  increases  in  numerical  value. 

We  conclude,  therefore,  that  in  all  three  cases  the  quadratic 
function  y  has  a/a  algebraical  minimum  or  maximum  value  when  x  =  l, 
according  as  a  is  jpositive  or  negative;  and  that  the  function  has  no 
other  turning  value. 

In  Case  /.,  where  the  roots  are  real  and  unequal^  y  will  have  the 
same  sign  as  a  or  not,  according  as  the  value  of  x  does  not  or  does  lie 
between  the  roots. 

For  y  =  a(x-  a){x  -  P) ;  and  {x  -  a) (x  -  /3)  will  be  positive  if 
X  be  algebraically  greater  than  both  a  and  p,  for  then  x-  a  and 
X- p  are  both  positive ;  and  the  same  will  be  true  if  x  be  alge- 
braically less  than  both  a  and  ^,  for  then  x- a  and  x- p  are 
both  negative.  If  x  lie  between  a  and  /?,  then  one  of  the  two, 
a;  -  a,  a;  -  /?,  is  positive  and  the  other  negativa 

In  Cases  II.  and  III,  where  the  roots  are  either  equal  or  imaginary, 
the  function  y  will  have  the  same  sign  as  a  for  all  values  of  x. 

For  in  these  cases  the  function  \vithin  the  crooked  brackets 
has  clearly  a  positive  value  for  all  real  values  of  x, 

§  10.]  The  above  conclusions  may  be  reached  by  a  different 
but  equally  instructive  method  as  follows  : — 

Let  us  trace  the  graph  of  the  function 

y  =  a^  +  bx  +  c  (1); 

and,  for  the  present,  suppose  a  to  be  positive. 
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GRAPH  OF  A  QliAlllUTIC  FDNCTION 


To  find  the  general  ciiaracler  of  the  graph,  let  us  inquiro 

where   it  cuts  a,  parallel  to  the  axis  of  x,  drai^ra  at  aiiy  given 

distance  y  from  that  axis.     In  other  words,  let  us  seek  for  the 

abscissio  of  all  points  on  tho  graph  whose  ordinatcs  are  utiuaX  to  y. 

We  have 

y  =  aa?  +  ?B  +  c, 
that  ia,  (W*  +  i/  +  (c  -  y)  =  0  (2). 

We  liave,  therefore,  a  quadratic  equatiou  to  determine  tho 
abscissae  of  points  ou  the  parallel.  Heuco  the  parallel  cuts  the 
graph  in  two  real  distinct  points,  in  two  coincident  real  points, 
or  in  no  real  ixiiut,  according  as  the  roots  of  (2)  aro  real  and 
unequal,  reiil  and  eijnal,  or  imaginary. 

Since  a  ia  positive,  it  follows  that  when  ir=  -50,j=  +00; 
and  when  x-  +  to ,  y  =  +  oo  ,  Moreover,  the  liiuidniLic  function 
y  is  continuous,  and  can  only  become  infinite  when  x  becomes 
infinite.  Hence  there  must  be  one  minimum  turning  point  on 
the  graph.  There  cannot  be  more  than  one,  for,  if  there  were, 
it  would  be  possible  to  draw  a.  patallel  to  the  x-axis  to  meet 
the  graph  in  more  than  two  points. 

The  graph  therefore  consists  of  a  single  festoon,  beginning 
and  ending  at  an  infinite  distance  above  the  axis  of  x. 

Tlie  main  characteristic  point  to  be  determined  is  the 
minimum  point  To  obtain  this  we 
have  only  to  diminish  y  until  the 
parallel  UV  (Fig.  1)  just  ceases  to 
meet  the  graph.  At  this  stage  it  is 
obvious  that  the  two  points  U  and 
V  run  together ;  that  Is  to  say,  the 
two  abscissa!  corresponding  to  y 
become  equal.  Hence,  to  find  y,  we 
have  Eira]>Iy  to  express  tho  condition 
that  the  roots  of  (2)  be  equal.  This 
condition  ia 
-4«(.-.,)  =  0. 


Hence 


(3). 
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The  corresponding  value  of  x  is  easily  obtained,  if  we  notice 
that  the  sum  of  the  roots  of  (2)  is  in  all  cases  -  h/a,  and  that 
when  the  two  are  equal  each  must  be  equal  to  -  6/2a.  Hence 
the  abscissa  of  the  minimum  point  is  given  by 


2a 


(4). 


There  are  obviously  three  possible  cases — 

I.  The  value  of  y  given  by  (3)  may  be  negative.     Since  a  is 
supposed  positive,  this  will  happen  when  h'  -  iac  is  positive. 

In  this  case  the  minimum  point  A  will  lie  below  the  axis  of 
Xy  and  the  graph  will  be  like  the  fully  drawn  curve  in  Fig.  1. 

Here  the  graph  must  cut  the  ic-axis,  hence  the  function  y 
must  have  two  •real  and  unequal  roots,  namely,  x  =  OL,  x  =  OM ; 
and  it  is  obvious  that  y  is  positive  or  negative,  that  is,  has  the 
same  sign  as  a  or  the  opposite, 
according  as  x  does  not  or  does 
lie  between  OL  and  OM. 

II.  The  value  of  y  given 

by  (3)  will  be  zero,  provided       ^ 

b'-iac^O. 


Fia.  2. 

In  this  case  the  minimum  point 
A  falls  on  the  axis  of  x,  and  the 
graph  will  be  like  the  fully  drawn 
curve  in  Fig.  2. 

Here  the  two  roots  of  the  function 
are  equal,  namely,  each  is  equal  to  OA. 
It  is  obvious  that  here  y  is  always 
positive,  that  is,  has  the  same  sign  as  a, 
III.  The  value  of  y  given  by  (3) 
will  be  positive,  provided  6*  -  iac  be  negative. 

In  this  case  the  graph  will  be  like  the  fully  drawn  curve  in 
Fig.  3. 


Pia.  8. 
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liore  the  graph  does  nob  cut  the  axis  of  x,  so  that  the 
function  has  no  real  roots.  Also  y  is  always  positive,  that  is, 
has  tho  same  sign  as  a. 

If  wo  suppose  (1  to  be  negative,  the  discussion  jiroueetls 
exactly  as  before,  except  that  for  positive  we  must  say  negative, 
aijd  for  minimum  maximum.  The  typical  (^aphs  in  the  three 
caeos  will  be  obtained  by  taking  tlic  mirror-images  in  the  axis  of 
■X  of  those  already  given.  These  graphs  are  indicated  by  dotted 
lines  in  Figs.  1,  2,  3. 

Fnr  simplicity  we  have  supposed  the  abscissas  of  the  points 
L,  M,  N,  A  tu  be  positive  in  all  cases.  It  will  of  course  happen  in 
certain  cases  that  one  or  more  of  these  are  negative.  The  cor- 
responding figures  are  obtained  in  all  cases  simply  by  shifting 
the  axie  o£  y  (iirougb  a  propiir  Aiataaoa  to  the  eight. 

Eumple  I. 

To  find  for  what  values  of  z  the  function  ^=2x^-122 -1-13  ia  negative,  and 
to  find  its  turning  value. 

We  have  if=2(»'-te-(-8)-6, 

=  2{(j:-3)'-([, 
=  2{«-(3-Vi))(»i-(3  +  VI)|. 
Hence  y  will  bo  negative  if  x  lie  between  3  -  V(6/2)  'nd  3  +  VCi/S},  and  will 
be  positive  for  all  otber  valDea  of  x. 

Again,  it  ix  obvious,  from  the  second  form  of  the  function,  that  y  is 
algebraically  liiaat  when  (3:-3)'=0.  Hence  y= -Ci  is  a  minimum  value  of  y 
corresponding  to  x=  3. 

Example  2. 

To  find  the  turning  values  of  (x' -  Sx  +  IS)/x. 

We  have  y^;e  +  —  -S. 

Fint,  suppose  z  to  be  posicive,  then  we  ms;  write 

from  which   it  appears  Umt  y  has  a  minimum  value,  -8-l-2s/lG,  when 
y/x-^(l&lx)^0,  tliatia.  virion  r^-^\r,. 

Next,  let  j;  be  negative,  =  -  f  say,  then  wa  may  write 
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from  which  we  see  that  -  8  -  2 \/15  is  a  maximum  value  of  y  corresponding  to 
^=\/15,  that  is,  to  a;=  -  \J\b. 

Example  3. 

If  X  and  y  he  both  positive,  then — 

\i  x-\-y  be  given,  the  greatest  and  least  values  of  xy  correspond  to  the 
least  and  greatest  values  of  (x  -  y)^ ;  so  that  the  maximum  value  of  a:^  is 
obtained  by  putting  x=y,  if  that  be  possible  under  the  circumstances  of  the 
problem. 

If  ary  be  given,  the  greatest  and  least  values  ol  x-{-y  correspond  to  the 
greatest  and  least  values  of  {x  -yY  ',  so  that  the  minimum  of  a;  +  ^  is  obtained 
by  putting  a;=y,  if  that  be  possible  under  the  circumstances  of  the  problem. 

These  statements  follow  at  once  from  the  identity 

(x + yf  -  (a;  -  yf=ixy. 


ixy=<?-{x-y)\ 


For,  if  a;+y=c,  then 

And,  i![xy=d^f  then 

(a:  +  y)a=4d«+(x-y)*. 

Hence  the  conclusions  follow  immediately,  provided  x  and  y,  and  therefore 
xy  and  a;+y,  be  both  positive. 

These  results  might  also  be  arrived  at  by  eliminating  the  value  of  y  by 
means  of  the  given  relation.  Thus,  if  x+y=Cj  then  xy=x{c-x)=cx-a^ 
=c^/4-(c/2-a;)^.  Hence  xy  is  made  as  large  as  possible  by  making  x  as 
nearly  =c/2  as  possible,  and  so  on. 

Many  important  problems  in  geometry  regarding  maxima 
and  minima  may  be  treated  by  the  simple  method  illustrated  in 
Example  3. 

Example  4. 

To  draw  through  a  point  A  within  a  circle  a  chord  such  that  the  sum  of 
the  squares  of  its  segments  shall  be  a  maximum  or  a  miniruum. 

Let  r  be  the  radius  of  the  circle,  d  the  distance  of  A  from  the  centre,  x  and 
y  the  lengths  of  the  segments  of  the  chords. 

Then,  by  a  well-known  geometrical  proposition, 

xy=j^-d*  (1). 

Under  this  condition  we  have  to  make 

w=ar«  +  y2  (2) 

a  maximum  or  minimum. 

Now,  if  we  denote  ar*  and  y^hy  ^  and  17,  then  ^  and  rj  are  two  positive 
quantities  ;  and,  by  (1),  wo  have 

^yj={t^-d^'f  (3). 

Hence,  by  Example  3,  ^  +  77  is  a  minimum  when  =17,  and  is  a  maximum 
wlien  (^  -  77)*  is  made  as  great  as  possible.  If  we  diminish  17,  it  follows,  by 
(3),  that  ^  increases.  Hence  (^-17)^  will  be  made  as  great  as  possible  by 
making  |  as  great  as  possible. 


GEOMETRICAL  MAXIMA  AND  MINIMA  r&w. 

\a  of  thn  chani  ia  ■  miuimum 
>atBca  tltrongli  tha  ceutn  of 

Exuiii{ite  S. 

A  mid  B  ILK  two  pgjots  on  the  dumotor  ot  a  cuvlo.  PQ  >  chord  through 
To  hni  tha  positiciiii  of  PQ  fur  wtiich  Iha  uua  APlj  U  »  mvdmum  or  > 


1*1  O  bo  Ihe  cratre  oF  tha  cirolo.  The  area  OPQ  hears  to  thn  area  APQ 
tho  cunstant  ratio  OB :  AB.  Houce  wi:  Imvo  muruly  to  tiad  tha  tnrmiig 
valiica  of  tlie  area  OPQ. 

Let  OB  =  a,  and  let  x  donot*  the  perpoudicular  from  0  ou  PQ.  Than,  if 
«  deiiotjs  the  area  OPQ,  «  =  3;V('^-'^)- 

Wn  have  theroforo  lo  Had  tha  turning  values  of  i*.  Since  u  ia  poEitive, 
thia  b  tho  same  tiling  as  finding  the  turning  valiiaa  of  n'.     Now 

There  are  two  cues  to  consider,  first,  suppose  ii>r/\/2.  Then,  lince 
tho  least  and  groatoHt  values  of  x  allownhlo  under  the  ciruutufltances  are  0  aud 
n,  we  hftve,  eonGnin^  ovirselvoa  to  half  a  revolution  of  tho  chord  about  A, 
three  tnming  values.  If  wo  put  x^O  wo  give  to  (ii^-r'/2)'  the  greatest 
value  which  we  can  give  it  by  diminishing  :c  below  r/\/2.  Hence  x=0  gives 
a  minimum  value  of  OPQ. 

If  wo  put  3;=r/v'2,  we  pve  (a'-r'/a)' its  least  possible  numerical  value. 
Hence,  for  x=tI-J2,  OPQ  is  a  maiimum. 

If -we  put  x=a,  we  give  (3^-1^/2)'  the  greatest  value  which  we  can  give 
it  b;  increasing  x  beyond  r/^i.  Honco  to  x-a  corresponds  a  minimum 
value  of  OPQ. 

Next,  suppose  a<r/\i'2.  In  this  case  we  cannot  make  3:=  or  >r/\/2. 
Hence,  corresponding  to  x=0,  wo  have,  as  before,  OPQ  a  minimum.  Bat 
now  [i?  -  t'I'^S)^  diminishes  continually  as  x  increases  up  to  a.  Hence,  for 
a=(i,  OPQ  is  a  maiimum. 

Seinark. — This  example  has  been  chosen  to  illustrate  a  peculiarity  that 
very  often  arises  in  practical  questions  regarding  maxima  and  minima, 
namely,  that  all  the  theoretically  possible  values  of  the  variable  may  not  be 
admissible  under  the  circumstances  of  the  problem. 

Example  6. 

Givou  the  perimeter  of  a  right-angled  triangle,  to  show  that  the  sum  of 
the  sides  containing  the  right  angle  is  greatest  when  the  triangle  is  isosceles. 

Let  X  aud  y  denote  the  two  sides,  }i  tho  given  perimeter.  Then  the 
hyi)otenuse  isp-x-y;  and  wo  have,  by  the  condition  of  tho  problem. 

Hence  ■■!/-A':  +  u)^ -''}■ 

This  again  may  bo  written 
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Under  the  condition  (1)  we  have  to  make 

a  maximum. 

If  wo  put  ^  =p  -  a;,  iy  =p  -  y^  we  have 

^-2 


(2) 


(3); 


and  we  have  to  make  t^ = 2p  -  (^ + 17) 

a  maximum  ;  this  is,  to  make  f +17  a  minimum.     Now,  under  the  condition 

(3),  ^  +  17  is  a  minimum  when  ^=17.     Hence  a;+^  is  a  maximum  when  a;=y. 

§  11.]  The  method  employed  in  §  10  for  finding  the  turning 
points  of  a  quadratic  function  is  merely  an  example  of  the 
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general  method  indicated  in  chap,   xv.,  §   13.     Consider  any 
function  whatever,  say 

y=Ax)  (1). 

Let  A  be  a  maximum  turning  point  on  its  graph,  whose 
abscissa  and  ordinate  are  x  and  y.  If  we  draw  a  parallel  to  OX 
a  little  below  A,  it  will  intersect  the  graph  in  a  certain  number 
of  points,  TUVW  say.  Two  of  these  will  be  in  the  neighbour- 
hood of  A,  left  and  right  of  AL.  If  we  move  the  parallel  up- 
wards until  it  pass  through  A,  the  two  points  U  and  V  will  run 
together  at  A,  and  their  two  abscissae  will  become  equal  If  we 
move  the  parallel  a  little  farther  upwards,  we  lose  two  of  the 
real  intersections  altogether. 

Hejice  to  find  y  we  have  simply  to  express  the  condition  thai  the 
roots  of  the  equation 


f{x)-y  =  0 


(2) 
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be  equal,  and  then  examine  whether,  if  ve  iMr&ue  9  bg  a  antaU 
amount,  wehaefvx)  real  roots  or  not.  If  we  do,  then  if  it  a  mariBHWi 
mUue. 

If  il  appears  that  tv>o  real  roots  are  loet,  not  by  increasing  bat  fiy 
diminishing  y,  then  t/  is  a  minimum  naive. 

Example  1. 

To  find  the  tnnimg  Taloea  of 

Tbe  values  of  z  correipaiiding  to  «  given  ordinate  y  are  given  by 
aJ-ft[»+24n-<8-j/)=0. 
irD  denote  thepradnctof  theaqnaretof  the  differanceaof  tharootiofthli 
cubic,  then  all  ita  roota  will  be  leiJ,  two  roota  will  be  equal  or  two  iniaglTi»iy, 
according  aa  D  ia  positive,  zero,  or  negative. 

Using  the  Ttlne  of  D  calculated  in  g  8,  and  pntting}>i= ->,  7^=24, 
pj  =  3-y,  we  find 

D=-2r(y-19)(y-a3). 
Hence  !/= IB,  j =23  are  turning  values  of  j/.    If  wb  make  y  »  little  Iobs  than 
19,  D  is  negative,  that  is,  two  real  roots  of  the  cubic  are  lost     Hence  IS  is  a 
e  make  y  a  little  greater  than  23,  D  is  again 
n  value  of  y. 

It  ia  cos;  to  obtain 
the  corresponding  t»1- 
ues  of  X,  if  wo  remember 
that  two  of  tbe  roota  of 
tbe  cubic  become  eqnal 
when  there  ie  a  taming 
value.  In  fact,  if  the 
two  eqnal  roots  be  b,  a. 
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Hemark. — The  above  method  is  obviously  applicable  to  any  cubic  integral 
function  \«'hatsoever,  and  we  see  that  such  a  function  has  in  general  two 
turning  values,  which  are  the  roots  of  a  certain  quadratic  equation  easily  ob- 
tainable by  means  of  the  function  D. 

If  the  roots  of  this  quadratic  be  real  and  unequal,  there  are  two  distinct 
turning  points,  one  a  maximum,  the  other  a  minimum. 

If  the  roots  be  equal,  we  have  a  point  which  may  be  regarded  as  an 
amalgamation  of  a  maximum  point  with  a  minimum,  which  is  sometimes 
called  a  maximum-minimum  x>oint. 

If  the  roots  be  imaginary,  the  function  has  no  real  turning  point. 

If  the  coefficient  of  ar*  be  positive,  the  graphs  in  the  first  two  cases  have 
the  general  characters  shown  in  Figs.  5  and  6  respectively. 

Example  2. 

To  discuss  the  turning  values  of 

y= — - —  (1). 

The  equation  for  the  values  of  x  corresponding  to  any  given  value  of  y  is 

a:»-(y  +  8)a;  +  15  =  0. 
Let  D  be  the  function  &^  -  iac  of  §  5,  whose  sign  discriminates  the  roots  of  a 
quadratic.     In  the  present  instance  we  have 

D=(y+8)2-60={y-(-8-V60)}{y-(-8  +  V60)}  (2). 

Hence  the  turning  values  of  y  are 

y  =  -  8  -  V(60),  and  y  =  -  8  +  ^(60). 

If  y  has  any  value  between 
these,  D  is.  negative,  and  the 
roots  of  (1)  are  imaginary. 
Hence  the  algebraically  less  of 
the  two,  namely,  -  8  -  V(60), 
is  a  maximum ;  and  the 
algebraically  greater,  namely, 

-  8  +  V(^^)»  *  minimum. 

The  values  of  x  correspond- 
ingto  these  are  atonce  obtained 
from  the  equation  a: = (y  +  8)/2. 
They  are  x=  -  \/{l5)  and 
x=  +^/{l5)  respectively. 

The  reader  should  examine 
carefully  the   graph  of   this 
function,  which  has  a  discon- 
tinuity when  x=0  (see  chap,  xv.,  §  6).     We  have  the  following  series  of 
corresponding  values : — 

>3 

a;=-oo,      -1,        -0,       +0,       +3,      ^,,,     5,     >5,      -Hoo, 


Fio.7. 


<5* 


y=-QO,      -24,      -00,      +00,  0, 

Hence  the  graph  is  represented  by  Fig.  7. 


0, 


-Hoo. 
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Example  3. 

To  discnsa  gsnenllj  the  taning  valnei  of  the  flmotiim 


01 


The  eqiutioD  which  gives  tba  Talnet  of  a  oomspondiiig  to  nj  gimi  nlu 

Let  D={b-b-v'^-i{a-a-y)[c-^y), 

=  (S^  -  taV  V  +  2(2a'e  +  2ae' -  6fiTy + (S*  -  4ae), 
^Ajfi  +  By  +  C,  »y. 

Ha-a'y)  ^  " 

Tlie  turning  tbIdos  of  jr  an  tharefbra  gireD  by  the  eqnatioii 

Aj»  +  By  +  C=0,  (8V 

I.  If  B*-  lAC^-O,  this  equation  will  have  real  nnaqnal  roots,  and  there 

will  bo  two  real  turning  valaes  of  y. 

If  A  be  positivo,  then,  for  real  values  ot  3^y  cannot  lie  between  the  roots 
of  tlie  equation  (3).  Henuc  the  less  root  witt  be  a  maximum  and  the  greater 
a  minimum  falue  ot^. 

If  A  be  negative,  then,  for  real  values  of  x,  y  must  lie  between  the  roots  of 
(3).  Hence  the  less  root  will  be  a  minimum  and  the  greater  a  maximum 
value  of  y. 

II.  If  B'-4AC<0,  tbo  equation  has  no  real  root,  and  D  has  always  the 
same  sign  as  A.  In  this  case  the  sign  of  A  must  of  Decessit;  be  poaitive ; 
for,  if  it  were  not,  there  would  be  no  real  valuo  of  x  corresponding  to  any 
value  of  y  whatever. 

Hence  there  is  a  real  value  of  x  corresponding  to  any  given  value  of  y 
whatever ;  and  y  has  no  turning  values. 

III.  If  B'-  4AC=0,  we  may  apply  the  same  general  reasoning  as  in  Case 
n.  Tlie  present  case  has,  however,  a  special  peculiarity,  as  we  shall  ace  im- 
mediately. 

The  criteria  for  distinguiahing  those  three  cases  may  be  expressed  in  terms 
of  the  Toota  a,  /S  and  o',  ^  of  the  two  functions  oa^  +  fer  +  c  and  aV  +  b'x  +  c^, 
and  in  this  form  they  are  very  useful 

We  have 
B>  -  4AC  =  4(2ac'  +  20"!;  -  »')'  -  4(*»  -  iae)  (t^  -  4aV), 

=  <«=a'=![2a'3'  +  2=p-(^  +  ^)(a'+/S')]=-(a-,5)-'(a'-^)=}, 
=  4nV=12tt'fi'  +  2<.;H-(<.+p)(='  +  3')-(''-Pl('''-;9')! 

Hi'iiec  it  iijiptars  that  the  sisu  of  IC-  -  4AC  depends  merely  on  the  sign  of 
E  =  (a-aO(a-^)(;8-a'){(S-|8')  (4) 
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Since  a,  6,  c,  a',  6',  c'  are  all  real,  the  roots  of  aa?  ^-hx-^-c  and  of 
a'3?  +  6'a:  +  c\  if  imaginary,  must  be  conjugate  imaginaries.  Hence,  by 
reasoning  aa  in  §  6,  we  see  that,  if  the  roots  of  ax- +  fra;  +  c,  or  oi  a'jr  +  b'x-vc\ 
or  of  both,  be  imaginary,  E  ia  jiositive. 

The  same  is  true  if  the  roots  of  either  or  of  both  of  these  functions  bo 
equal. 

Consider,  next,  the  case  where  a,  /3,  a',  /3'  arc  all  real  and  all  unequal. 

Since  the  sign  of  £  is  not  altered  if  we  interchange  both  a  with  a'  and  /3 
\vith  j8',  or  both  a  with  /3  and  a'  >vith  /3',  we  may,  without  losing  generality, 
suppose  that  a  is  the  algebraically  least  of  the  four,  a,  /3,  a',  j8',  and  that  a'  is 
algebraicaUy  less  than  /3'.  If  we  now  arrange  the  four  roots  in  ascending 
order  of  magnitude,  there  are  just  three  possible  cases,  namely,  a,  /3,  a',  ^ ; 
a,  a\  /3',  /3;  o,  a',  /3,  /3'.  In  the  first  case,  o-a',  a-/3',  /3-o',  ^-fi'  have 
all  negative  signs  ;  in  the  second,  two  have  negative  signs,  and  two  positive  ; 
in  the  third,  three  have  negative  signs,  and  one  the  positive  sign.  It  is, 
therefore,  in  the  third  case  alone  that  E  has  the  negative  sign.  The  peculi- 
arity of  this  case  is  that  each  pair  of  roots  is  separated  as  to  magnitude  by 
one  of  the  other  pair.  We  shall  describe  this  by  saying  that  the  roots  inter- 
lace. 

Lastly,  suppose  E  =  0.  In  this  case  one  at  least  of  the  four  factors,  a  -  a', 
/3  -  /3',  jS  -  a',  /3  -  /3',  must  vanish  ;  that  is  to  say,  the  two  functions  as?  +  hx  +  c 
and  a'a?  -\-b'x  +  cf  must  have  at  least  one  root,  and  therefore  at  least  one  linear 
factor  in  common.* 

Hence,  in  this  case,  (1)  reduces  to 

a(£-a) 

^-a'{x-a')  ^^^* 

say.     Hence  we  have 

From  (6)  it  appears  that  y  has  a  discontinuity  when  x=a\  passing  from 
the  value  +  oo  to  -  go  ,  or  the  reverse,  as  x  passes  through  that  value ;  but 
that,  for  all  other  values  of  a;,  y  either  increases  or  decreases  continuously  as 
X  increases.  Hence  y  has  no  real  turning  values  in  this  case,  imless  we  choose 
to  consider  the  value  y=ala\  which  corresponds  to  a;=  ±oo,  as  a  maximum- 
minimum  value. 

The  graph  in  this  case,  supposing  a/a',  a,  and  a'  -  a  to  be  both  positive,  is 
like  Fig.  8,  where  OA  =  a,  OA'  =  a',  OB  =  ayrt'. 

To  sum  up — 

Case  I.  occurs  when  the  roots  of  either  or  of  both  of  the  functions 
asP  +  hx  +  Cf  a'x^  +  b'x  +  cf  are  imaginary  or  equal,  and  when  all  the  roots 
are  real  but  not  interlaced. 

Case  II.  occurs  when  the  roots  of  both  quadratic  functions  are  real  and 
interlaced. 


*  In  the  case  where  they  have  two  linear  factors  in  common,  y  reduces  to 
a  constant,  a  case  too  simple  to  re([uire  any  discussion. 
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Case  III.  occurs  when  the  two  qudrstiu  fOnctioua  have  oue  or  botb  rooU 
in  couiiiion.  In  this  cuss  y  reduces  to  the  qnotieut  of  tvo  linear  functioui, 
or  to  a  constant,  and  liu  no  maiimum  or  minimnm  nine  properly  to  called. 

Ill  tlie  above  discussioii  we  have  aaanmed  that  neither  a  iior  a'  vanish  ;  in 
other  words,  that  neither  at  the  tvo  qnadntic  functions  has  an  infinite  rooL 
The  casus  whero  Imllnite  roots  occur  are,  however,  really  corend  by  the  above 


1 
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"V         X 
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atatomcnts,  as  may  bo  seen  cither  by  couHidpring  tliein  as  limits,  or  by  work. 
ing  out  the  expression  for  B'-  JACili  terms  of  the  finitv  ruotK  ililhu  [larticnlar 
instances  in  cjurstioii. 

In  stating  the  above  conclusions  so  gDnomlly  ax  this,  the  stuilent  innst 
romcinbur  that  olio  of  the  titriiing  values  may  either  bei^ume  iuliuitv  or  corre- 
spond to  an  iulluito  value  uf  f ;  otiierwisu  hu  may  find  himself  at  a  loss  in 
certain  esses  to  account  for  the  apparent  disap]>earance  of  a  turning  value. 

A  givat  variety  of  particular  t'oses  are  included  under  the  geuemi  case  of 
thia  exnni])la.  It  ne  put  a'-O,  e'=0,  for  inutuuco,  we  have  the  siiceial  case 
of  Exnmplo  2. 

As  onv  object  hci 
give  the  results  In  t\ 

Exalnjile  4. 


s  merely  to  illustmte  methods,  it  will  be  eulhciclit  to 
noi'e  [uLTlicular  cuseb. 


Tott 


otbe 


of  the  function 


nra.-..7/=-s;«.iia7;si-v« 
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x=4 


7^y 
1-2/ 


and  arc  9  +  2-^/6  and  9  -  2\/6  respectively.  Wo  observe  farther  that  y  is  dis- 
continuous when  x=3  and  when  x=5  ;  that  when  x=  +go  or  =  -oo,y  =  l; 
and  that  the  other  value  of  x  for  which  y  =  1  is  -c=9. 

We  have  thus  the  following  table  of  corresponding  values  : — 
a;=-Qo,  0,     +1,      +3-0,       +3  +  0,       +4*1, 


y=+l,        +4,         0, 

-oo, 

+  00,      +5-9, 
min. 

ic=+5-0, 

+  5  +  0,       +6,     +9,     +13-9,       +00, 

y=       +«, 

-00,        0,     +1,     +   1*05,     +1. 

The    gi-aph    has   the 

max. 
1     1 

general  form  indicated  in 

Y 

1  1 

Fig.    9,    which    is    not 

\ 

drawn  to  scale,  but  dis- 

^ 

'a 

torted  in  order  to  bring 

out     more    clearly    the 
maximum  point  B. 
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Example  5. 
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To  trace  the  variation 

\ 

of  the  function 

x^-i 

1 

5ar+4 
a;  +  15 

» 

F 

9 

lo.  9. 

The  quadratic  for  x  is 

(1  -  y)aj2  -  (5  -  8y).c + (4  -  15y) = 0. 
Here  wc  find 

D  =  4{(y-i)=  +  2}. 

Hence  there  are  no  real  turning  values. 

The  graph  will  be  found  to  be  as  in  Fig.  10. 

Y 


Fio.  10. 


468  MA.XI1U.  AND  MINIUA,  UBIUOD  OF  INCBUCBHTB        CBAP. 

Example  6. 

To  fiud  the  toming  values  of  zsx'-l-^.girai  thit  (U^  +  bqr  +  e^  =  l. 

Wo  have,  dnci)iu?  +  &cy+V  =  l. 

. ^jV {!+!_ 

where  f =j:/ff. 

We  have  now  to  fiail  the  tarning  valaes  of  s  considered  as  a  function  of  {. 
Tliu  ijuadlstic  for  f  is 

(<K-l)fHftt£  +  (e;-l)=0. 
Ilonea  the  turning  Tallies  of  s  are  given  by 

li>.->=4(<i=-l){«:-l), 
that  is,  by 

Tliu  result  thna  urivod  ut  constitutes  an  analytieil  soludou  of  the  wdl- 
knowLi  problem  to  find  the  greatest  and  least  central  ndii  (thkt  is,  the  Mmi- 

uxea)  of  the  eUipso  trhose  equation  is  az'  +  fcry  +  e^  =  l. 

llciaark,^Thc  ailiQce  used  in  this  examjile  vill  obviously  enable  us  to 
find  the  turniug  values  of  ti=/I.r,  y),  when  ^(jr,  ;/)  =  «.  provided  _f{z,  y)  and 
ip{i,  y}  be  homogcuvous  fuurtions  of  x  and  y  whoso  degree  does  not  exueed 
the  Zud.  Indeed  it  has  a  general  application  to  all  cases  where ^t,  y)  and 
0(j',  y)  are  homogeneous  fimctionB ;  the  only  difficulty  is  in  discriminating 
the  roots  of  the  resulting  equation. 

§  12.]  Exitmination  of  lite  Increment. — llicro  is  yet  another 
method  which  is  very  useful  in  discussing  the  Vitmtion  of 
integnil  functions.  Suppose  we  give  x  any  small  increment, 
k,  then  the  corresponding  increment  of  the  function  f{x)  ie 
f{x  +  A)  -f{i).  If  this  is  positive,  the  function  increases  when  x 
increases  ;  if  it  is  nogsitive,  the  function  decre^isca  when  x  increases. 
The  condition  that  x  —  ii  corresponds  to  a  niaximum  value  of /(j') 
is  therefore  that,  as  x  passes  through  the  value  a,  f(x  +  h)  -f{x) 
shall  cease  to  bo  positive  and  begin  to  bo  negative,  and  tor  a 
minimum  shiill  cease  to  be  negative  and  begin  to  bo  positive. 

The  practical  application  of  the  method  will  be  best  under- 
stood by  studying  the  following  example  : — 
Example. 
To  find  the  turjiiii^  valui'.^  of 


xnii  EXERCISES  XXXVni  469 

Now,  since  for  our  present  purpose  it  does  not  matter  how  small  h  may 

be,  we  may  make  it  so  small  that  {Zx-V)h^  +  h^  is  as  small  a  fraction  of 

{Z3i?-\%x-\-2i)h  as  we  please.    Hence,  so  far  as  determining  the  sign  of  I  is 

concerned,  we  may  write 

I  =  (3ar5-1&K  +  24)A. 

Here  h  is  supposed  positive,  hence  the  sign  of  I  depends  merely  on  the  sign 
of  3j!*-  18aj+24.  Hence  I  will  change  sign  when,  and  only  when,  x  passes 
through  a  root  of  the  equation 

Hence  the  turning  values  of  y  correspond  to  ar= 2  and  a: =4. 

Moreover,  we  have 

I=3(a;-2)(a;-4)^. 

Therefore,  when  a?  is  a  little  less  than  2,  I  is  positive ;  and  when  a:  is  a 
little  greater  than  2,  I  is  negative.  Hence  the  value  of  y  corresponding  to 
0^=2  is  a  maximum. 

In  like  manner  we  may  show  that  the  value  of  y  corresponding  to  a; =4  is 
a  minimum. 

Exercises  XXXVIII. 

(1. )  Find  the  limits  within  which  x  must  lie  in  order  that  8(a^  -  a^)  -  65xa 
may  be  negative. 

Trace  the^graphs  of 

(2.)  y=x^-5x  +  6,  (3.)  y=  -3ar^  +  12a:-6. 

(4.)  y=-4a~»  +  20a;-25. 

Find  the  turning  values  of  the  following ;   and  discriminate  between 
maxima  and  minima  : — 

(5.)  ae^  +  be-^,  (6.)  alx  +  a/{a-x). 

(7.)  V(l+^)  +  V(l-ic).  (8.)  a;-l  +  V(«  +  l). 

Trace  the  graphs  of  the  following,  and  mark,  in  particular,  the  points 
where  the  graph  cuts  the  axes,  and  the  points  where  y  has  a  turning  value : — 

(9.)  i/  =  (^+8aj  +  16)/(a~»-7ar+12). 
(10.)  y=(ic2-7a;+12)/(ar»  +  8a;+16). 
(11.)  y=(ar»  +  8a;  +  16)/(ic2-6a:+9). 
(12.)  i/  =  (ar»-10a;  +  27)/(iF»-8x+15). 
(13.)  y  =  (ar»-8ic+15)/(ar»-10a;  +  27). 
(14.)  y=(ar^- 10x  +  27)/(ar*-14a;  +  62). 

(15.)  y={x^-9x+U)l(x^-{-2x-15).  (16.)  y={x^'\-x-6)l{aP-l). 

(17.)  y=(a^  +  5ar  +  6)/(2ar  +  3).  (18.)  2/  =  l/(ar^  +  3a;  +  6). 

(19.)  y=(2ar»  +  a;-6)/(2x»  +  5a:-12). 

(20. )  Show  that  the  algebraically  greatest  and  least  values  of  (ar^  +  2ar  -  2)/ 
(a:r2  +  3a;  +  5)  arc  \/(12/ll)  and  -  \/(12/ll) ;  and  find  the  corresponding  values 
of  a?. 

(21. )  Show  that  (ax  -  b)  (dx  -  c)/{bx  -a)  (ex-  d)  may  have  all  real  values, 
provided  («« -  b^)  (<?-d^)> 0. 

(22.)  Show   that   (aa?'\-bx-{-c)l(ax?  +  bX'\-a)  is   capable   of  all   values   if 
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t^s-{a+e)*;  that  tlwre  it  two  nloM  batwesn  which  it  cunot  lis  if 
ia  +  c)''>-l^3-iae;  and  thit  thera  an  tiro  v&Iau  between  whieh  it  innat  Us' 
if  y  ^  Jtw:  (WoUtonholmB). 

(23.  ]  If  ra  ^pb,  then  the  turning  valne  of  (ax  +  b)Hr»  +  r)*  ia  i^Hplra  -pb). 

Find  tha  turning  vala«t  of  the  following ;  and  diacriniiiiate  maziina  and 

(24.)  U-l)(a!-3)/ar».  (26.)  <a:-8)/{it»+i;-8). 

(■27.)  ite  +  6K,  given  !?+>'= A  (28.)  aW  +  iV,  given  x+ysa. 

(29.)  xy,  ^vena*/x'  +  P/]f*==l.  (30.)  a!'v+3V->-^>givauxy=a^- 

(31.)  n:ir'  +  2AaT/  +  6y>i  gi'en  Aa?  +  2Ha!y  +  Bv»=l. 

(32.)  lyMa^+ifl.  (88.)  (2z-l)(&>!-i)(a!-8). 

(34.)  l/y/x  +  ll'^]/,  giv»tix  +  y=e. 

(35. )  To  inscribe  in  a  given  iquare  the  aqnare  of  minimnm  ana. 

(36. )  To  cimunBeribe  about  a  given  square  the  aqnare  of  maximam  area. 

(37.)  To  inacribe  in  a  triangle  the  rectangle  of  maximnm  area. 

(3S.)  P  and  Q  are  two  points  on  two  given  paisUol  straight  lines.  PQ 
subtends  a  right  angle  at  a  fixed  point  O.  Ta  find  P  and  Q  so  that  tbo  area 
POQ  may  bo  a  intnimnra. 

(39.)  ABC  is  a  rif^ht-anglcd  triangle,  P  a  movable  point  oillta  hypotenuse. 
To  find  P  HO  that  tlie  sum  of  the  atiuurrs  of  the  perjiendiculars  froui  P  on  the 
two  sidea  o!  the  triangle  may  be  a  niiiiinmni. 

(40.)  To  eircuniscribc  about  a  circle  the  iso^culea  trapezium  of  tninimnm 

(41.)  Two  particles  start  from  given  points  on  tro  intersecting  straight 
lines,  and  move  with  uniform  velocities  u  and  v  nlong  tlio  two  straight  lines. 
Show  how  to  find  the  instant  at  which  the  distance  between  tlio  particles  is 
least 

(42.)  OX,  OY  arc  two  given  straight  linos ;  A,  B  fined  foiuta  on  OX  ;  Pa 
movable  point  on  OY.     To  find  P  so  that  AP'  +  BP' sliall  be  a  minimum, 

(43.)  To  find  tlic  rectangle  of  greatest  area  inscribed  in  a  given  circle. 

(44. )  To  draw  a  tangent  to  a  given  circle  which  shall  form  with  two  given 
perpendicular  tangents  the  triangle  of  minimum  urea. 

(45.)  Given  the  oi>erturo  and  thickness  of  a  biconvex  lens,  to  find  the  radii 
of  its  two  surfaces  when  its  volume  is  n  maximum  or  a  minimum. 

(46. )  A  \>ox  U  miule  out  of  a  square  sheet  of  cardboard  by  cutting  four 
equal  s<iuarcs  out  of  the  mmcrs  of  the  sheet,  and  then  turning  up  the  flaps. 
Show  how  tn  construct  in  this  way  tlii'  liox  of  maximum  cnpacity. 

(47.)  Find  the  cylinder  of  greatest  volmnc  inscribed  in  a  given  sphere. 

(48.)  Find  the  cylinders  of  greatest  snrfacc  iiiid  of  gri'slcKt  volume  in- 
scrilK'd  in  a  ttiveii  iit;lit  circular  cone. 

(Ifl.)  I'iud  tlicrvliudiT  of  minimum  surfare,  llie  volume  licing  gii-en. 

(DO.)  I'iud  the  lylimicr  of  maxiiaum  volume,  llic  surfncu  being  givciu 


CHAPTEE  XIX. 

Solution  of  Arithmetical  and  Geometrical  Problems 

by  means  of  Equations. 

§  1.]  The  solution  of  isolated  arithmetical  and  geometrical 
problems  by  means  of  conditional  equations  is  one  of  the  most 
important  parts  of  a  mathematical  training.  This  species  of 
exercise  can  be  taken,  and  ought  to  bo  taken,  before  the  student 
commences  the  study  of  algebra  in  the  most  general  sense.  It 
is  chiefly  in  the  applications  of  algebra  to  the  systematic  investi- 
gation of  the  properties  of  space  that  the  full  power  of  formal 
algebra  is  seen.  All  that  wo  need  do  here  is  to  illustrate  one  or 
two  points  which  the  reader  will  readily  understand  after  what 
has  been  explained  in  the  foregoing  chapters. 

§  2.]  The  two  special  points  that  require  consideration  in 
solving  problems  by  means  of  conditional  equations  are  the 
choice  of  variahleSj  and  the  discussion  or  interpretation  of  the  solution. 

With  regard  to  the  choice  of  variables  it  should  bo  remarked 
that,  while  the  selection  of  one  set  of  variables  in  preference  to 
another  will  never  alter  the  order  of  the  system  of  equations  on 
whose  solution  any  given  problem  depends,  yet,  as  we  have 
already  had  occasion  to  see  in  foregoing  chapters,  a  judicious 
selection  may  very  greatly  diminish  the  complexity  of  the  system, 
and  thus  materially  aid  in  suggesting  special  artifices  for  its 
solution. 

With  regard  to  the  interpretation  of  the  solution,  it  is  im- 
portant to  notice  that  it  is  by  no  means  necessarily  true  that 
all  the  solutions,  or  even  that  any  of  the  solutions,  of  the  system 
of  equations  to  which  any  problem  leads  are  solutions  of  the 
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problem.  "Every  algebraical  solution  furnishes  nnmbera  iriiich 
satisfy  certain  abstract  requirements ;  but  these  Qumbers  nuiy 
in  themselves  be  such  that  they  do  not  constitute  a  solution  <rf 
the  concrete  problem.  They  may,  for  example,  be  imaginaiy, 
whereas  real  numbers  are  required  by  the  conditions  of  the  con- 
crot«  case ;  they  may  be  negative,  whereas  positive  numbers  are 
demanded ;  or  (as  constantly  happens  in  arithmetical  problems 
involving  discrete  quantity)  they  may  be  fractional,  whereas 
integral  solutions  alone  are  admissible. 

In  every  concrete  case  an  examination  is  necessary  to  settle 
the  admissibility  or  inadmissibility  of  the  algebraical  solutions. 
All  that  we  can  be  sure  of,  a  priori,  is  that,  if  the  concrete 
problem  have  any  solution,  it  will  be  found  among  the  algebraical 
solutions  ;  and  that,  if  none  of  these  are  admissible,  there  is  no 
solution  of  the  concrete  problem  at  ail. 

These  points  will  be  illustrated  by  the  following  examples. 
For  the  sake  of  such  as  may  not  already  have  had  a  sufficiency 
of  this  kind  of  mental  gymnastic,  we  append  to  the  present 
chapter  a  collection  of  exercises  for  the  most  part  of  no  great 
difficulty. 
EsBinplo  1. 

Thpre  are  threo  bottles,  A,  B,  0,  containing  miKturos  of  three  subrtancea, 
r,  Q,  R,  it)  tlio  folloiring  projwrtiann ;  — 

A,     nP  +  n'Q+nTt; 

n,      bV  +  b-Q  +  b'H; 

C.     cP+c-Q  +  ^-R. 

It  13  rcqaircil  to  find  wliat  jiroportioiis  of  a  mutiira  moat  be  taken  from  A, 

I(,  C,  in  order  tliat  its  constitution  may  LerfP  +  iflJ +  iiTt  (Newton,  .^rtiAnirfieo 

Uiiirenolis], 

Let  X,  II,  :  1)0  the  proporlians  in  qacstion  ;  tbon  tlio  constituHoii  of  the 
niixtnre  ia 

lnx-^-h]i  +  e:)V  +  {a'x+b't/  +  e'2)Q  +  {n"r  +  b'y+d':)K 
Hence  wo  must  liavii 

nr  +  bg+n-d,    n:r-¥l/ji  +  c':=il',     i^j'  +  b''ij  +  ifz=if. 
Tim  Ej'xtcni  of  I'qiiatiniis  to  ulii.b  ire  arc  thn.a  led  is  (lint  .1ini'iiKS"d  in 
chap,  nvi.,  S  n,  wLth  tlie  Kolfi  .iiirpitii--e  that  tlic  »i;;n9  of  i/,  if,  ir  nro  re- 
It  thm^foiv,  ntV"-..;,'.-  h^'»''-;.r"n'  +  f«7,--m"i.'  +  0,  wo  sliall  ftblain  a 
imii^uc  finite  sriliiliiin.      Unless,  lionever,  Ibe  valiica  of  j;  y,  ;  all  ci.tiio  out 
posilivp,  llierc  will  1-'  iii>  \,ri\KV  mliiti^m  of  ilie  eonerele  iiroMcni.     It  is  in 
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fact  obvious,  a  priori^  that  there  are  restrictions ;  for  it  is  clearly  impossible, 
for  instance,  to  obtain,  by  mixing  from  A,  R,  C,  any  mLxture  which  shall 
contain  one  of  the  substances  in  a  proportion  greater  than  the  greatest  in  which 
it  occurs  in  A,  B,  or  C. 

Example  2. 

A  farmer  bought  a  certain  number  of  oxen  (of  equal  value)  for  £350.  He 
lost  5,  and  then  sold  the  remainder  at  an  advance  of  £6  a  head  on  the  original 
price.     He  gained  £365  by  the  transaction  ;  how  many  oxen  did  he  buy  ? 

Let  X  be  the  number  bought ;  then  the  original  price  in  pounds  is  350/x. 
The  selling  price  is  therefore  350/a;+ 6.  Since  the  number  sold  was  x-5,  we 
must  therefore  have 

(«- 5)/^^  + e) -350=365. 

This  equation  is  equivalent  to 

6ir»_395aj- 1750  =  0, 

which  has  the  two  roots  a; =70  and  x=  -25/6.  The  latter  number  is  in- 
admissible, both  because  it  is  negative  and  because  it  is  fractional ;  hence  the 
only  solution  is  a;=70. 

Example  3. 

A'OA  is  a  limited  straight  line  such  that  OA  =  OA'=a.  P  is  a  point  in 
OA,  or  in  OA  produced,  such  that  OV=p,  To  find  a  point  Q  in  A'A  such 
that  P(y= AQ .  QA'.  Discuss  the  different  positions  of  Q  as/>  varies  from  0 
to  its  greatest  admissible  valae. 

Let  OQ=a?,  x  denoting  a  positive  or  negative  quantity,  according  as  Q  is 
right  or  left  of  0.  Then  PQ  =  ± (a; -p),  A'Q =a-\-x,  AQ=a-x;  and  we  have 
in  all  cases 

(a;-;?)'=(a+ar)(a-a;)=a3-ar»  (1). 

Hence  a^'-px  +  i{pr^-a^)  =  0  (2). 

The  roots  of  (2)  are  ip±\/{ia^-ip^). 

These  roots  will  be  real  if  ^<2a' ;  that  is  to  say,  confining  ourselves  to 
positive  values  of  jp,  ifp  <  \/2a. 

From  (1)  we  see  that  in  all  cases  where  x  is  real  it  must  be  numerically 
less  than  a.    Hence  Q  always  lies  between  A'  and  A. 

When  ;>=0,  the  roots  of  (2)  are  ±a^2 ;  that  is  to  say,  the  two  positions  of 
Q  are  equidistant  from  0. 

So  long  as  I?  is  <  a,  i{p^-a^)  will  be  negative,  and  the  roots  of  (2)  will  be 
of  opposite  sign  ;  that  is  to  say,  the  two  positions  of  Q  will  lie  on  opposite 
sides  of  0.  Since  the  sum  of  the  two  roots  is  p{  =  OP),  if  Q1Q2  be  the  two 
positions  of  Q,  the  relative  positions  of  the  points  will  be  as  in  Fig.  1,  where 
0Q2=PQi. 

A'  QaO  PQiA 

Fio.  1. 

"When  p=a,  Q2  moves  up  to  0,  and  Qi  up  to  A. 

U  p>a,  then  both  roots  are  positive,  and  the  points  will  be  as  in  Fig.  2, 
where  0Q2=QiP. 


ir  OB=V^  t^cn  B  i*  the  Umlttag  pmilion  of  I'  Tnr  whivli  it  •olatioo  of 
thi?  problem  is  pouiblo.  Vtbou  V  mavea  up  to  li,  Q,  and  Qt  coiocids  at  C 
(OC  iioiriB  iOB). 

Example  i. 

To  Qnd  four  Tsnl  podtlve  numhera  ia  pnntinuRil  prqiartimi  iiiii:1i  that  th«ir 
sum  is  a  uid  ths  »tiin  of  tboir  squares  6». 

Let  D9  tako  foe  rarUlileH  Ihn  Hritt  nf  tUn  four  uuTiili^re,  my  x,  uid  the 
uamiiion  vnluo,  any  y.  of  the  nttin  of  Mch  nuinli«r  to  the  prvaediog.    Then 
tlie  four  numbera  are  r,  xy,  iq/',  /j/*,    Itonco,  by  our  dtto, 
x-nry  +  a!i/'  +  xi^=a, 

thatislasay,  ir(l +vMl  +  i/^  =  «  [1), 

frou.  (ij  we  JerivB  ^i  tyfyl  -ty'r-=.^'  (a), 

and  from  (2)  and  (3),  rejecting  tho  factor  1;'+ 1,  which  ia  clearly  irrelevant, 
wo  derivB 

a'(l+!/*)  =  i^l +!/')(!+»)'  (4). 

The  equation  (4)  is  a  reciprocal  bicjuadratic  in  y,  wliich  can  be  solved  by  the 
methods  of  chop,  xrii,,  §3. 

For  every  value  of  y  (1)  gives  a  eoiresponding  value  ofr. 

Tho  student  will  have  no  difficulty  in  showiug  that  there  will  be  two 
proper  solutions  of  the  problem,  provided  o  be  >  i.  Since,  however,  tlie  two 
values  ot  y  are  reciprocals,  and  since  x(l  +  y)(l +ff')=jy''(l +  l/y)(l  +  l/y'), 
these  two  solutions  consist  merely  of  the  same  set  of  four  numbers  read  for- 
wards and  backwards.  There  is,  therefore,  never  more  than  one  distinct 
solution, 

Newton,  in  his  ArUhmetica  UninersalU,  solves  this  problem  by  taking  as 
variables  the  sum  of  tho  two  mean  numbers,  and  the  commou  value  of  the 
product  of  the  two  means  and  of  the  two  extremes.  Ho  e:(pressBS  the  four 
numbers  in  terms  of  tlioae  and  of  a  and  h,  then  equates  the  product  of  the 
wcond  and  fourth  to  tho  aiiiiarc  of  tho  third,  and  the  product  of  the  first  and 
third  to  the  square  of  the  second.  It  will  be  a  good  cifercise  to  vrork  out  tho 
problem  in  this  way. 

Example  5. 

In  a  circle  of  given  radius  a  to  iuscribo  an  isosceles  triangle  the  sum  of 
the  sipiarcs  of  whose  sides  i^  'ili-. 

Ijct  j;  be  the  length  of  one  of  the  two  cqunl  sidta  of  tlic  triangle,  2i/  the 
length  of  tlio  Ihuc. 

If  ABC  bo  the  triangle,  ami  if  AD,  tlic  diiiiii,>ter  throuj;li  A,  meet  IIC  in 
F,  then,  since  AlSniaa  right  angle,  we  have  v\r,-'  =  AD.  AK.     ilcncc 
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Again y  by  tho  conditions  of  tho  problem,  we  have 

that  is,  a^+2y3=62  (2). 

From  (1)  and  (2)  we  derive 

ar*-6aV  +  2rt2ft3=o  (3). 

The  roots  of  (3)  arc 

and  the  corresponding  values  of  y  are  given  by  (2). 

The  necessary  and  sufficient  condition  that  the  values  of  a*  and  of  y  bo  real 
is  that  h  <  3rt/\/2.  When  this  condition  is  satisfied,  there  are  two  real  posi- 
tive values  of  ar,  and  if  ft  >  2rt  there  are  two  corresponding  real  positive  values 
ofy. 

It  follows  from  the  above  that,  for  the  inscribed  isosceles  triangle  the 
sum  of  the  squares  of  whose  sides  is  a  maximum,  h  =  ZajsJ^,  Corresponding 
to  this  we  have  x=  \/Ba,  2y=\/Sa  ;  that  is  to  say,  the  inscribed  triangle,  the 
sum  of  the  s(piares  of  whoso  sides  is  a  maximum,  is  equilateral,  as  is  well 
known. 

Example  6. 

Find  the  isosceles  triangle  of  given  perimeter  2p  inscribed  in  a  circle  of 
radius  a  ;  show  that,  if  2;>  bo  less  than  3\/3,  and  greater  than  2rt,  there  arc 
two  solutions  of  the  problem  ;  and  that  the  inscribed  triangle  of  maximum 
perimeter  is  equilateral. 

Taking  the  variables  as  in  last  example,  we  find 

ar^=2«V(^-2/=)  W, 

x-\-y=p  (2). 

Hence  a^-Sa^px-hia']r^=0  (3). 

"SVe  cannot  reduce  the  biquadratic  (3)  to  quadratics,  as  in  last  example  ; 
but  we  can  easily  show  that,  provided  j?  be  less  than  a  certain  value,  it  has 
two  real  positive  roots. 

Let  us  consider  the  function 

y=a^-8a^px-\-AaY  (4); 

and  let  I  be  the  increment  of  y  corres|)onding  to  a  very  small  positive  incre- 
ment {h)  of  .T.     Then  we  find,  as  in  chap,  xviii.,  §  12,  that 

I  =  4{uP  -  2a'j))h  (5). 

Hence,  so  long  as  a**^  <  ^a-p,  I  is  negative  ;  and  when  ar*  >  2a-pf  I  is  positive. 
Hence,  observing  that  y=  ■\-co  when  x=  ±oo ,  we  see  that  the  minimum  value 

of  y  corresponds  to  a:=  \^{2a^p),  and  that  tho  graph  of  (4)  consists  of  a  single 
festoon.     Hence  (3)  will  have  two  real  roots,  provided  the  minimum  point  be 

below  tho  ar-axis  ;  that  is,  provided  y  be  negative  when  x=  '^i^a-p) ;  that  is, 
•provided 
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be  negative ;  that  U,  proTided  Sp<SV3a,  It  is  obvioni  thkt  botli  &a  roota 
are  positive  i  Tor  vhen  x=0  we  hare  y  =  iaVi  irliich  ia  paeitiTe;  heaoe  the 
graph  dona  not  descend  below  the  uii  of  x  until  it  reachee  the.  right-hand 
mds  of  the  axis  of  y. 

From  the  alx)ve  rMsaning  it  follows  tliat  the  greatest  admisibla  perimeter 
ia  3>y3t.  When  2p  hm  this  Talue,  the  minimuia  point  of  the  giaph  liei  on  the 
axis  of  iS,  aiidiE=  ^('2a'p)=  ^(3^3^  =  VB"  corretponda  t«  two  equal  roota 
of  (3).  The  ooTTeapoDdiagTalaeoF£yia  given  by  Sv=2fi~£x=3V3a-2V^ 
=  \/3>i ;  in  other  word^  the  inaeribed  laoacelea  triangle  of  maiimnm  peri- 
meter ia  equilateral. 

Another  intereating  way  of  showing  that  (3)  haa  two  eqoal  niota  ia  to  dis- 
coaa  the  graphs  (referred  to  one  and  the  aune  pair  of  axes)  of  the  fimctioiis 

y=X',  tnAy=8a''jKC-ta*p'. 
These  can  be  eaaOy  constnicled ;  and  it  la  obvlone  that  the  ahadaan  of  tbeir 
interaectiona  are  the  real  roota  of  (8). 

EXRRCISEB  XXXIX. 

(1.)  How  long  will  an  np  and  a  down  train  take  to  paaa  each  other,  each 
being  44  yards  long,  and  each  travelling  30  miles  an  hour  I 

(2.)  Dtophnntua  passed  in  infuiu'y  tlie  aittb  part  of  his  life,  in  adnlcaeenco 
a  twelfth,  tlion  be  married  and  in  thia  state  be  passed  a  seventh  nf  bjs  life 
and  live  y^ars  more.  Tlien  ho  had  a  son  whom  he  survived  fanr  years  and 
who  only  reached  the  half  of  his  father'a  age.  How  old  was  Diophantns  when 
ho  died  i 

(3.)  A  man  met  aeveral  beggars  and  wished  to  give  25  pence  to  each  ;  but, 
on  counting  his  money,  he  found  that  be  bad  10  pence  too  little  for  that ;  and 
then  made  up  his  mind  to  give  each  20  pcuoc.  After  doing  this  he  had  25 
pence  over.      What  had  lie  at  lirnt,  and  liow  many  boggata  wero  there  ! 

(4.)  Two  hills  on  the  same  person  are  sent  to  a  banker,  the  first  for  £580 
payable  iii  7  montlis,  the  second  for  £730  payable  in  4  months.  The  banker 
givoa  £1300  for  the  two.  What  was  the  rate  of  discount,  simple  interest 
being  allowed  in  lieu  of  discount  T 

(5.)  AhaaincontaiuingiaoOcubicmetresof  water  ia  fed  by  throe  fountflina, 
and  can  be  emptied  by  a  discharging  pipe  in  4  hours.  The  basin  is  emptied 
ami  the  tbi«e  fountains  F<'t  on  ;  how  long  docs  it  take  to  fill  with  the  dis- 
charging pipe  oi)en  T — giv:n  that  the  throe  fountains  each  running  alone 
would  fill  the  basin  in  3,  6,  and  7  hours  respectively. 

(6.)  If  I  siibtrail.  fi'on-.  tin-  <lonl)lo  of  luy  pri'sent  age  (he  IrohlB  of  my 
age  G  years  ago,  the  remilt  is  my  present  age.     What  ia  my  agt'  ? 

(7. )  A  vcsHi-1  in  lilleil  with  a'niixturc  of  Hpirit  and  water,  707,  of  w'lirf'  >' 
sjiiriL  After  9  gallons  is  taken  out  aii.l  the  vc'ssel  filled  up  with  wal.T,  Ihero 
remains  58i7.  of  spirit:  rmd  the  I'onlrnls  of  the  veswl. 

find  the  time  lietweeti  8  and  9  o'oloi*k  when  the  hour  and  iiiintilo 
'ft  clock  arc  perjK'udicular. 

nove  on  two  ]iaths  intemecliiig  at  0.     B  is  fiOO  yards  short 
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of  0  when  A  is  at  O  ;  in  two  minutes  they  are  equidistant  from  O,  and  in  eight 
minutes  more  they  are  again  equidistant  from  O.  Find  the  speeds  of  A 
and  B. 

(10.)  I  have  a  sum  to  buy  a  certain  number  of  nuts.  If  I  buy  at  the  rate 
of  40  a  penny,  I  shall  spend  5d.  too  much,  if  at  the  rate  of  50  a  penny, 
lOd.  too  little.    How  much  have  I  to  spend  ? 

(11.)  If  two  numbers  be  increased  by  1  and  diminished  by  1  respectively, 
their  product  is  diminished  by  4.  If  they  be  diminished  by  1  and  increased 
l^y  2  respectively,  their  product  is  increased  by  16.     Find  the  numbers. 

(12.)  A  is  faster  than  B  by^  miles  an  hour.  He  overtakes  B,  who  has 
a  start  of  h  miles,  after  a  run  of  q  miles.     Re([uired  the  speeds  of  A  and  B. 

(13.)  To  divide  a  given  number  a  into  two  parts  whose  squares  shall  be 
in  the  ratio  m:\. 

(14.)  Four  apples  are  worth  as  much  as  five  plums  ;  three  pears  as  much  as 
seven  apples  ;  eight  apricots  as  much  as  fifteen  pears  ;  and  five  apples  sell  for 
twopence.  I  wish  to  buy  an  e<iual  number  of  each  of  the  four  fruits,  and  to 
spend  an  exact  number  of  pence  ;  find  the  least  sum  I  can  spend. 

(15.)  A  man  now  living  said  he  was  x  years  of  age  in  the  year  7?,  What 
is  his  age  and  when  was  he  born  ? 

Remark  on  the  nature  of  this  and  the  preceding  problem. 

(16.)  OABCD  are  five  points  in  order  on  a  straight , line.  If  OA  =  a, 
OB =6,  OC=c,  OD=rf,  find  the  distance  of  P  from  0  in  order  that 
PA  :  PD  =  PB  :  PC,  assuming  P  to  lie  between  B  and  C. 

(17.)  A  man  can  walk  from  P  to  Q  and  back  in  a  certain  time  at  the  rate 
of  3  J  miles  an  hour.  If  he  walks  3  miles  an  hour  to  and  4  miles  an  hour  back, 
he  takes  5  minutes  longer  ;  find  the  distance  PQ. 

(18.)  A  starts  to  walk  from  P  to  Q  half  an  hour  after  B  ;  overtakes  B  mid- 
way between  P  and  Q  ;  and  arrives  at  Q  at  2  P.M.  After  resting  74  minutes, 
he  starts  back  and  meets  B  in  10  minutes  more.  When  did  each  start 
from  P  ? 

(19.)  At  two  stations,  A  and  B,  on  a  line  of  railway  the  prices  of  coals  are 
£,p  \yev  ton  and  £q  per  ton  respectively.  If  the  distance  between  A  and  B  be 
df  and  the  rate  for  the  carriage  of  coal  be  £.r  per  ton  per  mile,  find  the  distance 
from  A  of  a  station  on  the  line  at  which  it  is  indifierent  to  a  consumer  whether 
he  buys  coals  from  A  or  from  B. 

(20.)  A  merchant  takes  every  year  £1000  out  of  his  income  for  personal 
expenses.  Nevertheless  his  capital  increases  every  year  by  a  third  of  what 
remains  ;  and  at  the  end  of  three  years  it  is  doubled.  How  much  had  he  at 
first? 

(21.)  A  takes  m  times  as  long  to  do  a  piece  of  work  as  B  and  C  together  ; 
B  n  times  as  long  as  C  and  A  together ;  C  x  times  as  long  as  A  and  B  together. 
Find  X  ;  and  show  that  l/(a;+l)  +  l/(m  +  l)  +  l(w  +  l)  =  l. 

(22.)  The  total  increase  in  the  number  of  patients  in  a  certain  hospital  in 
a  certain  year  over  the  number  in  the  preceding  year  was  2J%.  In  the 
number  of  out-patients  there  was  an  increase  of  47o  ;  but  in  the  number  of 
in-patients  a  decrease  of  ll7o-  Find  the  ratio  of  the  number  of  out  to  the 
number  of  in-patients. 
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(S3.]  The  sum  of  the  aget  of  A  mil  B  ia  now  60;  10  yt»n  tgo  tbaii  agoa 

were  as  5  to  3.     Find  tlieir  agea  dow. 

(24.)  Divide  111  into  three  puis,  lo  that  one-thud  of  tho  flnt  part  it 
greater  by  i  than  one-fourth  of  the  second,  and  test  bj  S  than  one-fifth  of  tha 
third. 

(25.)  In  a  httndi«d  jards'  mea  A  can  boat  B  by  f  i  but  he  is  handicapped 
hy  3  yards,  and  loMa  by  \-fj  yards.     Find  tha  timea  of  A  and  B. 

(26.)  A  and  B  run  a  mile,  and  A  beata  B  by  100  yarda.  A  then  rnoB  mUi 
C,  and  beats  him  by  900  yards.  Finally,  B  roni  with  C ;  by  how  much  doea 
ho  beat  liim  ! 

(27.)  A  peiBon  roira  a  milca  down  a  rirer  and  back  in  t  houia.  Ho  can 
row  b  miles  with  the  stream  in  tha  same  time  as  «  niiloa  againat  Find  the 
times  of  going  and  letaming,  and  the  Telocity  of  the  stream. 

(26.)  A  mixture  of  blaii^  and  green  tea  aold  at  a  ceitain  price  bringa  % 
[iroSt  of  4%  on  the  coat  price.  The  teas  sold  sopaiately  at  the  same  price 
would  bring  5°/,  and  3*/,  profit  respectively.  In  what  proportion  were  the 
two  mixed  I 

(29.)  If  a  rectangle  were  made  a  feet  longer  and  b  feet  narrower,  or  a'  feet 
longer  and  b"  feet  narrower,  its  area  would  in  each  case  bo  uunltcrcJ.  Find 
iUarea. 

(30.)  Two  vessels,  A  and  B,  eacli  contain  1  oz.  of  a  mixlurc  of  spirit  and 
water.  If  l/mth  oz.  of  spirit  be  added  lo  A  and  1/nth  oz.  of  a|>irit  to  B,  or  if 
1/nth  oz.  of  water  be  added  to  A  and  1/nith  oz.  of  W'nter  to  li,  the  percentages 
of  spirit  in  A  and  B  in  each  case  bi'come  equal.  Wiiat  percentage  of  spirit 
is  there  in  each  T 

(31.)  A  winc-mcrchant  niiica  wine  at  10s.  ])er  gallon  with  spirit  at  20s.  per 
gallon  and  with  water,  and  makes  2&7g  profit  by  selling  the  mixture  at  lis.  6d. 
}>cr  gallon.  If  he  liad  added  twice  as  much  spirit  and  tnicc  as  niDch  water,  ho 
would  have  made  the  same  profit  by  selling  at  lis.  3d.  |iei' gallon.  How  much 
spirit  and  how  much  water  does  tie  add  to  each  100  gallons  of  wine  t 

(32. )  Find  the  pints  on  the  dial  of  a  watch  where  the  two  iiands  cross. 

(33.)  Three  gamesters  agree  Uiat  the  loser  shall  always  doublu  the  capital 
of  the  two  others.  They  play  three  games,  and  each  loses  one.  At  the  end 
they  have  each  in.     What  had  they  at  first! 

(34.)  A  ciftem  can  be  Rlleil  in  6  hours  by  one  pipe,  and  in  8  hours  by 
another.  It  was  filled  in  5  hours  by  the  two  running  i>artly  together  and 
]iartly  scjuirately.  Tho  time  they  ran  together  was  two-thirds  of  the  time 
they  ran  separately.     How  long  did  each  run  T 

(3.").)  A  horse  is  sold  for  £24,  and  the  nuniljcr  expressing  the  profit  per 
cent  expresses  also  the  cost  price.     Find  the  cost  prii'e. 

[36.)  I  spent  £18  in  cigars.  If  I  had  got  one  bii!;  more  for  the  money, 
each  Uix  would  hiive  bmn  .Is.  clii'sjuir.     How  many  bnxea  did  I  buy  ? 

(;i7.)  A  p,-™.n  alKiuf  to  invesl  in  ^7.  consols  observed  Ihat,  if  tbc  price 
lad  been  tS  le.w,  lu'  would  have  r.ivivct  47,  more  im.Tcst  on  liiis  mozipy. 
Kii.dlh.'priee..fn.iisols. 

(3S.)  Out  "f  a  ciisk  emiliiiiiiii;;  3U0  quarfi  of  puiv  iilc.iliol  a  .luanlily  is 
drawn  ami  teid,iL-uJ  by  vvivler.     Of  the  luixlure  a  second  rjuautily,  SI  iiuarts 
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more  than  the  first,  is  drawn  and  replaced  by  water.    The  cask  now  contains 
as  much  alcohol  as  water.     What  quantity  was  drawn  out  at  first  ? 

(39.)  Find  four  consecutive  integers  such  that  the  product  of  two  of  them 
may  be  a  number  which  has  the  other  two  for  digits. 

(40. )  The  consumption  of  an  important  commodity  is  found  to  increase  as 
the  square  of  the  decrease  of  its  price  below  a  certain  standard  price  {p).  If 
the  customs'  duty  be  levied  at  a  given  percentage  on  the  value  (a)  of  the 
commodity  before  the  duty  is  paid,  show  that,  provided  the  rate  be  below  a 
certain  limit,  there  are  two  other  rates  which  will  yield  the  same  total 
revenue,  and  determine  the  rates  which  will  yield  the  greatest  and  least 
revenues. 

(41.)  A  number  has  two  digits,  the  sum  of  the  squares  of  which  is  130. 
If  the  order  of  the  digits  be  reversed  the  number  is  increased  by  18.  Find 
the  number. 

(42. )  Three  numbers  are  in  arithmetical  progression.  The  square  of  the 
first,  together  with  the  product  of  the  second  and  third,  is  16 ;  and  the  s<^uare 
of  the  second,  together  with  the  product  of  the  first  and  third,  is  14. 

(43. )  To  find  three  numbers  in  arithmetical  progression  such  that  their  sum 
is  2a,  and  the  sum  of  their  s([uares  ib\ 

(44.)  The  sides  of  a  triangle  are  the  roots  of  a:'-aa^  +  ft.B-c=0.  Show 
that  its  area  is  JV  {a(  iab  -  a'  -  8c) } . 

(45.)  The  hypotenuse  of  a  right-angled  triangle  is  A,  and  the  radius  of 
the  inscribed  circle  r.  Find  the  sides  of  the  triangle.  Find  the  greatest 
admissible  value  of  r  for  a  given  value  of  h. 

The  following  are  from  Newton's  Arithmctica  Universalis^  q,v,,  pp.  119 
ct  scq.  : — 

(46.)  Given  the  sides  of  a  triangle,  to  find  the  segments  of  any  side  made 
by  the  foot  of  the  perpendicular  from  the  opposite  vertex* 

(47.)  Given  the  perimeter  and  area  of  a  right-angled  triangle,  to  find  the 
hypotenuse. 

(48. )  Given  the  perimeter  and  altitude  of  a  right-angled  triangle,  to  find 
its  sides. 

(49.)  The  same,  given  the  hypotenuse  and  the  sum  of  the  altitude  and  the 
two  sides. 

(50.)  Find  the  sides  of  a  triangle  which  is  such  that  the  three  sides,  a,  6,  c, 
and  the  perpendicular  on  a  form  an  arithmetical  progression. 

(51.)  The  same,  the  progression  being  geometric. 

(52.)  To  find  a  jioint  in  a  given  straight  line  such  that  the  diflFerence  of 
its  distances  from  two  given  points  shall  be  a  given  length. 
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CHAPTER   XX. 

Arithmetic  Eind  Oeometric  Progresaiona  and  the 
Series  allied  to  them. 

§  I.]  Dy  a  series  is  nutmt  the  sum  of  a  nan^/er  of  terms  formd 

accordinij  to  some  common  law. 

For  example,  if  /(h)  be  any  fuaction  of  «  whatsoever,  the 
function 

/(l)t/(2)t/(3)  +  ..  .+/M  +  .  ■  ■*!(.<>)  (1) 

is  called  a.  scries. 

f{\)  ia  called  theses*  term;  /{2)  tiie  second  term,  &c.;  a,\iA  f{r) 
is  called  the  rlh,  or  general,  term. 

For  the  present  we  consider  only  series  which  have  a  finite 
number  n  of  terms. 

Ab  exampleB  a[  this  new  ki[id  of  fanctJOD,  let  ^n)  =  n,  tbGn  we  have  the 


(2); 


letyi;n)  =  l/(n  +  iJi),  and  we  havo  the  ai 


let/i;n)  =  \/"A2- V").  and  we  liave  the  serieB 

2-yi     2-V2'^2--v'3       ■        2-\/«  ^  '' 

It  is  obvious  that  when  the  nth  term  of  a  series  is  given  we 
can  write  down  all  the  terras  by  simply  siibstitiiting  for  n  ],  2, 
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It  is  not  true,  however,  that  when  the  first  few  terms  are 
given  we  can  in  general  find  the  nth  term,  if  nothing  is  told  us 
regarding  the  form  of  that  term.  This  is  sufficiently  obvious 
from  the  second  form  in  which  the  last  series  was  written ;  for 
in  the  earlier  terms  all  trace  of  the  law  of  formation  is  lost. 

K  we  have  some  general  description  of  the  nth  term,  it  may 
in  certain  cases  be  possible  to  find  it  from  the  values  of  a  certain 
number  of  particular  terms.  If,  for  example,  we  were  told  that 
the  nth  term  is  an  integral  function  of  n  of  the  2nd  degree, 
then,  by  chap,  xviii.,  §  7,  we  could  determine  that  function  if  the 
values  of  three  terms  of  the  series  of  known  order  were  given. 

§  2.]  If  we  regard  the  series 

/i;i)+/(2)+.  .  .+/(n) 

as  a  function  of  n,  and  call  it  </>(n),  it  has  a  striking  peculiarity, 
shared  by  no  function  of  n  that  we  have  as  yet  fully  discussed, 
namely,  that  the  number  of  terms  in  the  function  </>(n)  depends  on  the 
value  of  its  variable.     For  example, 

</<!)=  1,     </)(2)=l  +  2,     </>(3)=l  +  2  +  3, 
and  so  on. 

It  happens  in  certain  cases  that  an  expression  can  be  found 

for  (^n)  which  has  not  this  peculiarity ;  for  example,  we  shall 

show  presently  that 

6 

On  the  left  of  this  equation  the  number  of  terms  is  n ;  on  the 
right  we  have  an  ordinary  integral  function  of  n,  the  number  of 
terms  in  which  is  independent  of  n. 

iVhen,  as  in  the  example  quoted,  we  can  find  for  the  sum  of  a 
series  an  expression  involving  only  known  functions  and  constructed  by 
a  fixed  number  of  steps,  then  the  series  is  said  to  admit  of  summation  ; 
and  the  closed  expression  in  question  is  spoken  of  as  the  sum,  par 
excellence,  of  the  series. 

The  property  of  having  a  sum  in  the  sense  just  explained  is 
an  exceptional  one ;  and  the  sum,  where  it  exists,  must  always 
be  found  by  some  artifice  depending  on  the  nature  of  the  series. 
What  the  student  should  endeavour  to  do  is  to  group  together, 

VOL.  I  2  I 
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and  be  eon  tlut  he  can  recognise,  all  the  aeries  thai  can  be 
Bommed  by  any  given  artifice.  This  is  not  so  diffionlt  as  mig^t 
be  supposed ;  for  the  number  of  different  artafioea  is  by  oo  meaiu 
very  large. 

In  this  chapter  we  shall  discius  tvo  very  important  cases, 
leaving  the  consideration  of  several  general  principles  and  of 
several  interesting  partlciilar  cases  to  (lie  second  part  of  this  work. 

SERIES  WHOSE  flTH  TERH  IS  AN  INTEGBAL  rUMOnOH  OT  fl. 

§  3.]  An  Anthmetic  Stria,  or  an  ArUhmdie  Pro^runtm,  as  it 
is  often  called,  is  a  series  in  which  each  term  exceeds  the  pre- 
ceding by  a  fixed  quantity,  called  the  common  difference.  Let 
a  be  the  first  term,  and  b  the  common  difference ;  tJien  the  terms 
are  a,  a-i-b,  a  +  2b,  a+Sb,  &c.,  the  nth  term  being  obviously 
<i  +  (n-l)6. 

Here  a  and  5  may  be  any  algebraical  quantities  whatsoever, 
the  word  "  exceed  "  in  the  definition  being  taken  in  the  algebraical 
sense. 

Since  the  nth  term  may  he  written  (a-l)  +  b7i,  where  o  -  6 
and  b  are  constants,  we  see  that  the  nth  term  of  an  arithmetical 
series  is  an  integral  function  of  n  of  the  let  degree.  Such  a 
series  is  therefore  the  simplest  of  the  general  class  to  be  con- 
sidered in  this  section. 

The  usual  method  of  summing  an  A.P.  ia  as  follows.  Let 
2  denote  the  sum  of  n  terms,  then 

Z=     a+  {«+*}+  {a+2i}+.  .,+  {a+(n-l)i}.- 

If  we  write  the  terms  in  the  reverse  order,  we  have 

S=   {o  +  {™-l)i|4.   {o  +  (»-2)i)+   (o  +  {n-8)6}+.  .  .+     a. 
If  we  now  add,  taking  the  pairs  of  terms  in  the  same  vertical 
line  together,  we  find 

22={2a  +  {«-l)i}  +  {2<i  +  (n-l)6}  +  {2a  +  (n-l)i}+.  .  .-i- {2o  +  (ii- !)&). 
Hence,  since  thfre  are  )*  terms, 

2;  =  ^(2,.+(«-i)Ji  (I). 

This  gives  2)  in  terms  of  n,  a,  h. 
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If  we  denote  the  last  tenn  of  the  series  by  i,  we  have 
l  =  a-¥{n-l)b.     Hence 

2  =  n-2-  (2). 

That  is  to  say,  the  sum  of  n  terms  of  an  A,P,  is  n  times  the 
average  of  the  first  and  last  terms,  a  proposition  which  is  con- 
venient in  practice. 

Example  1. 

To  sum  the  arithmetical  series  5  +  3  +  1-1-3-.  .  .  to  100  terms.     Here 
a=5  and  h=  -  2.     Hence 

2=i^{2x6  +  (100-l)(-2)}, 

=  50(10-198), 

=  -  9400. 
Example  2. 

To  find  the  sum  of  the  first  n  odd  integers. 

The  nth  odd  integer  is  2n  - 1.    Hence 

2=1  +  3  +  5+  .  .  .  +(2n-l), 

_      l  +  (27l-l) 

2 

=n2. 
It  appears,  therefore,  that  the  sum  of  any  number  of  consecutive  odd  integers, 
beginning  with  unity,  is  the  square  of  their  number.     This  proposition  was 
known  to  the  Greek  geometers. 

Example  3. 

Sum  the  scries  1-2  +  8-4  +  5  ...  to  n  terms.     First  suppose  n  to  be 
even,  =  2m  say.     Then  the  series  is 

2=1-2  +  3-4+ .  .  .  +(2m-l)-2m, 
=  1  +  3+  .  .  .  +(2m-l) 
-  2  -  4  -  .   .  .  -  2w. 

In  each  line  there  are  m  terms.  The  first  line  has  for  its  sum  m\  by  Example  2. 
The  second  gives  -  m{2  +  2m)/2,  that  is,  -  7n(m  +1).     Hence 

2=m'-m(m+l)=  -m=  -5. 

Next  suppose  n  to  be  odd,  =2wi- 1,  say. 
Then  we  have 

2=1-2  +  8-4+.  .  .  +(2m-l). 

To  find  the  sum  in  this  case,  all  we  have  to  do  is  to  add  2m  to  our  former 
result.     We  thus  find 

2=2m-m=m, 

TO  +  1 


This  result  might  be  obtained  even  more  simply  by  associating  the  terms  of 
the  given  series  in  pairs. 


464  Qxtmtuu  niTBQBU.  eoitna  our. 

§  4.]  The  uiifioe  of  g  3  will  not  ^>Iy  to  t^e  cue  where  the 
nth  temi  of  a  Boriea  is  an  integral  fimctioD  of  it  of  higher  degree 
than  the  IbL    We  proceed,  Uierefor^  to  develop  a  mora  general 


(1), 


Let  the  nth  term  of  ^e  Beriee  be 


i'B'»+ Pi"       +?■'*+  •   ■  -  +Pr 
vhere  pt,  p„  p,,  .  .  .,  pr  "*  independent  of  n. 

And  let  us  denote  the  nuna  of  the  fiiati,  Becond,  thiid,  .  .  . , 
rth  powers  of  tJie  first  n  integral  nnmbets  hy  «ii,  «*■■  lAi  •  •  ■■ 
^;  BO  that 

^  =  1  +2  +3  +  .  .  .  +n, 
»^=l'  +  2*  +  8*+  .  .  .  +w', 
,^=l'  +  2'+3'+  .  .  .  +n', 
and  BO  on. 

If  S  denote  the  sum  of  n  terms  of  the  series  whose  nth  term 
is  (1),  we  have, 

'Z=PtV+PiV^+P,V-^+  .    .    .   +pr, 
+P,^''+P,Z'"'^+p,2^'^+  .    .    .    +pr, 

+p,y +piZ"^+p,3'"'*  .  .  .  +p,, 


+Ptfi^  +p,n'"^+p,vr~^+  .  .  .  +Pf. 
Hence,  adding  in  vertical  colunma,  we  have 

2=p,n<r+i'.f.«r-.+i'««r-.  +  -    ■    .-i-f^r  (2). 

From  this  formula  we  see  that  we  could  sum  the  sories  whose 
general  term  is  (1)  if  only  we  knew  the  sums  of  the  first,  second, 
third rth  powers  of  the  first  n  integers. 

These  sums  can  be  calculated  successively  by  a  uniform 
process,  as  we  shall  now  show. 

§6.]  To  cahdaU  ^,. 

If  in  the  identity  (x+l)'-3?=2z+l  we  put  successively 


x  =  n,x  = 


-1.- 


i..3,» 

=  1 

wo  have  the 

ollowing  equatioDa- 

(«  +  l)" 

-«' 

-  2m 

+ 

, 

»•-(»- 

1) 

=  2(»- 

1)  + 

1, 

3' 

-2 

.2.2 

+ 

1, 

2' 

-1 

=  2.1 

+ 

1. 
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If  we  add  all  these  equations,  the  terms  on  the  left  mutually 
destroy  each  other,  with  the  exception  of  two,  which  give 
(n  +  1)'  -  1 ;  and  those  on  the  right,  added  in  vertical  columns, 
give  2nSi  +  n.     Hence 

(n+l)"-l  =  2nS,+n  (1). 

From  this  we  have 

2n«i  =  (n  +  l)»-(n+l), 
=  (n+l)n, 

(2); 


_  n(n  + 1) 

nSi-        2 


a  result  which  we  might  have  obtained  by  the  method  of  §  3, 
for  1  +  2  + .  .  .  +  n  is  an  A.P. 

Cor.  The  sum  of  the  first  powers  of  the  first  n  integers  is  an 
integral  function  of  n  of  the  2nd  degree. 
§  6.]  To  calcvlaie  nSr 

In  the  identity  (x  +  1)'  -  a:*  =  3a:*  +  3aj  +  1    put  successively 
x  =  n,  x  =  n-l,  .  .  .,  x=2,  x  =  l,  and  we  have 

(n+l)'-n'=3n'  +  3»  +1, 

n»-(n-l)'  =  3(n-l)'+3(n-l)  +  l. 


3' -2' =3.2*         +3.2        +1, 
2"-r=3.1'         +3.1        +1. 

Hence,  adding  all  these  equations,  we  have 

(n  +  1)'  -  1  =  SnSa  +  3nSi  +  n 
Using  in  (1)  the  value  already  found  for  n^u  we  have 

3nS,  =  (n  +  !)•  -  fn(n  +  1)  -  (»  +  1), 
n+  1 


(1). 


2 
n+  1 


{2(n+l)'-3n-2}, 
(2n"  +  n). 


Hence 


_n(n  +  l)(2n+  1) 


(2) 


Cor.  The  sum  of  the  squares  of  the  first  n  integers  is  an  integral 
function  of  n  of  the  3rd  degree. 


i 
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§  ?.]  To  ealailaU  ^ 

la  ttie  identity  (x+iy-x*  =  isf  +  6:^  +  4z  +  l  put  sacceas- 
ively  !i;  =  fl,a;  =  n-l,  .  .  .,x=2,x=l;  add  the  n  eqnationB  so 
obtained,  and  ire  find,  as  before^ 

(b  +  1)*  -  1  =  4a  +  6,A  +  *.».  +  n, 

or  (»  + 1)*  -  (»  +  1)  =  t,A  +  ^A  +  4»».  (1). 

Using  the  values  of  «^  and  ««i  already  found,  ve  have 

4,A  =  n(»  +  l)(»'+8»+S)-n(n+l)(2n+l)-2n(»»+l), 
=  «(»»+ !)(»•+ 3ti+ 3- 2n-l -3X 
=  «>+!)■. 
Hence 

Cor.  1.   „s,  is  an  integral  fanelion  of  n  of  the  ith  decree. 
Cor,  2.  The  mm  of  the  cubes  of  the  first  n  integers  is  the  square 
of  the  sum  of  their  first  poiaa-S. 

%  8.]  Exactly  as  in  g  7  tre  can  sbow  that 

(n+l)'-(n+l)  =  5„s, +  10„s,4-10„s,  +  S„s,        (1); 
and  from  this  equation,  knowing  rS,,  „s„  nh>  we  can  calculate 
„s,.     The  result  ie 

w(b-<-1)(6«'  +  9wV«-1)  ,  . 

§  9.]  This  process  may  be  continued  indefinitely,  and  the 
functions  „s,,  „s„  .  ,  .,  nSr-i  •  ■  ■  calculated  one  after  the  other. 

Suppose,  in  fact,  that  „s„  „$,,  .  .  .,  „^-,  had  all  been  cal- 
culated.    Then,  just  as  in  gg  5-8,  we  deduce  the  equation 

{n  +  l)'+I-(«+l)  =  ,+,C,„S.  +  ,+,C,nSr-,  +  .    -    .-i-r+.C,„S.      (I), 

where  ,+,C,,r+iC,.  &c.,  are  the  binomial  coefficients  of  ther  +  1th 
order. 

The  equation  (1)  enables  us  to  calculate  „s^ 

Cor.  1.  „.',  is  tot  iiikgral  fmdion  of  n  qf  the  r  +  \th  dcjrce,  so 
thai  we  iiiaij  vrite 

and  it  is  olvious  frutii  (1)  that 
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?o  = 


1 


1 


r+iC,      r  +  1 

Cor.  2.  n^r  ^  divisible  by  n(n  +  1),  so  that  we  may  umie 

for  this  is  true  when  r=l,  r  =  2,  r=3,  r=4;  hence  it  must  be 
true  for  r  =  5,  for  we  have 

and  {n  +  1)'  -  (»  +  1)  is  divisible  by  n{n  +  1) ;  and  so  on. 

§  10.]  We  can  now  sum  any  series  whose  nth  term  is  re- 
ducible to  an  integral  function  of  a  By  §  4  and  §  9,  Cor.  1, 
we  see  that  the  sum  of  n  terms  of  any  series  whose  nth  term  is  an 
integral  function  of  n  of  the  rth  de^ee  is  an  integral  function  ofnof 
ther+lth  degree.  We  may,  therefore,  if  we  choose,  in  summing 
any  such  series,  assume  the  sum  to  be  An''+^  +  Bn*'  +  .  .  .  +  K ; 
and  determine  the  coefficients  A,  B,  .  .  .,  K  by  giving  particular 
values  to  n.  If  S,,  S,,  .  .  .,  8^+,  be  the  sums  of  1,  2,  .  .  .,  r  +  2 
terms  of  the  series,  then  it  is  obvious,  by  Lagrange's  Theorem, 
chap,  xviii.,  §  7,  that  the  sum  is 

'•+2    (n--l)(n-2),.,(n-s  +  l){n-s-l)..,{n-r-2) 
I    \s-l){s-2) 1  (-1)         ...(s-r-2)' 

The  following  are  a  few  examples : — 


Example  1. 

To  sum  the  series  2 =a+ (a +6)  + (a +  25)+.  ,  .  + {a+(n-l)6}. 

The  nth  term  is  (a  -  6)  +  nb. 

The  71- 1th  term  is  (a-6)  +  (w-l)6. 


The  2nd  term  is 
The  1st  term  is 
Hence 


as  was  found  in  §  3. 


(«  -  6)  +  26. 
{a-b)  +  lb, 
2=(a-6)»+6^, 

=|{2a+(»-l)6}, 


4S8  EXAHPLXB  flSU. 

EiamplflS.  Zsl>+8*+&*+tai»tenni. 

Theiithtarmu(2ii-l)>i=4i^-4tt  +  l. 
Hence  X=    h?        -to        +1 

+  4Cn-l/-*(it-l)+l 

+  t.^        -4.a        +1 
+  *.1»        -1.1        +1. 
Hence,  adding  ta  Teitiokl  calomiu,  we  have 

=■*         8         -*--a— +% 

^  8  ' 

Example  3. 

Z=2.3.4+8.1.fi+4.0.e-i-.  .  .  taNteims. 

The  nth  term  i»  («+l){»+2){«  +  3)  =  n"  +  art>+ll«+6. 
Honco  Z  =  ,^  +  8^  +  ll,^  +  eii, 

i=i(n<+10ji'  +  36ii'  +  60n). 

Example  4. 

A  n-eclge-.ihepcd  pile  or  ahot  ataniJa  on  a  rectangular  base.  There  are  m 
anJ  It  allot  rospcctively  in  tlia  two  aides  of  tlie  lowest  rectangular  layer,  m-1 
and  11-1  in  the  two  aides  of  the  next  rectaugnlar  layer,  and  so  on,  tlio  upper- 
most layer  being  a  single  line  of  shot  Find  the  whole  namber  of  shot  in  the 
pile,  m  being  greater  than  n. 

The  nmnher  in  the  lowest  layer  iamn  ;  in  theneit  (m-l)(n-l) ;  in  the 
next  (m-S){n-2),  and  so  on  ;  the  number  in  the  last  layer  is  (m-n-l) 
C»-;rri),  thatis,{m-n  +  l). 

Hence  we  have  to  sum  the  series  

2;  =  ™..  +  (m-l)(B-l)  +  (fli-2)(«-2)+.  .  .  +  (m-^^)(n-n-l), 
in  which  there  are «  terms.  

The  rth  term  of  the  series  is  (m-r-l)(«-r-l),  that  is,  (m  +  l-r) 
(itTi-r),  that  is,  (m  +  l)(n  +  l)-(m  +  «  +  2)r  +  r'. 

Hcncu  ne  may  write  the  series  as  follows  : — 

S=     {m  +  l)(«+l)   -{m+«  +  2)™  +n' 

+{«i  +  l)(«  +  l)   -(m  +  „  +  2}{«-l)     +(»-!)• 


+  (m  +  l)(«  +  l)   - 

{«  +  n  +  2)2 

+  2> 

■f 

■(m  +  l)(»  +  l)    - 

(m-(-n  +  2}l 

+  1=, 

= 

n(».  +  l)(»4l)- 

(m+n  +  2),s. 

+  ^„ 

(m  +  lW»  +  I)- 

i[m  +  »  +  2)«(; 

i  +  1)  +  |n(»+i)(; 

!n  +  l) 

- 

i,((H  +  l)(a,«-w 

+  1). 

IkmarL- 

-Li- 

ivovkinj; «xuL.ipk.> 

1  l,y  this  tiiolho 

dtlieRtu'lcntniuE 

it  U  (■ 

fid  to  sue  111: 

lt  tl« 

!   SlTJtS    is    lOlliplu 

tu  ;  in  olliiT  u 

Olds,  llmt  thrr^a 

rocxa 

,1  terms,  iill 

form 

(d  ,-Kor,li»y  to  Ik 

e  mme  luu:     If  auy  terms  arc  \vi 

antiiif! 

if  thciB  are  i 

rodiiLl 

daut  t«rui«,  iillow 

aaoe  must  bo  made  by  addiug  ot 

■  suit. 

iug  terms,  as  Ihu 

caau  may  In;. 
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SERIES  WHOSE  nTH  TERM  IS  THE  PRODUCT  OF  AN   INTEGRAL 
FUNCTION  OF  n  AND  A  SIMPLE  EXPONENTIAL  FUNCTION  OF  n. 

§  11.]  The  t3rpical  form  of  the  nth  term  in  the  class  of  series 
now  to  be  considered  is 

where  Po,  Pi,  .  .  .|  Pt,  t  are  all  independent  of  w,  and  s  is  any 
positive  integer. 

The  simplest  case  is  that  in  which  the  integral  function  re- 
duces to  a  constant  The  nth  term  is  then  of  the  form  p^^,  or 
B&j  pgT  .  r^'~\  that  is,  ar^'^,  where  a=^p^  is  a  constant. 

The  ratio  of  the  nth  to  the  (n  -  l)th  term  in  this  special  case 
is  at^lar^'^  =  r,  that  is  to  say,  is  constant. 

A  series  in  which  the  ratio  of  each  term  to  the  preceding  is  con- 
stant is  called  a  geometric  series  or  geometric  progression  ; 
and  the  constant  ratio  in  question  is  called  the  COMMON  RATIO. 

If  the  first  term  be  a  and  the  common  ratio  r,  the  second 
term  is  ar ;  the  third  {ar)r,  that  is,  ar^ ;  the  fourth  (ar^f  that  is, 
a/;  and  so  on.  The  nth  term  is  ar^'^,  A  geometric  series 
is  therefore  neither  more  nor  less  general  than  that  particular 
case  of  the  general  class  of  series  now  under  discussion  which 
introduced  it  to  our  notice. 

§  1 2.]  To  sum  a  geometrical  series. 

Let  2  =  a  +  ar  +  a/  +  .  .  .+ar^-^  (1). 

Multiply  both  sides  of  (1)  by  1  -  r  and  we  have 
(1 -r)2  =  a  +  ar  +  ar^  +  .  .  .+ar**"^ 

-ar-ar^-.  .  ,-ar^'^-ar^^ 
=  a-ar^  (2). 

Hence  2  =  a\^  (3). 

1  -r 

Since  the  number  of  operations  on  the  right-hand  side  of  (3) 
is  independent  of  n,*  we  have  thus  obtained  the  sum  of  the 
series  (1). 

Cor.  If  Z  be  the  last  term  of  the  series,  then  l  =  ar^'^  and 
af^  =  rl.     Hence  (3)  may  be  written 

*  Here  we  regard  the  raising  of  r  to  the  nth  power  as  a  single  operation. 


» 


a=|,  r=}.    Henoe 


Eiampla  2, 


-«W-('-^)- 


S.    HenM 

-(-2y    1-1 
l-(-S) 
=Kl-8-),if» 


Z=l.' 


Exam|ile  8. 


-(3?+3*+.    .    .+!!-«)_ 


^^P-^^- 


1+J/+, 


=  (l-Df)/(l-«), 

=(i-ir)/(i-w>, 

g'O-iT")         y=(i-v) 


-y)[i-f)' 

g  13.]  We  next  proceed  to  consider  the  case  wkert  the  iidegral 
function  which  multiplies  f  is  of  the  \st  degree. 

The  general  term  in  this  case  is 

{a-i-bny.  (1), 

where  a  and  h  are  constants. 

It  will  be  observed  that  a  term  of  this  form  would  result  if 
we  multiplied  together  the  nth  term  of  any  arithmetic  series  by 
the  nth  term  of  any  geometric  series.  For  this  reason  a  scries 
whose  nth  term  has  the  form  (1)  is  often  called  an  ariihtnttko- 
geomi-tric  snies. 

The  series  may  l>o  summed  liy  an  extension  of  the  artifice 
employed  to  sum  a  G.P, 

Let 
2-(ct.  i.iy'  +  (a  +  6.2)r'  +  (rt  +  6.3K  +  .  .  .  +  («  + 6.Ji)r". 
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Multiply  by  1  -  r,  and  we  have 

(1  -  r)2 

=  (a  +  6.1)r' +  (a  +  5.2)r"  +  (a  +  6.3y*  +  .  .  .-{-{a-^-bny 


-(a  +  6.iy-(a  +  6.2)r'-.  .  .-(a  +  bn-iy 

-  (a  +  bny-^\ 
=  (a  +  bAyr  +  \y  +  br*  +  .  .  . +  6r«|-(a  +  6n>^+i  (1). 

Looking  merely  at  the  terms  within  the  two  vertical  lines, 
we  see  that  these  constitute  a  geometric  series.  Hence,  if  we 
multiply  by  1  -  r  a  second  time,  there  will  be  no  series  left  on 
th^  right-hand  side;  and  we  shall  in  effect  have  found  the 
required  expression  for  2.     We  have,  in  fact, 

(l-r)*2 

=  (l-r)(a  +  6)r  +  fe^  +  6r'  +  .  .  .+br^ 

-  (1  -  r)  (a  +  bny+\ 

=  (l-r)(a  +  6)r  +  6/-&r*»+i-(l-r)(a  +  ^)r'»+i, 

=  (a  +  6)r-(a  +  6)/  +  ^-{a  +  (n+l)6}f»+i  +  (a  +  6»)r«+2  (2). 

Hence 

_  (a  +  6)r-(g  +  i)rV&r^-{g  +  (n  +  l)6}r^+^  +  {a  +  bny+^ 

(1-r/ 

§  14.]  If  the  reader  has  not  already  perceived  that  the 
artifice  of  multiplying  repeatedly  by  1  -  r  will  sum  any  series  of 
the  general  form  indicated  in  §  11,  probably  the  following  argu- 
ment will  convince  him  that  such  is  the  case. 

Let  fg{n)  denote  an  integral  function  of  n  of  the  5th  degree ; 
then  the  degree  of  fj(n)  -ft(n  -  1)  is  the  (s  -  l)th,  since  the  two 
terms  in  n'  destroy  each  other.  Hence  we  may  denote  /,(n) 
-/»(w  -  1)  by  fa-,(n).  Similarly,  /,-,(7i)  -/i-,(n  -  1)  will  be  an 
integral  function  of  n  of  the  {s  -  2)th  degree,  and  may  be  denoted 
^yfs-My  and  so  on. 

Consider  now  the  series 

2 =/.(iy  +M^y + •  •  •  +/^«)r»  (1). 

Multiply  by  1  -  r,  and  we  have 


2  = 


(3). 
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-my*  av*  u^y +/*>" 

-/.(iy  +  i/.-.(2>'+/.-.<3)''+-  ■  .+/.-,(«y'i-/*K"(2)- 

The  soriea  between  the  vertical  lines  in  (2)  is  now  simpler 
than  that  in  (1) ;  since  the  integral  function  which  multiplies  r" 
is  now  of  the  (s  -  l)th  degree  only. 

If  we  multiply  once  more  by  1  -  r  we  shall  find  on  the  right 
certain  terma  at  the  beginning  and  end,  together  with  a  aeries 
whose  nth  term  is  now/,-,(n)r". 

Each  time  we  multiply  by  1  -  r  we  reduce  the  degree  of  the 
multiplier  of  r"  by  unity-  Hence  by  multiplying  by  {1  -r)*** 
we  shall  extirpntfi  the  series  on  the  right-hand  side  altogether, 
and  tliera  will  remain  only  a  fixed  number  of  tonus. 

/(  follnvis  thai  any  series  u-lwse  nth  term  cansixis  nf  an  inlegral 
ftindion  of  n  o/  Me  sOt  de^'ee  mvltiplifd  hy  r"  ean  he  mmmed  by 
simply  mvltipli/mg  hy  (1  -  r)''^K 

This  simple  proposition  contains  the  whole  theory  of  the  sum- 
mation of  the  class  of  series  now  under  discusHion. 

Eiamplo  ].  1  =  1^  +  2^  +  3^  +  .  .  .  +  11^. 

Hero  tbe  dcgrea  of  tho  multiplier  of  r"  is  2.     Hciifp.  io  order  to  effect  tie 
mmmation,  wo  must  multiply  by  (1  -  rf.    Wo  tliiia  find 
{l~rfZ 
=  !¥+  2V*-+      SV+     1V  +  .  .  .-t-  «V 

-3.lV-3.2V-a.aV-.  .   .-3(71-1)'-*-  3nV" 

+  8.IV+8.2V-.  .  .+3(n-2}'r-  +  3(«-l)VH-'+       SnVrt* 
-     1V-,   ,  .-   (»-3)V-   (7i-2)V+'-(«-l)V»f 

=r+r»-(n  +  l)'f-+'  +  (2n*-(-2n-l)r-+'-nV»«. 

+f'-(n^-l)V^^■^-(Bt>*-^g«-])f"^"-"'V^** 

Eiamplo  2, 
Mnltiply  by 


ll-rr 

2  = 

i-a^+ar' 

-Ar<  +  . 

.-2i 

,Jn-1. 

a  +  r)'. 

Slid  we  have 

+      3r» 

-     JH  +  . 

-2.2r' 

1-2. 3r»-. 

.+2{2» 

-l)r"" 

1-       2.2nr^ 

+        r' 

-      2r^  +  . 

,-   (2« 

-2K"" 

•  +  (2» 

l]r^- 

2«r>^', 

i  +  l)r"" 

^^l-(2. 

+  l)r'-- 

»r^+' 

(1+ry 

--•fjmHaali)  i'lr..!,. 
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In  this  cnxe  ike  series  is  said  to  be  amvergeni,  ami  to  rmtvergr  to 
the  ralueaKl  -r). 

Tbero  is  yet  another  case  worthy  of  notice. 
If  r=  —  1,  the  aerieB  becomes 


Hence  the  sum  of  an  odd  number  of  ite  terms  is  always  a,  and 
the  sum  of  an  even  number  of  them  always  0.  The  sum,  there- 
fore, does  not  become  intiiiite  when  an  infuiit«  number  of  terme 
aro  taken  ;  but  neither  does  it  converge  to  one  definite  viilu&  A. 
series  having  this  property  is  sometimes  said  to  oscUlaie. 

Eiaiaple  I. 

Find  the  limit  of  the  avaa  of  an  infinite  number  of  taruu  of  the  series 
^_1     1      I 


-i 

Hence,  when  n  ii  made  infinitely  great, 
2  =  1. 
This  cue  m&y  be  illDBtrated  geometrica));  as  folloirs ; — 

Let  AB  be  a  line  of  unit  length 

I — -j j j— Pi         Bisect  AB  in  Pi;  bisect  P|B  in  P., 

A  Pi  P,     P,  P<B        P,B  in  P, ;  and  so  on  indefiniUly. 

It  is  obvious  tbst  by  asnlEcient 
numbed  of  tliese  operatJons  fie  can  come  nearer  to  B  than  any  assigned  dis- 
tance, however  Email.  In  other  words,  if  we  take  a  sufficient  number  of 
terms  of  the  series 

APi  +  PiPa  +  PaP3  +  PaPi+.   .  ., 

we  shall  bavo  a  result  differing  from  AB,  that  is,  from  unity,  as  little  as  we 
This  Is  timply  a  geometrical  way  of  saying  that 

Biample  2. 

To  evaluate  the  recurring  decimal  '34. 


2  ia  obviously  u  geometric 
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PROPERTIES  OP  QUANTITIES  WHICH  ARE  IN  ARITHMETIC, 
GEOMETRIC,  OR  HARMONIC  PROGRESSION. 

§  17.]  If  a  be  the  first  term,  b  the  common  difference,  n  the 
number  of  terms,  and  2  the  sum  of  an  arithmetic  progression, 
we  have 

2  =  |{2a  +  (»  -  1)6}  OX 

This  equation  enables  us  to  determine  any  one  of  the  four  quan- 
tities, 2,  a,  6,  w,  when  the  other  three  are  given.  The  equation 
is  an  integral  equation  of  the  1st  degree  in  all  cases,  except 
when  n  is  the  unknown  quantity,  in  which  case  the  equation  is  a 
quadratic.  This  last  case  presents  some  points  of  interest,  which 
we  may  illustrate  by  a  couple  of  examples. 

Example  1. 

Given  2=36,  a =15,  &=  -3,  to  find  n.  We  have  by  the  formula  (1) 
above 

36=|{30-(n-l)3}. 

Hence  7i'-lln  +  24=0. 

The  roots  of  this  equation  are  n=3  and  9i=8.  It  may  seem  strange  that 
there  should  be  two  different  numbers  of  terms  for  which  the  sum  is  the  same. 
The  mystery  is  explained  by  the  fact  that  the  common  difference  is  negative. 
The  series  is,  in  fact, 

15  +  12  +  91  +6  +  3  +  0-3-61  -9-.  .  .; 
and,  inasmuch  as  the  sum  of  the  part  between  the  vertical  lines  is  zero,  the 
sum  of  8  terms  of  the  series  is  the  same  as  the  sum  of  3  terms. 

Example  2. 

S=14,      a=3,     5=2. 

The  equation  for  n  in  this  case  is 

n«+2n=14. 

Hence  n= -1±V(15)= +2-87  .  .  .,  or  -4*87  .  .  . 

The  second  of  the  roots,  being  negative,  has  no  immediate  reference  to  our 
problem.  The  first  root  is  admissible  so  far  as  its  sign  is  concerned,  but  it  is 
open  to  objection  because  it  is  fractional,  for,  from  the  nature  of  the  case,  n 
must  be  integral.  It  may  be  conjectured,  therefore,  that  we  have  set  our- 
selves an  impossible  problem.  Analytically  considered,  the  function  7i*+2n 
varies  continuously,  and  there  is  in  the  abstract  no  diflSculty  in  giving  to  it 
any  value  whatsoever.  The  sum  of  an  arithmetic  series,  on  the  other  hand, 
varies  per  saltum  ;  and  it  so  happens  that  14  is  not  one  of  the  values  that  Z 
can  assume  when  a=3  and  &=2.    There  are,  however,  two  values  which  Z 
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can  assnme  batwoen  ftUelt  11  lies ;  and  ws  ahonld  tzpaot  Out  the  int^en 
next  lower  ind  nert  hlghar  thin  2'87  would  comipond  to  thiM  nlnM  of  Z. 
So,  in  fact,  it  u ;  for,  whsn  n=2  Z=8,  ud  wImq  ii=S  Z=16. 

§  18.]  An  arithmetic  pn^readon  is  determined  whea  its  fint 
term  and  coTDmon  differenoe  are  given;  that  is  to  aay,  when 
these  are  given  we  can  write  down  as  many  terms  of  the  pro- 
gression as  we  please.  An  arithmetic  progreBsion  is  therefore 
whtkt  mathematicians  call  a  twofold  maiU/oidnaa ;  that  is,  it  is 
determined  by  any  two  independent  data. 

Bearing  this  in  mind,  «e  can  write  the  most  geoeial  arith- 
metic progreasiona  of  3,  4,  6,  &e.  terms  as  followa : — 
a -ft    *,    a  +  ft 

a  -  3ft     o  -  ft      a  +  ft      o  +  3ft 
«-2ft      a-ft      a,     a  +  ft      «  +  2ft 
&c, 
where  a  and  j6  are  any  qitantities   whatsoever.     It  will   be 
observed  that  in  the  cases  where  we  have  an  odd  number  of 
terms  the  common  difference  is  ft  in  the  cases  where  we  have 
an  even  number  2ft     These  formulte  are  sometimes  uaefal  in 
establishing  equations  of  condition  between  quantities  in  A.P. 

Exampto  1. 

Given  that  the  pth  teem  of  an  A.P.  is  P,  and  that  the  ?tli  term  is  <J,  to 
find  the  A.r.  Let  a  be  the  fitst  term  and  b  the  common  difference ;  then 
theythttndgthterm3  8Wit  +  (p-l)*anda  +  (j-l)ft  respeotively.     Hence 

a  +  (p-l)ft=P,    o  +  (?-Hft=Q. 
These  are  two  equations  of  the  let  degree  to  determine  a  and  b. 
We  find 

6=(P-Q)/(P-!).    a={(p-l)Q-(?-i)P}/(P-?). 


c  be  in  A.P.,  show  that 

a»ti  +  c)  +  t=(c  +  a)  +  (!^o  +  6)=|{n  +  &  +  c)'. 
■\Vo'may  put  a-a-p,     b=a,     f=a+,3. 

The  equation  to  ho  established  is  now 


+m-i->- 


'P'T, 


=  6a=. 


Since  a  and  0  are  Imlcpcndeut  of  ono  another,  tliis  ctiuation  mast  bo  a 
identity.     Tbu  left-hand  side  reduces  to 


zz 
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2a{(a-i3)«  +  (a+/3)»}+i3{(a-i3)»-(a  +  i3)2}+2a», 
=  2a{2a2  +  2/32}  +/3{-4a/5}  +2a», 
=6a3. 
Hence  the  required  result  is  established. 

§  19.]  If  three  quantities,  a,  6,  c,  be  in  A.P.,  we  have 
b-a  =  c-b  hy  definition.     Hence 

b  =  (c  +  a)/2. 

In  this  case  b  is  spoken  of  as  the  arithmetic  mean  between  a 
and  c.  The  arithmetic  mean  between  two  quantities  is  therefore 
merely  what  is  popularly  called  their  average. 

If  a  and  c  be  any  ttoo  quantities  whatsoever,  and  Aj,  A,,  .  .  .,  An 
n  others,  such  that  a,  A,,  A,,  .  .  .,  A^,  c  form  an  A.P.,  then  Aj,  A,, 
.  .  .,  An  are  said  to  be  n  aiithmetic  means  inserted  between  a  and  c. 

There  is  no  difficulty  in  finding  A^,  A„  .  .  .,  An  when  a  and 
c  are  given.     For,  if  6  be  the  common  difference  of  the  A.P., 

a,  -^1}  ^^)  *  ■  *>  -"^9  ^}  ^uen 

Ai  =  a  +  b,     A,  =  a  +  26,    .  .  .,    An  =  a  +  nb, 
and  c  =  a  +  (n+l)b. 

From  the  last  of  these  we  deduce  b  =  {c-  a)/{n  +1).  Hence 
we  have 

•^-1  =  ^  +  ^— ^>    Aa  =  a  +  2 — — v>    &o. 


w+  1 


n+l 


N,B, — By  the  arithmetic  mean  or  average  of  n  quantities  «»,  a„ 
,  ,  .y  a^is  meant  (ai  +  a,  +  .  .  .  +  an)/n. 

In   the  particular   case  where  two  quantities  only  are  in 

question,  the  arithmetic  mean  in  this   sense   agrees  with  the 

definitions  given  above ;  but  in  other  cases  the  meanings  of  the 

phrases  have  nothing  in  common. 

Example  1. 

Insert  30  arithmetic  means  between  5  and  90 ;  and  find  the  arithmetic 

mean  of  these  means. 

Let  b  be  the  common  difference  of  the  A. P.  5,  Ai,  As,  .  .  .,  A30,  90. 

Then 

■  6=(90-5)/(30  +  l)=85/31. 
Hence  the  means  are 

that  is, 

01.  ox     ox 
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85 


85 


85 


+  ^,  5  +  2. ~,  6  +  3.;rr>  *^c.; 


31 


240 


31 
325 


410 


31  '  31  '   31  * 


31 
&c. 


.  A,+A. 

={B  +  80)/2=S6/2. 

Bemarlc. — It  ii  tnte  genenll]>  tlimt  tha  miithmetii)  tneaii  of  tlie  n  iiiUi- 
m«tic  means  between  a  ud  e  is  the  uitbmetic  mean  between  a  and  c 

Eiample  3. 

The  arithmetic  mean  of  the  iqium  of  n  quantitua  in  A.F.  azcoeda  tlte 
Equaro  of  theLr  arithmetio  tnuin  b;  a  qoanti^  which  dqMnda  only  upon  n 
and  upon  thnr  common  difference. 

Let  the  n  qoantitiBa  be 

a  +  b,     a  +  Sb,     .  .  .,     a  +  ni. 
Then,  b7  K  a  and  B, 

=a»  +  Bfr(»  +  ])  +  |'(2»'  +  3.i  +  l). 
Again,       {(lM±(^2*)^.^^(?±!^J}'=(„^?L±li). 


=  «»+a*(TH-l)  +  j(n>  +  2n  +  l). 


A.M.  of  sq^uarea  -  squiiro  of  A.M. =—=^4=, 
which  proyea  the  proposition. 

§  20.]  If  Z  bo  the  sum  of  n  terms  of  a  geometric  progression 
whoso  first  term  and  common  ratio  are  a  and  r  respectively,  we 
have 


(!)■ 


When  any  three  of  the  four,  2,  n,  r,  n,  are  given,  this  equation 
determines  the  fourth.  Wlien  either  2  or  a  is  the  unknown 
quantity,  we  have  to  solve  an  equation  of  the  1st  degree.  When 
r  13  the  unknown  quantity,  wo  have  to  solve  an  integral  equation 
of  the  iith  degree,  which,  if  h  exceeds  2,  will  in  general  be 
effected  by  graphical  or  other  aijjirosimative  mcthod.s.  If  n  be 
the  unknown  quantity,  we  have  to  solve  an  exponential  equation 
of  the  form  r"  =  s,  where  r  and  s  are  known.     Tiiis  may  be 
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accomplished  at  once  by  means  of  a  table  of  logarithms,  as  we 
shall  see  in  the  next  chapter. 

§  21.]  Like  an  A.P.,  a  0,P,  is  a  twofold  manifoldness,  and 
may  be  determined  by  means  of  its  first  term  and  common  ratio, 
or  by  any  other  two  independent  data. 

In  establishing  any  equation  between  quantities  in  G.P.,  it 
is  usual  to  express  all  the  quantities  involved  in  terms  of  the 
first  term  and  common  ratio.  Since  these  two  are  independent, 
the  equation  in  question  must  then  become  an  identity. 

Example  1. 

The  pih  tenn  of  a  G.P.  is  P,  and  the  qth  term  is  Q  ;  find  the  first  term 
and  common  ratio. 

Let  a  be  the  first  term,  r  the  common  ratio.    Then  we  have,  by  our  data, 

arP-^  =  F,    ar«-i=Q. 
From  these,  by  division,  we  deduce  : 

»*-ff=P/Q,  whence  r=(P/Q)i/('»-«). 

Using  this  value  of  r  in  the  first  equation,  we  find 

a = P/(  P/Q)(i»-i)/(P-») = P(i-«)/(i»-«)Q(i-J»)/(»-i>). 

Hence  we  have 

a = P(i-ff)/(i>-^)Qa-J»)/(ff-J>),    r = pV(j»-ff)QV(«-^). 

Example  2. 

If  a,  6,  c,  d  be  four  quantities  in  G.P.,  prove  that 

4(a2  +  ia+c»+d2)-(a+6+c+d)2=(a-6)*  +  (c-rf)'+2(a-d)». 
If  the  common  ratio  be  denoted  by  r,  we  may  put  b=ra,  e=7^at  d—i^a. 
The  equation  to  be  established  then  becomes 

4a*(l +  f^+»^+r<)  -  a«(l+r+r»+r»)«=a«(l  -  r)2+aV(l  -  r)»+2a»(l -f*)a, 
that  is, 
4(l+»^+r*+r«)-(l  +  2r+8r3+4r'+3f*  +  2r«+r^ 

=l-2r+r»+r*-2r»+i*+2-4r'+2r«, 
which  is  obviously  true. 

§  22.]  When  three  qucmtUies^  a,  6,  c,  are  in  G.P,,  b  is  called  the 
geometric  mean  between  a  and  c. 

We  have,  by  definition,  c/b  =  b/a.  Hence  6'  =  ac.  Hence,  if 
we  suppose  a,  6,  c  to  be  all  positive  real  quantities,  b=  +  \/{ac). 
That  is  to  say,  the  geometric  mean  between  tioo  real  positive  guantiiies 
is  the  positive  value  of  tlie  square  root  of  their  product. 

If  a  and  c  be  two  given  positive  qaantitieSy  and  Gi,  G,,  .  .  .,  Gn 
n  quantities,  such  that  a,  G, ,  G„  .  .  .,  Gn,  c  form  a  G.P.,  then 
Gj,  Gj,  .  .  .,  G„  are  said  to  be  n  geametric  means  inserted  between  a 
and  c. 


coo  OBOUBTBIO  HBiNB  oau. 

Let  r  be  the  commoa  ratio  of  th«  nipposed  pn^renion. 
Then  we  haTd  O,  =  or,  G,  =  or*,  .  .  .,  Q.  =  <w*,  e  =  ar*+\  Firan 
the  last  of  tJiese  eqiutionB  we  deduce  r  =  (e/a)^"+H  ^  i^ 
poaitive  valoe  of  the  root  being,  of  coone,  taken.  Since  r  ia  tioia 
determined,  we  can  find  tlie  valae  of  all  the  geometric  meana. 

The  geomttrie  mtan  of  »  posiHve  real  quaniiiies  it  tke  posiim 
valve  of  the  nlh  root  of  tJuir  produci.  This  definition  ^p-ees  with 
the  former  definitJon  when  there  are  two  quantitieB  only. 

Example. 

The  geomstiio  tnetn  of  the  *  geometrio  mcaiu  batwseu  a  and  e  ia  tkt 
geometric  mean  b«tVMD  a  and  e. 

Let  the  n  geometric  metma  in  qneftioii  be  ar,  afi,  .  .  .,  of",  k  that 
e=af*y     Then 

(ar.ar»...ar-)'"=(nV+»<-'  •■+■)'■ 

=  ar("+'l'. 

=  («)"". 
which  proves  the  proposition. 

§  23.]  A  series  of  quantities  tnhich  are  such  thai  their  reciprocak 

form  an  arUhmefic  profession  are  said  to  he  in  hartTumic  profession. 

From  this  definition  we  can  deduce  the  following,  which  ia 

sometimes  given  as  the  defining  property : — 

Ifa,b,cbe  three  cojisecutive  terms  of  a  harmorue  progression,  then 

o/«  =  («-»)/(S-<)  (1). 

For,  by  definition,  1/n,  1/6,  1/c  are  in  A.  P.,  therefore 

1111 


Hence  ,  --  =--  =  -, 

b  -c     be     c 

which  proves  the  piopcrty  in  question. 

g  21.]  A  harmonic  ^nw/rfj'jicw,  like  the  arithmetic  progression, 
from  wliioh  it  may  ho  derived,  is  n  heof'M  manifoldness.  The 
following  is  therefore  a  perfectly  general  form  for  a  harmonic 
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series,  l/(a  + 6),  l/(a+2J),  l/(a+36),  .  .  .,  ll{a  +  nh\  .  .  ., 
for  it  contains  two  independent  constants  a  and  b -,  and  the 
reciprocals  of  the  terms  are  in  A.  P. 

The  following  forms  (see  §  18)  are  perfectly  general  for 
harmonic  progressions  consisting  of  3,  4,  5,  .  .  .  terms  respect- 
ively : — 

l/(a-)8),      1/a,      l/(a  +  )8); 

l/(a-3;3),      l/(a-/3),      l/(a  +  ;8),      l/(a+3;8); 

l/(a-2/8).      l/(a-;8),      1/a,      l/(a  +  /8),     l/(a+2/8); 

&c. 

The  above  formulsB  may  be  used  like  those  in  §  18. 

§  25.]  If  a,  bf  c  be  in  H.P,,  b  is  called  the  harmonic  mean 
between  a  and  c.  We  have,  by  definition,  1/c- 1/6  =  1/ft- 1/a- 
Hence  2/b  =  1/a  +  1/c,  and  b  =  2ac/{a  +  c). 

If  a,  Hj,  H„  .  .  .,  H„,  cform  a  harmonic  jprogression,  Hi,  Hg, 
.  .  .,  H,j  are  said  to  be  n  harmonic  means  inserted  between  a  and  c 

Since  1/a,  l/Hj,  1/Hg,  .  .  .,  1/Hn,  1/c  in  this  case  form  an 
A.P.,  whose  common  difference  is  rf,  say,  we  have 

d  =  (1/c  -  l/a)/(n  +  1)  =  (a  -  c)/(n  +  l)ac. 
Hence 
1/Hi  =  1/a  +  (a  -  c)l(n  +  l)ac,    1/H,  =  1/a  +  2(a  -  c)/{n  +  l)ac,  &c.; 
and     Hi  =  (w  +  l)acl{a  +  wc),     H^  =  (»  +  l)ac/(2a  +  {n-  l)c),  &c. 

If  a  gmntity  H  be  such  that  Us  reciprocal  is  the  arithmetic  mean 
of  the  reciprocals  of  n  given  qtuintities,  H  is  said  to  be  the  harmonic 
mean  of  the  n  quantities. 

It  is  easy  to  see,  from  the  corresponding  proposition  regard- 
ing arithmetic  means,  that  the  harmonic  mean  of  the  n  harmonic 
means  between  a  and  c  is  the  harmonic  mean  of  a  and  c. 

§  26.]  The  geometric  mean  between  two  real  positive  quantities  a 
and  c  is  tJie  geometric  mean  between  the  arithmetic  and  the  harmonic 
means  between  a  and  c  ;  and  the  arithmetic^  geometric,  and  harmonic 
means  are  in  descending  oi'der  of  magnitude. 

Let  A,  G,  H  be  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  c,  then 

A  =  (a  +  c)/2,     G  =  +  J{ac\     H  =  2a<;/(a  +  c). 


ABITHUnO,  OBOmiBIO,  AND  HABMOHIO  KEUCB     OBtf. 


Hence  AH  =  —jr-  * =  oc  =■  G , 

2      a  +  e 

which  provM  the  first  part  of  the  propodtion. 

Again,     A-G.!i5-  ^W.J<v/o-  »/«)■. 

Q-H.  VW-^?!^,=  ^^a-  v.)-. 

Now,  sincfl  a  and  e  an  both  podtire,  i/a  and  t/e  are  both  nal, 
therefore  (>/a-  Jcf  is  an  essentially  positive  quantity;  also 
■J((k)  and  a  +  e  are  both  positire.  Hence  both  A  -  Q  and  G  -  H 
are  positire. 

Therefore  A>G> a 

The  proposition  of  this  paragraph  (which  was  known  to  the 
Greek  geometers)  is  merely  a  particular  case  of  a  more  general 
proposition,  which  will  be  proved  in  chap,  xxiv. 

§  27.]  Not witha landing  the  comparative  simplicity  of  the 
law  of  its  fonnation,  the  harmonic  seiies  does  not  hdong  to  the  cole- 
gory  of  series  that  can  be  sammcd.  Various  expressions  can  be 
found  to  represent  the  sum  to  n  terms,  but  all  of  them  partake 
of  the  nature  of  a  series  in  this  respect,  that  the  number  of  steps 
in  their  synthesis  is  a  function  of  n. 

It  will  be  a  good  exercise  in  algebraic  logic  to  prove  that 
the  Bam  of  a  harmonic  series  to  n  terms  cannot  be  represented 
by  any  rational  algebraical  function  of  n.  The  demonstration 
will  be  found  to  require  nothing  beyond  the  elementary  principles 
of  algebraic  form  laid  down  in  the  earlier  chapters  of  this  work. 

EXEBCISBS  XL. 

Sam  the  following  arithmetical  progreseionB  :— 

(1.)  6  +  B  +  13+.  .  .  tolStsrma.  (2.)  3  +  3i  +  4+ .  .  .  to  30  tonns. 

(3.)  13  +  12  +  11+  ,  .  .  to  24  terms,      {i.)  J  +  }+.  ,  .  to  16  terms. 
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(9.)  The  first  tenn  of  an  A.  P.  is  5,  the  number  of  its  terms  is  15,  and  the 
sum  is  390  ;  find  the  common  difierence. 

(10.)  How  many  of  the  natural  numbers,  beginning  with  unity,  amount 
to  500500  ? 

(11.)  Show  that  an  infinite  number  of  A.P.'s  can  be  found  which  have 
the  property  that  the  sum  of  the  first  27?i  terms  is  equal  to  the  sum  of  the 
next  m  terms,  m  being  a  given  integer.  Find  that  particular  A.  P.  having 
the  above  property  whose  first  term  is  unity. 

(12.)  An  author  wished  to  buy  up  the  whole  1000  copies  of  a  work  which 
he  had  published.  For  the  first  copy  he  paid  Is.  But  the  demand  raised 
the  price,  and  for  each  successive  copy  he  had  to  pay  Id.  more,  until  the 
whole  had  been  bought  up.    What  did  it  cost  him  ? 

(13.)  100  stones  are  placed  on  the  ground  at  intervals  of  5  yards  apart 
A  runner  has  to  start  from  a  basket  5  yards  from  the  first  stone,  pick  up  the 
stones,  and  bring  them  back  to  the  basket  one  by  one.  How  many  yards 
has  he  to  run  altogether  ? 

(14.)  AB  is  a  straight  line  100  yards  long.  At  A  and  B  are  erected  per- 
pendiculars, AL,  BM,  whose  lengths  are  4  yards  and  46  yards  respectively.  At 
intervals  of  a  yard  along  AB  perpendiculars  are  erected  to  meet  the  line  LM. 
Find  the  sum  of  the  lengths  of  all  these  perpendiculars,  including  AL  and  BM. 

(15.)  Two  travellers  start  together  on  the  same  road.  One  of  them 
travels  uniformly  10  miles  a  day.  The  other  travels  8  miles  the  first  day, 
and  increases  his  pace  by  half  a  mile  a  day  each  succeeding  day.  After  how 
many  days  will  the  latter  overtake  the  former  ? 

(16.)  Two  men  set  out  from  the  two  ends  of  a  road  which  is  I  miles  long. 
The  first  travels  a  miles  the  first  day,  a  +  b  the  next,  a +26  the  next,  and  so 
on.  The  second  travels  at  such  a  rate  that  the  sum  of  the  number  of  miles 
travelled  by  him  and  the  number  travelled  by  the  first  is  always  the  same  for 
any  one  day,  namely  c.     After  how  many  days  will  they  meet  ? 

(17.)  Insert  15  arithmetic  means  between  3  and  30. 

(18.)  Insert  10  arithmetic  means  between  -  3  and  +3. 

(19.)  A  certain  even  number  of  arithmetic  means  are  inserted  between  30 
and  40,  and  it  is  found  that  the  ratio  of  the  sum  of  the  first  half  of  these 
means  to  the  second  half  is  137  :  157.     Find  the  number  of  means  inserted. 

(20.)  Find  the  number  of  terms  of  the  A.  P.  1+8  +  15+..  .  the  sum  of 
which  approaches  most  closely  to  1356. 

(21.)  If  the  common  difference  of  an  A.  P.  be  double  the  first  term,  the 
sum  of  m  terms :  the  sum  of  n  terms  =  m*  :  w'. 

(22.)  Find  four  numbers  in  A.  P.  such  that  the  sum  of  the  squares  of  the 
means  shall  be  106,  and  the  sum  of  the  squares  of  the  extremes  170. 

(23.)  If  four  quantities  bo  in  A. P.,  show  that  the  sum  of  the  squares  of 
the  extremes  is  greater  than  the  sum  of  the  squares  of  the  means,  and  that 
the  product  of  the  extremes  is  less  than  the  product  of  the  means. 

(24.)  Find  the  sum  of  n  terms  of  the  series  whoso  rth  term  is  f(3r+l). 

(25.)  Find  the  sum  of  n  terms  of  the  series  obtained  by  taking  the  1st,  rth, 
2rth,  3rth,  &c.  terms  of  the  A.  P.  whoso  first  term  and  common  difference  are 
a  and  b  respectively. 


eoi 
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(!fl.)  If  tlM  mm  of  ft  tarau  of  •  Mricn  lie  ihnTiiKii-fS),  ilunr  Out  Ota 
■eriea  is  an  A.P.  ;  end  And  it«  fint  term  tod  wmunon  diflteene*. 

(27.)  Show  b;  gsatnX  rasoning  ngndlng  tha  fbnn  of  ttu  (om  ct  tm 
A.P.  ttut  if  the  mm  of  p  termt  be  P,  and  tha  ram  of  9  tenni  Q,  thn  tlw 
sam  of  ntBtmaia¥n(n-2)lp(p-q)  +  <in{n~pMt-p)- 

(23.)  Any  even  ■qnus,  (2k)*(  is  the  enm  of  n  terms  of  one  uithmetia 
series  of  intogen;  and  ui]r  odd  nitum,  (Sn+l)*,  la  the  enm  of  tt  teimi  of 
another  arithmetie  leriea  increeeed  by  1. 

(29. )  Find  n  contecatlre  odd  nnmben  whoao  mm  ehall  be  n*. 

Show  that  any  Integral  cnbe  ia  the  diflbrence  of  two  integral  aqnare^ 

(30.)  Find  the  ttth  term  and  the  enm  of  the  eeriea 
l_8+e-10+lB-21+.  .  .    . 

(31.)  Siimtiie«rieflS+8+  .  .  .  +3n. 

(32.)  If  *i,  (k  ■  ■  •>  ^  be  the  aume  of  p  arithmetical  progrwaion^  each 
haviog  It  tenna,  the  fint  tenna  of  which  wa  1,  S,  .  ,  ,,  p,  and  the  oomnum 
differeocea  1,  8,  ■  .  .,  Sp-l  Tcapectivslr,  ahow  that  I1+1+  .  .  .  +i^  ia 
oqual  to  the  anm  of  the  fint  n;  iutc^ml  number*.     , 

(33.)  The  Berica  of  integral  numbers  is  divided  into  {^ajis  aa  followa  1 — 
1,  I  2,  3,  I  4,  G,  6,  I  7,  S,  9,  10,  j  .  .  .,  ahow  that  tlie  sum  of  the  nth  group 
isi(»'  +  n). 

If  the  aeriea  of  odd  integers  bo  divided  in  the  same  way,  find  the  Bom  of 
the  nth  group. 

Sam  tho  following  series : — 

(84.)  4>  +  7'+  .  .  .  +(3«  +  l)'.  (36.)  S,(n'-l)(n-]). 

(8S.)2.{y  +  j(n-l)){p  +  s(n-2)}. 

(37.)  l'-2'  +  3'-  .  .  .  +(2«-l)'-(2n)'. 

(88.)  n'  +  («  +  6)»+  .  .  .  +(a  +  ^^t)'. 

(39.)  (l'-l)  +  (2'-2)  +  (3'-8}+.  .  .  ton  terms. 

(40.)  1.2»+2.3'  +  3.4'+.  .  .  tontenns. 

(41.)  l+2.3'  +  3.6'  +  4.7»+5.9'+.  .  .  tontems. 

(42.)  1.3.7  +  3,5.9  +  6.7.11+  .  .  .  ton  terms. 

(43.)  l'  +  (l'  +  2")  +  (l''  +  2''  +  3'}+.  .  .  tontenns. 

(44.)  A  pyramid  of  shot  stands  on  an  equilateral  triangular  hasa  having 
30  shot  ID  each  side,     How  many  shot  aro  there  iu  the  pyramid  t 

(46.)  A  pyramid  of  shot  stands  on  a  square  base  having  in  shot  in  each 
Mde.     How  many  shot  in  tho  pyramid ! 

(40.)  A  symmetrical  wedgp-shaped  pile  of  shot  ends  iu  a  line  of  m  shot 
aod  caitsiata  of  I  layers.     How  many  sliot  in  the  pile  ! 

(47.)  If„Sr  =  l'  +  2'+  .  .  .  +ii',tlieunSr=w'~'"'+J'in''+.  ■  . +i>r+i, where 
Po,  Pi,  ■  ■  ■  cualio  cuIcuIliUJ  by  mL'iiiis  ofthc  c<iuiLtiDU9 


is  usual,  the  I'th  binomial  cocUiuii 
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(48.)  Show  that 
.Sr=w(n  +  l)(n-l)(n-2)...(n-r){   ,    .  .x,        x, ttt 


r-l 


Sr 


+ 


rSr 


(r-l)r(w-r  +  l)l!(r-2)!  '  (r-2)(r-l)(n-r+2)2!(r-3)! 

( -  hs.      I 

1.2(n-l)(r-l)!j* 
where  r !  stands  for  1.2.3  .  .  .  r. 

(49.)  If  Pr  denote  the  snm  of  the  products  r  at  a  time  of  1,  2,  3,  .  .  .,  n, 
and  Sr  denote  r+2»"+.  .  .+n*-,  show  that  rPy= Si Pr-i-SaPr-2+S8Pr-s-.  .  . 
Hence  calculate  Pa  and  Ps. 

(50.)  U/{x)  be  an  integral  function  of  x  of  the  (r-  l)th  degree,  show  that 
/(a)-rCi/(a:-l)  +  rC2/(a:-2)...(-)V(n-r)=0,  A,  A-.,  being  binomial 
coefficients. 

Exercises  XLI. 

Sum  the  following  geometric  progressions : — 
(1.)  6  +  18  +  54+ .  ...  to  12  terms.     (2.)  6-18  +  54- . 

(3.)  -3333 ...  to  n  terms. 
(5.)  6  -  4  +  .  .  .  to  10  terms. 

.  to  20  terms. 


(4.)  l-j+p- 


.  to  12  terms, 
to  n  terms. 


^  •'  V3  +  1     V3  +  2^' 


.     .     . 


(7.)  1  +  3  +  32+-  •  .  tonterms.         (8.)  l-2"*"25" 
(9.)  l-a?+ic*-SB'+.  .  .  tooo,a;<l. 
(10.)V2  +  ^,+  ...to«.  (U.)-N^+-^ 

(12.) —7—+.     .     .     to  00. 


to  00. 


f 


to  00. 


a-x    a+x 

Sum,  by  means  of  the  formula  for  a  G.P.,  the  following : — 
(13.)  l+x-x^-a^  +  ai^+jfi-Qfi-si?-^,  .  .  tooo,aj<l. 

(14.)  (a;-y)+(^-gj  +  (g-gj  +  .  .  .  tonterms. 

(15.)  l  +  {x+y)  +  {u^  +  xy  +  y^)  +  {x^+a?y+xy^  +  y^)+ .  .  .  tonterms. 
(16.)  -33 +-333 +-3333+.  .  .  tonterms. 

Sum  the  series  whose  nth  terms  are  as  follows  : — 

(17.)  2''3«+i.  (18.)  (a;»  +  n)(x«-n). 

(21.)  2'»(3»-i  +  3"-«+.  .  .+1).  (22.)  (-l)"a»». 

(23. )  Sum  to  n  terms  the  series  (r* + l/r^f  +  (r^^  +  l/r^')^  +  .... 
(24.)  Sum  ton  terms  (l  +  l/r)2  +  (l  +  l/r3)«+.  .  .     . 
(25.)  Show  that  (a  +  6)«-6"  =  a6»-i  +  a^-2(a  +  6)+.  .  . +o(a  +  6)»-^ 
(26. )  If  Sf  denote  the  sum  of  n  terms  of  a  G.  P.  beginning  with  the  ^th 
term,  sum  the  series  S1  +  S2+  .  .  .  +St. 
(27.)  Show  that  ^(-037)= '3. 


06  XXSBCI8X8  XU  CHU 

Sum  the  following  Mfiat  to  n  t«Tm*,  and,  whan  admbrible,  tolnflnily:- 
(28.)  l-2»+&^-iB»+.  .  .    .       (MO  l-|+J-(+-  -  ■    ■ 

(82.)  I'+2**+8*i^+.  .  .     . 

(33.)^  +  ^+?+^,+^.+^+.  ..to-, 


I  DDBianton  reenr 


with  the  period  1,  2,  S. 

(34.)  -+3+-J+-J+-J+3+.  .  .  toSntnmi,wheMtluiiimiantonncnr 

with  the  period  a,  b,a 

(35.)  JL  aerruit  agroM  to  urve  lii«  mutar  for  twdre  monthi,  hii  w«gM  to 
be  one  farthing  for  tha  fint  month,  a.  penny  for  tlie  Ncond,  fonrpence  for  the 
third,  and  ao  on.    What  did  he  receive  for  the  jeu*!  Mnrlee  I 

(36. )  A  predidtata  kt  tha  bottom  of  a  Iieakrr  of  Tolnma  T  alw*;!  letaina 
aboat  It  a  volume  e  of  liquid.  It  was  originallj  precipitated  ia  an  alkaline 
BOlntion  ;  find  what  pcrcentago  of  this  solution  rcniaina  about  it  after  it  haa 
been  washed  n  times  b;  filling  the  beaker  with  distilled  water  and  emptying 
it.     Neglect  the  volume  of  the  precipitate  itselt 

(37.)  The  middle  points  of  the  aides  of  a  trianglo  of  area  A)  form  tha 
vertices  of  a  second  triangle  of  area  A^;  from  Aj  a  third  triangle  of  area  At  ia 
derived  in  the  same  way ;  and  so  on,  ad  infinitum.  Find  the  sum  of  the 
areas  of  all  the  triangles  thus  formed. 

(38,  ]  OX,  OY  are  two  given  straight  lines.  From  a  point  in  OX  a  pcrpend- 
ionlar  is  drawn  to  OY ;  from  the  foot  of  that  perpendicular  a  perpendicular 
on  OX ;  and  ao  on,  ad  ii^iiitum.  If  the  lengths  of  the  first  nnd  eecond  per- 
pendicular bo  a  and  6  reai)ectively,  find  the  sum  of  the  lengths  of  all  the  per- 
pendiculars ;  and  also  the  sum  of  the  areas  of  all  tha  right-angled  triangles  in 
the  figure  whose  vertices  lie  on  OY  and  whoso  bases  lie  on  OX. 

(39. )  The  population  of  a  certain  town  is  P  at  a  certain  epoch.  Annually 
it  loses  d  per  cent  by  deaths,  and  gains  b  per  cent  by  births,  and  anutuiUy  a 
fixed  number  E  emigrate.     Find  tlio  population  after  the  lapse  of  n  years. 

Z,  a,  r,  n,  t,  having  the  meanings  assigned  to  them  In  S  1%  solve  the 
following  problems : — 

(40. )  Express  Z  in  terms  of  a,  n,  l;  and  also  in  terms  otr,n,L 

(41.)  2  =  4400,     o=ll,  «  =  4,findr. 

(42.)  S  =  180,       r=S,  n  =  5,  find  u. 

(43.)  2  =  95,        a.-->0,  k  =  3,  find  r. 

(14.)  l  =  ir.5,       »  =  fl,  H  =  3,  fiii'lr. 

(41)  ::  =  605,      «  =  5,  1=3,  find  »E. 

(4H.)  If  the  scfiiiid  tfim  of  a  G.l'.  be  40,  mid  the  fourth  t.riiL  lOnO,  llud 
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(47.)  Insert  one  geometric  mean  between  \/3l\/2  and  3V3/2V2. 

(48.)  Insert  three  geometric  means  between  27/8  and  2/3. 

(49. )  Insert  four  geometric  means  between  2  and  64. 

(50.)  Find  the  geometric  mean  of  4,  48,  and  405. 

(51.)  The  geometric  mean  between  two  numbers  is  12,  and  the  arithmetic 
mean  is  25} :  find  the  numbers. 

(52.)  Four  numbers  are  in  G.P.,  the  sum  of  the  first  two  is  44,  and  of  the 
last  two  896  :  find  them. 

(53.)  Find  what  common  quantity  must  be  added  to  a,  6,  c  to  bring  them 
into  G.P. 

(54.)  To  each  of  the  first  two  of  the  four  numbers  3,  35, 190,  990  is  added 
Xf  and  to  each  of  the  last  two  y.  The  numbers  then  form  a  G.P. :  find  x 
and  y. 

(55.)  Given  the  sum  to  infinity  of  a  convergent  G.P.,  and  also  the  sum  to 
infinity  of  the  squares  of  its  terms,  find  the  first  term  and  the  common  ratio. 

(56.)  IfS=ai  +  a3+.  .  . +a„  be  a  G.P.,  then  S'  =  l/ai  +  l/a2+.  .  .+l/flr„ 
is  a  G.P.,  and  S/S' =aio«. 

(57.)  If  four  quantities  be  in  G.P.,  the  sum  of  the  squares  of  the  extremes 
is  greater  than  the  sum  of  the  squares  of  the  means. 

(58.)  Sum  2n  teiTUs  of  a  scries  in  which  every  even  term  is  a  times  the 

term  before  it,  and  every  odd  term  e  times  the  term  before  it,  the  first  term 

being  1. 

(59.)  If  x=a+alr+alr^+ .  .  .  adoo, 

y=b-blr+blr^-  .  .  .  adoo, 

z=c+cli^+  clr*+  .  .  .  adoo, 

then  xyl2=ablc, 

(60.)  Find  the  sum  of  all  the  products  three  and  three  of  the  terms  of  an 
infinite  G.P.,  and  if  this  be  one-third  the  sum  of  the  cubes  of  the  terms,  show 
that  r=J. 

Exercises  XLII. 

(1.)  Insert  two  harmonic  means  between  1  and  8,  and  five  between  6  and  8. 

(2. )  Find  the  harmonic  mean  of  1  and  10,  and  also  the  harmonic  mean  of 
1,  2,  3,  4,  5. 

(3.)  Show  that  4,  6,  12  are  in  H.P.,  and  continue  the  progression  both 
ways. 

(4.)  Find  the  H.P.  whose  3rd  term  is  5  and  whose  5th  term  is  9. 

(5.)  Find  the  H.P.  whose ;7th  term  is  P  and  whose  qih.  term  is  Q. 

(6. )  Show  that  the  harmonic  mean  between  the  arithmetic  and  geometric 

means  of  a  and  b  is  2(a  +  6)/{(a/6)*  +  (6/a)*}2. 

(7. )  Four  numbers  are  proportionals  ;  show  that,  if  the  first  three  are  in 
G.P.,  the  last  three  are  in  G.P. 

(8.)  Three  numbers  are  in  G.P. ;  if  each  be  increased  by  15,  they  are  in 
H.P. :  find  them. 

(9.)  Between  two  quantities  a  harmonic  mean  is  inserted  ;  and  between 
each  adjacent  pair  of  the  three  thus  obtained  is  inserted  a  geometric  mean. 
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It  ig  nowfoondtlwt  tiu  tliTMinMTtedm«Miiantii  A.P.:  iluivtlkttthsntio 
oC  tbe  tvo  qiuntitiM  it  7  - 1-^  ;  L 

(10.)  Thedda  of  »  rigbt-uigled  triutgle  an  in  A.P.:  thcnr  thAt  tbafna 
proportional  to  8,  4,  B. 

(11.)  a,  i,  e  tn  in  A.P.,  iii.  a,  b,  d  ia  H.P. :  ihow  tliat  ^4> 
l-3(a-ft)V<i*. 

(12.)  If  «  b«  any  tsnn  in  in  A.F.  whou  two  first  tarma  btb  a,  (,  y,  tha 
teriD  of  the  aune  order  in  a  H.P.  commencing  with  the  tune  two  tenaa,  then 
(ic-a)/(y-x)  =  6/(y-J). 

(13.)  If  a*  a*,  c<beinA.P.,  theDl/(i-f«},  l/(c+a),  l/(«-f  »]acein  A.P. 

(14.)  If  F  be  the  product  of  n  qnuititieefn  G.P.,  8  their  rUD,  uidS' the 
sum  of  thsir  reciprocal!,  then  F>  =  (3/S')". 

(15.)  If  a,  b,  «be  the  jith,  jth,  and  rth  term*  both  of  an  A.  P.  and  at  a 
G.P.,  then«*-'y-«e'-*=l. 

(16.)  UP,  Q,  B  be  tha  jtii,  9th,  rth  terau  of  a  H.P.,  tlien  Z{PQ(p-s)} 
=  0,  and  (Z(j»-fl/P'l»=4{2(l-r)/P'KZjr(j-r)/P^. 

{17.)  If  the  anm  of  m  tarma  of  an  A.F.  be  equal  to  thenim  of  thanazt  R, 
and  also  to  tbe  sum  of  the  next  p,  then  (m  +  n)  (1/n  -  1/p)  =  (n  +p)  (l/m  -  l/n). 

(18.)  If  tbe  squsnid  dilTereucM  of  ^1  9,  r  bo  in  A.P.,  then  the  (linerences 
taken  in  cyclical  order  are  in  H.P. 

(19.)  Ifa  +  6  +  c,  a'  +  ft'  +  e',  o'+fi'  +  e' be  in  G.P.,  prove  that  the  common 
ratio  is  ^TA  -  3aic/2£ic. 

(20.)  It  z,  1/,  2  be  in  A.P.,  ax,  by,  a  in  G.P.,  and  o,  b,  «  in  H.P.,  then 
H.M.  ota,CiG.M.  ofn,  i:=H.M.  of  z,  j:G.M.  of  x,  i. 

(21.)  Ifa'  +  *'-<!',  fc»+i?-a',  e>  +  a»-6='  be  iu  G.P.,  tbon  a'J'^  +  d'lt^, 
h>ld>  +  <?lb!>,a'lb^  +  S>lil'aieia.    " 

(22.)  If  o,  b,e,dU  iu  G.P.,  then  abcd{ : 


V(g'+t')  +  V(6*  +  (*)  +  V(t<+d') 
(a'  +  (,')-i  +  (l»  +  <-)-'  +  (e=  +  <Fr'- 
(2S.)  The    sum    of    the    n   geometric 
(oi/(«+i)t-  ai-L1M-i|)/(i4(f  1)  _  aL.|--n)). 

(21.)  If  Ai,  Aj,  .  .  .,  A,  be  tbe  n  arilbmetic  met 
H,  tbe  n  harmonic  mcana,  between  a  and  c,  sum  to  n 
rth  term  is  (A^ - a)(H, - a}/II,. 

(25.)  Kai,  oa,  ....  a.  be  in  G.P.,  then 
(a,  +  aa  +  a))'  +  (ii»+oi-f-«j)'+.  ■  ■ +(''.-a  +  i.-i+in)' 
=  (ai'  +  (iia3  +  nj=)Vi''»-'- 
(26.]  If  <ir,  br  be  the  arithmetic  and  geometric  men 


betweeo    a    and    b   i 


and  f'r-i,  showtliat 


i  rosiwetively  bctwcK 


.,.!«J±(V- 


ri.i 


(2/.)  If  (ii,  (!;,  ,  .  „  n„  be  real,  wid  if 


CHAPTEE   XXI. 
Logarithms. 

§  1.]  It  is  necessary  for  the  purposes  of  this  chapter  to  define 
and  discuss  more  closely  than  we  have  yet  done  the  properties 
of  the  exponential  function  a\  For  the  present  we  shall  sup- 
pose that  a  is  a  positive  real  quantity  greater  than  1.  What- 
ever positive  value,  commensurable  or  incommensurable,  we  give 
to  a:,  we  can  always  find  two  commensurable  values,  mjn  and 
(m  +  l)/w  (where  m  and  n  are  positive  integers),  between  which 
X  lies,  and  which  differ  from  one  another  as  little  as  we  please, 
see  chap,  xiii.,  §  15.  In  defining  a*  for  positive  values  of  x,  we 
suppose  X  replaced  by  one  (say  mJTi)  of  these  two  values,  which 
we  may  suppose  chosen  so  close  together  that,  for  the  purpose 
in  hand,  it  is  indifferent  which  we  use.  We  thus  have  merely 
to  consider  a?^^^',  and  the  understanding  is  that,  as  in  the 
chapter  on  fractional  indices,  we  regard  only  the  real  positive 
value  of  the  nth  root ;  so  that  a!^^^  may  be  read  indifferently  as 
( /C/a)"*,  or  as  ^a"*. 

For  negative  values  of  x  we  define  a*  by  the  equation 
a*=  l/a"*,  in  accordance  with  the  laws  of  negative  indices. 

§  2.]  We  shall  now  show  that  a*,  defined  as  above,  is  a  coniinur 
ous  function  of  x  susceptible  of  all  positive  values  between  0  and  +  oo . 

1st,  Let  y  be  any  positive  quantity  greater  than  1,  and  let 
n  be  any  positive  integer.  Since  a>  1,  a^'**>  1 ;  but,  by  suffi- 
ciently increasing  n,  we  may  make  a^^^  exceed  1  by  as  little  as 
we  please.  Also,  when  n  is  given,  we  can,  by  sufficiently  in- 
creasing wi,  make  a"*^**  as  great  as  we  please.*     Hence,  whatever 

*  See  chap.  xL,  §  14. 
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maybe  the  valae  of  y,  ire  am  bo  choose  %tiuia^<i/;  and  then 
y  will  lie  between  two  consecutive  integnl  powers  of  a^ ;  aaj 
gmin ^y^ ^«+iVh,  }f q^  ^jg  diffeTencc  between  these  two  valnes 
of  aP  is  a'^"(a'^  '  1)  >  ^^^  this,  by  suffieiently  increasing  n,  we 
may  make  as  small  as  we  please.  Hence,  given  any  poeitire 
quantity  y>  I,  we  can  find  a  value  of  x  such  that  of  shall  be  aa 
nearly  equal  to  y  as  we  please. 

2nd.  Let  y  be  positive  and  <  1 ;  then  1/y  is  positive  and 
greater  than  1.  Hence  we  can  find  a  value  of  x,  say  of,  soeh 
that  a*"  =  1/y  as  nearly  as  we  please.     Hence  o""'  =  y. 

We  may  make  y  pass  continnously  through  all  possiblo  values 
from  0  to  -foo .  Hence  a"  ia  susceptible  of  all  pomtive  values 
from  0  to  +  oo .  It  is  obviously  a  continuous  function,  mnce 
the  difTerence  of  two  finite  values  corresponding  to  x^m/n  and 
a;  =  (m+  l)/n  is  o'^''(a*'"-  1),  which  can  be  made  as  small  as 
wo  please  by  sufficiently  increasing  n. 

Cor,  We  have  the  following  set  of  corresponding  values : — ■ 
x=  -00,       -,      -1,     0,      +,     1,      +00; 
y  =  (t»  =  0,     <  1,      l/o,     1,    >  1,     a,      +00. 


N 

\jy 

0 

M                               X 

In  I*'ig.    i   tlic  full-drawn   curve  is  the   grajih  of  the   function 
y=  lO';  the  dotted  curve  is  the  gr-.ijili  o!  y-  100'. 
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It  will  be  observed  that  the  two  curves  cross  the  axis  of  y 
at  the  same  point  B,  whose  ordinate  is  +  1  ;  and  that  for  one 
and  the  same  value  of  y  the  abscissa  of  the  one  curve  is  double 
that  of  the  other. 

§  3.]  The  reasoning  by  which  we  showed  that  the  equation 
y  =  a*,  certain  restrictions  being  understood,  determines  y  as  a 
continuous  function  of  x^  shows  that  the  same  equation,  under 
the  same  restrictions,  determines  a;  as  a  continuous  function  of  y. 
This  point  will  perhaps  be  made  clearer  by  graphical  considera- 
tions. If  we  obtain  the  graph  of  y  as  a  function  of  x  from  the 
equation  y  =  a%  the  curve  so  obtained  enables  us  to  calculate  x 
when  y  is  given ;  that  is  to  say,  is  the  graph  of  x  regarded  as  a 
function  of  y.  Thus,  if  we  look  at  the  matter  from  a  graphical 
point  of  view,  we  see  that  the  continuity  of  the  graph  means  the 
continuity  of  y  as  a  function  of  x,  and  also  the  continuity  of  a;  as 
a  function  of  y. 

When  we  determine  a;  as  a  function  of  y  by  means  of  the 
equation  y  =  a*,  we  obviously  introduce  a  new  kind  of  transcend- 
ental function  into  algebra,  and  some  additional  nomenclature 
becomes  necessary  to  enable  us  to  speak  of  it  with  brevity  and 
clearness. 

The  constant  quantity  a  is  called  the  hose, 

y  is  called  the  exponential  of  x  to  hose  a  (and  is  sometimes 
written  exp«a:).* 

X  is  called  the  logarithm  of  y  to  base  a,  and  is  usually  written 

logay. 

The  two  equations 

y  =  a«  (1), 

X  =  logay  (2), 

are  thus  merely  different  ways  of  writing  the  same  functional 
relation.  It  follows,  therefore,  that  all  the  properties  of  our  new 
logarithmic  function  must  he  derivable  from  the  pi'operties  of  our  old 
exponential  function,  that  is  to  say,  from  the  laws  of  indices, 

*  This  notation  is  little  used  in  elementary  text-books,  but  it  is  con- 
venient when  in  place  of  x  wo  have  some  complicated  function  of  x.  Thus 
expa(l  -hsc-ha:?)  is  easier  to  print  than  a^+*+**. 
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The  Btaident  ahonld  also  notioe  that  it  fiiDgw*  from  (1)  and 
(2)  that  As  t^uatim 

y  =  o^-»  (S) 

is  an  idettHtj/. 

§  i.]  If  the  same  baae  a  be  nodeistood  thtoo^ont,  we  haTe 
the  following  leading  propertiea  of  the  logarithmic  fnnction  ;— 

I.  Tkt  {of/arUhm  <^  a  pmAiel  of  poritive  lunnfien  u  the  sum  of 
the  logariikna  of  the  t^araUfaUon, 

II.  The  logarithm  of  the  ^litnt  of  too  fOuHve  luanben  ia  A« 
excess  of  the  logarithm  of  the  dwidend  over  the  logarithm  of  iht  dvMiar. 

III.  Tht  logoriOoA  of  antf  poioer  {poriUm  or  neffolm,  mtegrat 
or  fractional)  of  a  pontic  number  is  egyai  to  the  logarithm  of  th» 
nuinber  nmit^Ked  iy  the  poaer, 

Lety,,y,,.  .  .,  y„benpoaitivenumberB,3;,,i„  .  .  .,  z„  their 
respective  logarithms  to  base  a,  so  that 

a:,  =  logoy„     K,  =  log„y„     .  .  .,     iJ;„  =  logay„. 
By  the  definition  of  a  logarithm  we  have 

Vi  =  "^1      yt  =  (^1      •   •   ■>     t/n  =  *""■ 
Hence         y.y, . . .  Jn  =  aF'a'^ . .  .a'*  =  ai+'=+  ■  ■  ■  +*•, 

by  the  laws  of  indices. 
Hence,  by  the  deGoition  of  a  logarithm, 

x,  +  x,*  .  .  .+x^  =  loga(y,y, . . .  y„), 
that  is,     log„y,  +  logay.  +  .  .  .  +  logay„  =  loga(y,y,  ...y^ 
We  have  thus  established  I. 

Again,  yijyt  =  '>^h'*  =«*■"", 

by  the  laws  of  indices. 
Hence,  by  the  definition  of  a  logarithm, 

AT, -'.r,  =  loga(y,/y,), 
that  is,  logo'/i  -  loKa?/j  =  logoCy.M). 

which  is  the  analytical  expression  of  II. 

Again,  y'  -  {a'' )''  -  «"'', 

by  the  laws  of  indices. 
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Hence,  by  the  definition  of  a  logarithm, 

that  is,  r  loga^M  =  logay/, 

which  is  the  analytical  expression  of  III. 

Example  1. 

log21=l6g(7x3)=log7  +  Iog3. 

As  the  equation  is  true  for  any  base,  provided  all  the  logarithms  have  the 
same  base,  it  is  needless  to  indicate  the  base  by  writing  the  suHix. 

Example  2. 

log  (113/29)  =  log  113  -  log  29. 
Example  3. 

log  (540/539)  =  log  (22  3^  5/7=.  11), 

=  2log2  +  3  log3  +  log5-2log7-logll. 
Example  4. 

log  4/(49)/  y(21)  =  log(72'^/3'/^7^'7), 

=  llog7-f  log3-f  log7, 
=fHog7-f  log3. 


COMPUTATION   AND   TABULATION   OF  LOGARITIIMS. 

§  5.]  If  the  base  of  a  system  of  logarithms  be  greater  than 
unity,  we  have  seen  that  the  logarithm  of  any  positive  number 
greater  than  unity  is  positive ;  and  tlie  logarithm  of  any  positive 
number  less  than  unity  is  negative. 

The  logarithm  of  unity  itself  is  always  serOj  whatever  the  base 
may  be. 

The  logarithm  of  the  base  itself  is  of  course  unity,  since  a  =  a\ 

The  logarithm  of  any  power  of  tlie  base,  say  a*",  is  r;  and,  in 
particular,  the  logarithm  of  tlie  reciprocal  of  the  base  is  -  \, 

The  logarithm  of  +  co  is  +  co ,  and  the  logarithm  of  0  is  -  oo  . 

It  is  further  obvious  that  the  logarithm  of  a  negative  number 
could  not  (with  our  present  understanding)  be  any  real  quantity. 
With  such,  however,  we  are  not  at  present  concerned. 

The  logarithm  of  any  number  which  is  not  an  integral  power 
of  the  base  will  be  some  fractional  number,  positive  or  negative, 
as  the  case  may  be.  For  reasons  that  will  appear  presently,  it  is 
usual  so  to  arrange  a  logarithm  that  it  consists  of  a  positive 
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fractional  put  less  than  unity,  and  an  integral  part^  poaitire  or 
negative,  aa  the  case  may  be. 

The  poeitave  fractional  part  is  called  the  taantitM. 

The  integral  part  is  called  the  eharactmdie. 

For  example,  the  logariUun  of  '0461  to  baae  10  is  tlie  negative 
number  -1'3468236,  In  accordasce  with  the  above  underetand- 
ing,  we  should  write 

log„0451=  -1-34D823B=  -  2  +  (I  -  •34583S8). 
=  -2  +  -6641765. 

For  the  sake  of  compactneas,  and  at  the  same  time  to  prevent 
conriision,  this  is  lunallr  written 

log„04Sl  =2-6541766. 
In  this  case  then  the  characteristjc  is  2  (that  is,  -  2),  and  the 
mantissa  is  -6541766. 

g  G]  To  Urid  the  logarithm  of  a  ^ven  number  y  to  a  given 
base  a  is  the  same  problem  as  to  solre  the  equation 


where  a  and  y  are  given  and  x  is  the  unknown  quantity. 

There  are  various  ways  in  which  this  may  be  done ;  and  it 
will  be  instructive  to  describe  here  some  of  the  more  elementary, 
although  at  tbo  same  time  more  laborious,  approximative  methods 
that  might  bo  used. 

In  the  first  place,  it  is  always  easy  to  find  the  characteristic 
or  integral  part  of  the  logarithm  of  any  given  number  y.  We 
have  simply  to  Jind  hy  trial  hw  consecutive  intfyrai  poioers  of  the 
base  tetweit  which  tiie  ffivm  number  y  lies.  The  (Utjehraicalli/  less  of 
Uiese  two  is  the  characteristic 

Examplu  1. 

To  liiitl  tlio  ehararteri-itii:  of  lojjj^Sl. 

Wi'  liiivc;  the  following  vnlnca  for  coHHPcntivp  integral  (lOWers  of  3  : — 


1 

2 

■'' 

B 

6 

9 

2„ 

r^n 
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Hence  3'<451<3^     Hence  log's 451  lies  between  5  and  6.     Therefore 

log3451=6  +  a  proper  fraction. 
Hence  char,  logs  451  =  5. 

Example  2. 

Find  the  characteristic  of  log 3*0451.     We  have 


Powers  of  Base 

0 

-1 

-2 

-3 

Values 

1 

'ouO  ... 

•111 .  . . 

•037 .  . . 

Hence  3-'<  '0451  <  3"*  ;  that  is  to  say, 

log  3*0451=  -3  +  a  proper  fraction. 
Hence  char,  log  3*0451 =3. 

When  the  base  of  the  system  of  logarithms  is  the  radix  of 
the  scale  of  numerical  notation,  the  characteristic  can  always  be 
obtained  by  merely  counting  the  digits. 

For  example,  if  the  radix  and  base  be  each  10,  then 

If  the  number  have  an  integral  part^  tlie  characteristic  of  its 
logarithm  is  +  {one  less  than  (lie  number  of  digits  in  the  integral 
part). 

If  tlie  number  liave  no  integral  party  the  characteristic  is  -  {one 
more  than  the  number  of  zeros  that  follow  the  decimal  point). 

The  proof  of  these  rules  consists  simply  in  the  fact  that,  if  a 
number  lie  between  10**  and  10**+^  the  number  of  digits  by 
which  it  is  expressed  is  ?a  +  1  ;  and,  if  a  number  lie  between 
10-('*+i)  and  10"**,  the  number  of  zeros  after  the  decimal  point 
is  n. 

For  example,  351  lies  between  10^  and  10^.  Hence  char.  Iogio351  =  2=3-1, 
according  to  the  rule. 

Again,  '0351  lies  between  '01  and  1,  that  is,  between  10~-  and  10'*. 
Hence  char.  logio'0351=  - 2=  -  (1  + 1),  which  agrees  with  the  rule. 

The  rule  suggests  at  once  that^  if  10  6^  adopted  as  the  base  of 
(mr  system  of  logarithms,  then  the  characteristic  of  a  logarithm  depends 
merely  on  the  position  of  the  decimal  point ;  and  the  numtissa  is  in- 
dependent of  the  position  of  the  deamal  point,  hit  depends  merely  on 
the  succession  of  digits. 
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We  may  formally  prove  thia  important  propodtion  as 
follows  ;— 

Let  N  be  any  namber  formed  by  a  given  encceBBton  of  digiU, 
e  the  characteriBtic,  and  m  the  mantiasa  of  its  logarithm.  Then 
any  other  number  which  has  the  same  snccession  of  d^ts  as  N, 
but  has  the  decimal  point  placed  differently,  will  have  the  form 
10'N,wheret  is  an  integei,  positive  or  negative,  as  the  case  may  be. 
But  iogi.lO'N  =  log ,.10*  +  Ic^,  A  by  §  4,  =  i  +  log„N  =  (i  +  c)  +  «. 
Now,  since  by  hypothesis  m  is  a  positive  proper  fractJon,  and  e 
and  t  ore  integers,  the  mantissa  of  logi^lO^N  is  m,  and  the 
characteristic  is  i  -i-  e.  In  other  words,  the  characteristic  alone 
is  itltcred  by  shifting  the  decimal  point. 

^  7.]  The  process  used  in  §  6  for  finding  the  characteristic 
of  a  logarithm  can  be  extended  into  a  method  for  finding  the 
mantissa  digit  by  digit. 

Eiam|ile. 

Ta  calculate  1ogioi'S17  to  Uitmi  places  of  decimals. 

The  cliaracteriatio  ijiobviously  0.  Let  the  three  first  digitaof  the  mantissa 
be  ry:.     Then  we  hare 

4-2I7  =  10°-"',  henre  (4-217}'°  =  li>'->'. 
We  mnst  qow  calculate  the  10th  jiowcr  of  4'SIT.     In  so  doing,  however, 
there  is  no  tipcd  to  find  all  the  isiguificalit  figures— a  few  of  the  highest  will 
suffice,     Wk  time  find 

1778400  =  10">». 

We  now  see  tliat  x  is  the  characteristic  of  Iof;iolT7S400.  ITcnco  x  =  6. 
Diriding  bj  10*,  and  raising  both  sides  of  the  resulting  equation  to  the  10th 
[lower,  we  find 

(1-778)"  =  10»-;  hence  8157  =  10»-. 
Hence  i/  =  2.     Dividing  by  10',  and  raising  to  the  10th  power,  we  now  find 

(3'18)">=10';  hence  89280  =  10'. 
Kence  s  =  5  very  nearly. 

Wo  conclude,  tlierofore,  that 

loBii,4-2I7=  ■625  nearly. 
This  nietlioil  of  computing  logMvithms  is  far  too  laborious  to 
be  of  any  practical  use,  even  if  it  were  made  complete  liy  the 
addition  of  a  test  to  ik^coi'tain  what  fiTect  the  figuiv.s  ii(;<;lccted 
in  the  calculation  of  tlie  10th  [Kiwcrs  |iroi]uci;  on  agivcn  decimal 
]ilace  of  the  logarithm  ;  it  liaM,  however,  a  certain  theoretical 
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interest  on  account  of  its  direct  connection  with  the  definition  of 
a  logarithm. 

By  a  somewhat  similar  process  a  logarithm  can  be  expressed 
as  a  continued  fraction. 

§  8.]  If  i%  series  of  numbers  be  in  geometric  progressiony  tlieir 
logarithms  are  in  arithmetic  j^ogression. 

Let  the  numbers  in  question  be  yi,  y„  ya,  .  .  .,  y^-  Let  the 
logarithm  of  the  first  to  base  a  be  a,  and  the  logarithm  of  the 
common  ratio  of  the  G.P.  yi,  y^,  ya,  .  .  .,  yn  to  the  same  base  be 
p.    Then  we  have  the  following  series  of  corresponding  values : — 


Vu 

y« 

ya*  •  •  • 

,  yn, 

It 

II 

II 

II 

«•, 

rt*+^, 

a-+2^, 

^•+(n.l>3 

from  which  the  truth  of  the  proposition  is  manifest. 

As  a  matter  of  history,  it  was  this  idea  of  comparing  two 
series  of  numbers,  one  in  geometric,  the  other  in  arithmetic  pro- 
gression, that  led  to  the  invention  of  logarithms ;  and  it  was  on 
this  comparison  that  most  of  the  early  methods  of  computing 
them  were  founded. 

The  following  may  be  taken  as  an  example.  Let  us  suppose 
that  we  know  the  logarithms  x^  and  x^  of  two  given  numbers,  y, 
and  y^ ;  then  we  can  find  the  logarithms  of  as  many  numbers 
lying  between  y^  and  y»  as  we  please.     We  have 

y,  =  a*^,    y»  =  «^- 

Let  us  insert  a  geometric  mean,  yj,  between  y,  and  y^,  then 

y,  =  OM/9)^  =  fl<^+**y2  =  a^  say, 

where  r^  is  the  arithmetic  mean  between  a:,  and  Xg.  We  have 
now  the  following  system  : — 

Logarithm     x^     x^     .r„, 
Number        y,     y,     y^. 

Next  insert  geometric  meiins  between  y,,  y^  and  y^,  y^.  The 
logarithms  of  the  corresj)onding  numbers  will  be  the  arithmetic 
means  between  arj,  Xi^  and  x^,  x^.     We  thus  have  the  system — 

Logarithms     a-,,     x.^,     x^,     x-,     rr, 
Numbers         y„     y^,     y^,     y^,     y,. 


y  > 
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Proceeding  in  like  manner,  we  derive  the  system — 

Logarithms     a:,,     x^,     x^,     x^,     x^,     a^,     av,     a^,     2^; 
Numbers         y„     y„     y,,     y„     y„     y.,     y^,     y„     y,; 

and  so  on.  Each  step  in  this  calculation  requires  merely  a  multi- 
plication, the  extraction  of  a  square  root,  an  addition  accompanied 
by  division  by  2,  and  each  step  furnishes  us  with  a  new  number 
and  the  corresponding  logarithm. 

Since  x^y  x^,  .  .  ,,  x^  form  an  A.P.,  the  logarithms  are  spaced 
out  equally,  but  the  same  is  not  true  of  the  corresponding  num- 
bers which  are  in  G.P.  It  is  therefore  a  table  of  antilogarithms* 
that  we  should  calculate  most  readily  by  this  method.  It  will 
be  observed,  however,  that  by  inserting  a  sufficient  number  of 
means  we  can  make  the  successive  numbers  differ  from  each  other 
as  little  as  we  please ;  and  by  means  of  the  method  of  interpola- 
tion by  first  differences,  explained  in  the  last  section  of  this 
chapter,  we  could  space  out  the  numbers  equally,  and  thus  con- 
vert our  table  of  antilogarithms  into  a  table  of  logarithms  of  the 
ordinary  kind. 

As  a  numerical  example  we  may  put  a = 10,  yi = 1 ,  yj  =  10 ;  then  a^ = 0,  a;^  =  1. 
Proceeding  as  above  indicated,  we  should  arrive  at  the  following  table : — 


Number. 

Logaritliin. 

Numl)er. 

Logarithm. 

1  -0000 

0-0000 

4-2170 

0-6250 

1-3336 

0-1260 

6-6235 

0-7500 

1-7783 

0-2500 

7-4990 

0-8750 

2-3714 

0-3750 

10-0000 

1-0000 

3-1622 

0-5000 

§  9.]  In  computing  logarithms,  by  whatever  method,  it  is 
obvious  that  it  is  not  necessary  to  calculate  independently  the 
logarithms  of  composite  integers  after  we  have  found  to  a  suffi- 
cient degree  of  accuracy  the  logarithms  of  all  primes  up  to  a 
certain  magnitude.  Thus,  for  example,  log  4851  =  log  3*. 7*11 
=  2  log  3  +  2  log  7  +  log  1 1.  Hence  log  4851  can  be  found  when 
the  logarithms  of  3,  7,  and  1 1  are  known. 

*  By  the  antilogarithm  of  any  number  N  is  meant  the  number  of  which 
N  is  the  logarithm. 
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Again,  Imving  computed  a  system  of  logarithms  to  any  one  base 

a,  toe  can  without  difficulty  deduce  therefrom  a  system  to  any  other  hose 

b.  All  we  have  to  do  is  to  multiply  all  the  logarithms  of  the  former 
system  by  the  number  /a  =  l/log^ft. 

For,  if  x  =  log^y,  then  y^l/'. 

Hence  logay  =  logo2>*, 

=  x\ogahf  by  §  4. 
Hence  \ogby  =  x  =  \ogaV/^oga^  (!)• 

The  number  /a  is  often  called  the  modulus  of  the  system 
whose  base  is  b  with  respect  to  the  system  whose  base  is  a. 

Cor.  1.  If  in  the  equation  (1)  we  put  y  =  a,  we  get  the 
following  equation,  which  could  easily  be  deduced  more  directly 
from  the  definition  of  a  logarithm  : — 

log^a  =  l/logab, 
or  loga^  log^a  =  1  (2). 

Cor.  2.  The  equation  y  =  ^  may  be  written 

Hence  the  graph  of  tlie  exponential  IP  can  be  deduced  from  the 
graph  of  the  exponential  a*  by  shortening  or  lengthening  all  tlie  abscissce 
of  the  latter  in  the  same  ratio  1  :  log^b. 

This  is  the  general  theorem  corresponding  to  a  remark  in  §  2. 

We  may  also  express  this  result  as  follows : — 

Given  any  two  exponential  graphs  A  and  B,  then  either  K  is  the 
orthogonal  projection  of  B,  or  B  is  the  orthogonal  projection  of  K^  on  a 
plane  passing  through  tJie  axis  of  y. 

USE   OF   LOGARmiMS   IN  ARITHMETICAL  CALCULATIONS. 

§  10.]  Wo  have  seen  that,  if  we  use  the  ordinary  decimal 
notation,  the  system  of  logarithms  to  base  10  possesses  the  im- 
portant advantages  that  the  characteristic  can  be  determined  by 
inspection,  and  that  the  mantissa  is  independent  of  the  position 
of  the  decimal  point.  On  account  of  these  advantages  this 
system  is  used  in  practical  calculations  to  the  exclusion  of  all 
others. 
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4843998 
44as 
6846 
7368 
6SS0 

4S5011S 
1533 
29S4 
4376 
B79B 
7214 
8633 

4660063 
1470 
3888 
4306 
6722 
7138 

0909  0 

4871384  1 

2708  S 


488I27ri 

20se 

4007 
6607 
6017 
832G 
0735 
4801144 
26G2 
8069 
5366 
6773 
8179 
0686 


3   3   4 

S38S  S4aS  B688 
4707  4849  4S01 
6180  6273  6414 
7653  7696  7837 
8S76  6117  6359 
0396  0SS9  0681 
1818  1960  3103 
3330  8381  8633 
4666  4801  494S 
G079  6321  630S 
7408  7640  7783 
6017  9060  9801 
0336  0477  0619 
1764  1896  8037 
8171  8318  3466 
4688  4780  4873 
600S  6146  6288 
7421  7563  7704 
8K37  R978  91M 
0:ii>2  03'J3  UG3e 
1007  1808  1060 
30SI  3322  3364 
4405  4036  4778 
5908  COr>0  6191 
7321  7402  7004 
8734  8876  9010 
OUB  0287  0?25 
6ri7  1008  1839 


8868  8005 
6376  G41S 
6699  6841 
8131  8364 
0S43  6686 
0955  1107 
3386  3533 
SB07  8949 
6827  6369 
6047  6788 
8006  8208 
9484  9626 
0903  1046 
2321  2462 
8738  8880 
6166  6267 
6571  6713 
7987  8129 
9403  sr.-ii 

0S18  00i>9 
2233  2374 


2U08 


109  3 


43T0  4630  4001 
6780  5030  6071 
7109  7340  7481 
ROOK  8740  BS'JO 
0017  0168  6^99 
142S  1506  1707 
2833  2974  3116 
4241  4381  4523 
5648  67N8  6020 
7064  710S  7336 
8460  8001  8741 
0866  OOiiS  0147 
1271  1413  ]r,r,3 

207G  2^16  2;i:i7 


4187  4380 
6661  C703 
6084  7136 
6406  8648 
9828  6670 
1249  1801 
2670  2813 
4061  4233 
5S11  6663  j 
6930  7073  , 
8350  8461  4 
9768  0610  ' 
1186  1388  ! 
2604  3746  j 
4031  41S3  ; 
6438  6680 
6855  6996 
8370  8418 
on SO  9827 
llOl  1242 
2515  3657 
S039  4071 
6343  6484 
6756  6897 
8169  8310 
0581  0723 
599S  Ila? 

2404  2645 
381S  3956 
6335  5366 
6635  6776 
8045  8185  3 
9454  0594  3 
0S52  1003  * 
3270  2411  > 
3678  3818  J 
6086  6220  a 
6493  6632  a 
7898  8038 
0304  9444 
0?09  0850 
3111  22:>4 
3518  3059 
4923  6063 


6IS6  6:126  6466 


)  S290  sjno  N.-,; 

1  !<i:!i3  !ih:i:i  uu', 

I  1091  1235  ]»; 

!  2490  26:10  271 

r  3K97  40;l7  4i; 
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In  printing  a  table  of  logarithms  to  base  10  it  is  quite  un- 
necessary, even  if  it  were  practicable,  to  print  characteristics. 
The  mantiss89  alone  are  given,  corresponding  to  a  succession  of 
five  digits,  ranging  usually  from  10000  to  99999.* 

A  glance  at  p.  520,  which  .is  a  facsimile  of  a  page  of  the 
logarithmic  table  in  Chambers's  Mathematical  Tables,  will  show 
the  arrangement  of  such  a  table.  To  take  out  the  logarithm  of 
30715  from  the  table,  we  run  down  the  column  headed  "No." 
until  we  come  to  3071 ;  the  first  three  figures  of  the  mantissa 
are  487  (standing  over  the  blank  in  the  first  half  column) ;  the 
last  four  are  found  by  running  along  the  line  till  we  reach  the 
column  headed  5,  they  are  3505.  The  characteristic  is  seen  by 
inspection  to  be  4.     Hence  log  30715  =  4*4873505. 

To  find  the  number  corresponding  to  any  given  logarithm 
we  have  of  course  simply  to  reverse  the  process. 

To  find  the  logarithm  of  '030715  we  have  to  proceed  exactly 
as  before,  only  a  different  characteristic,  namely  2,  must  be  pre- 
fixed to  the  mantissa.     We  thus  find  log  -030715  =  2*4873505. 

li  wawish  to  find  the  logarithm  of  a  number,  say  3*083279, 
where  we  have  more  digits  than  are  given  in  the  table,  then  we 
must  take  the  nearest  number  whose  logarithm  can  be  found 
by  means  of  the  table,  that  is  to  say,  30833.  We  thus  find 
log  3*0833  =  0*4890158t  nearly.  Greater  accuracy  can  be  at- 
tained by  using  the  column  headed  "Difil,"  as  will  be  explained 
presently. 

Conversely,  if  a  logarithm  be  given  which  is  not  exactly 
coincident  with  one  given  in  the  table,  we  take  the  one  in  the 
table  that  is  nearest  to  it,  and  take  the  corresponding  number  as 
an  approximation  to  the  number  required.  Greater  accuracy 
can  bo  obtained  by  using  the  difference  coluraiL  Thus  the 
number  whose   logarithm  is   1*4872191   has  for  its  first  five 


*  For  some  purposes  an  extension  of  the  table,  is  required,  and  such  ex- 
tensions are  supplied  in  various  ways,  which  need  not  Ihj  described  here.  For 
rapidity  of  reference  in  calculations  that  require  no  great  exactness  a  short 
tal)lo  for  a  succession  of  3  digits,  ranging  from  100  to  099,  is  also  usually 
given. 

t  The  bar  over  0158  indicates  that  these  digits  follow  489,  and  not  488. 
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significant  digits  30705  ;  but,  if  we  wish  the  beat  approximation 
with  five  di^ts,  we  oaght  to  take  30706.  Since  the  characteiv 
istic  is  1,  the  actual  number  in  question  has  two  integral  digits. 
Hence  the  required  number  ia  30*706,  the  error  being  certainly 
less  than  -005. 

g  11.]  The  principle  which  underlies  the  application  of 
logarithms  .to  arithmetical  calculation  is  the  very  simple  one 
that,  Hnce  to  any  nwn^>ar  there  corresponds  me  and  <miy  me 
logarilhtn,  a  number  can  he  identified  by  means  of  its  logarithm. 

It  is  this  principle  which  settles  how  many  digits  of  the 
mantissa  of  a  logarithm  it  is  necessary  to  use  in  calculations 
which  require  a  given  degree  of  accuracy. 

Suppose,  for  example,  that  it  is  necessary  to  be  accurate 
down  to  the  fifth  significant  figure ;  and  let  us  inquire  whether 
a  table  of  logarithms  in  which  tho  mantissED  are  given  to  four 
places  would  be  BufiiciGnt.  In  such  a  table  wo  should  find  log 
3'0701  =  0-4871,  log  3-0702  =  0-4871 ;  the  table  is  therefore 
not  BufBciently  extended  to  distinguish  numbers  to  the  degree 
of  accuracy  required.  Five  places  in  the  mantissa  would,  in  the 
present  instance,  be  sufficient  for  the  puri>oae ;  for  log  3-0701 
=  0-48715,  log  30702  =  0-48716.  Towai-ds  the  end  of  the 
table,  however,  five  places  would  scarcely  be  sufficient ;  for  log 
9-4910  =  0-97731  and  log  94911  =097731. 

§  12.]  The  groat  advantage  of  using  in  any  calculation 
logarithms  instead  of  the  actual  numbers  is  that  we  can,  in 
accordance  with  the  rules  of  g  4,  replace  every  multiplication  by 
an  addition,  every  division  by  a  subtraction,  and  every  operation 
of  raising  to  a  power  or  extracting  a  root  by  a  multiplication  or 
division. 

Tho  following  examples  will  illustrate  some  of  the  loading 
cases.     Wc  supiwsc  that  the  student  has  a  UMc  of  the  loga- 
rithms of  all  numbers  from  10000  to  100000,  giving  mantissse 
to  seven  places. 
Exaiii]>lf  I. 
(■altnlatf  tint  vulm:  «f  1  -6813  x  -001 3 2 -^ -3692. 

If  A  ;=  1  ■0810  >: -001  r)2 -;- -aiia-:, 
lot'  A^log  1  'USia  +  lojj  -OOiy-i  -  loj;  -idf)''. 
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log  1-6843  =   -2264194 
log -00132=3-1205739 

3-3469933 

log -3692  =1-5672617 

log  A  =  3-7797316. 

Henco  A=   -0060219. 

Observe  that  the  negative  characteristics  must  be  dealt  with  according  to 
algebraic  rales. 

Example  2. 

To  extract  the  cube  root  of  -016843. 
Let  A =(-016843)1^,  then 

logA  =  i  log  016843, 

=  i(2-2264194), 

=  4(3  +  1-2264194), 

=  1-4088065. 

A=   -25633. 
Example  3. 

Calculate  the  value  of  A=(368)7/'/(439)W>. 
Log  A=J  log  368-^  log  439. 

ilog368=i(2-5658478)=5-9869782 

f  log  439  =  }(2  -6424645)  =  1  -4680358. 

logA="4-5189424 

A=    33038. 
Example  4. 

Find  how  many  digits  there  are  in  A =(1*01)^***'*. 

log  A =10000  log  1-01, 
=  10000  X -0043214, 
=  43-214. 
Hence  the  number  of  digits  in  A  is  44. 

Example  5. 

To  solve  the  exponential  equation  1*2'=  1-1  by  means  of  logarithms. 
We  have  log  1  -2* = log  1  -1 . 

Therefore  a;  log  1  -2 = log  1  •  1 . 

Hence  .^J^U^^l^PM, 

log  1-2     -0791812 

Hence  log^=log  -0413927  -  log  -0791812, 

=  1-7183059. 

Therefore  x=   -52276. 

JUinark, — It  is  obvious  that  we  can  solve  any  such  equation  as  a*'"***^= 6, 
where  J?,  q,  a,  b  are  all  given.     For,  taking  logarithms  of  both  sides,  we  have 

{j!p-px  +  q)  log  a  =  log  b. 

We  can  now  obtain  the  value  of  x  by  solving  a  quadratic  e(}uation. 
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INTERPOLATION  BT  FIRST  DIFfERENCES. 

g  13.]  The  method  by  which  it  is  usual  to  find  (or  "iiUfrpih 
lale")  the  value  of  the  logarithm  of  a  number  which  does  not 
hapi>cn  to  occur  in  the  table  is  one  which  ia  applicable  to  any 
function  whose  vuluos  have  been  tabulated  for  a  series  of  eqai- 
ditfurent  values  of  its  independent  variable  (or  "  argtmi^nt"). 

The  general  subject  of  interpolation  belongs  to  the  calculus 
of  finite  differences,  but  the  special  case  where  first  differences 
alone  are  used  can  be  explained  in  an  elemeiitary  way  by  means 
of  graphical  considerations. 

We  have  already  seen  that  the  increment  of  an  integral 
function  of  x  of  the  1st  dqjree,  y  =  Aj;  +  B  say,  is  proportional 
to  the  increment  of  its  argumont ;  or,  what  comes  lu  the  same 
thing,  if  we  give  to  the  argument  /.  a  series  of  eij indifferent 
values,  (I,  It  +  /(,  rt  +  2/(,  n  +  'Ah,  kc,  the  function  y  will  assume  a 
series  of  equidifferont  values  Aa  +  B,  Aa  +  B  +  AA,  A«  +  B  +  2A7i, 
A<{  +  B  +  3AA,  &C. 

If,  tlierefore,  we  were  to  tabulate  tlie  values  of  jVj;  +  B  for  a. 
series  of  equidifforent  values  of  it,  the  differences  between  suc- 
cessive values  of  y  {"  tidmlar  differetifes  ")  would  be  constant,  no 
matter  to  how  many  places  wo  calcuLited  i/. 

Conversely,  a  function  of  r.  which  has  tliis  property,  that  the 
differences  between  tlie  successive  values  of  y  corresjKinding  to 
equidifforent  values  of  r.  ai'O  absolutely  constant,  must  bo  an  in- 
tegral function  of  j-  of  the  1st  ilegi-ce. 

If,  however,  we  take  the  difference,  k,  of  the  argument  small 
enough,  and  do  nob  insist  on  accuracy  in  tlie  value  of  y  beyond 
a  certain  significant  figure,  then,  for  a  limited  extent  of  the  table 
of  Any  function,  it  will  be  found  that  the  tabular  differences  are 
cOTistatit. 

liefcn-ini;,  fnr  e\;imp!.s  ti.  [>.  .'t30,  it  will  Ih;  swu  i-lLit  the 
<!ilii:triHU  .if  liv.i  coiisccntlii'  l..,;;arillnii.s  is  nnisLLint,  iin.l  ciiuitl 
ti.  •dUUlll  II,  finin  1,1-  aUlUlll  ii|i  tu  1.1-  :illS!J'J,  or  lli:it  Ihrre  is 
merely  iiii  ai'ci.lciitul  .lilieivtuo  of  a  unit  in  the  last  pl:ii:i>  ;  that 
U  to  wiv,  thr  differeiiie  remains  fun-itint  for  about  lilO  t^ntries. 


LIMITS  OF  THE  METHOD 


A  eimilar  phenomenon  will  he  seen  in  the  following  entr.ict 
from  Barlow's  Tables,  provided  we  do  not  go  l«yond  tho  7th 
dgnificant  figure : — 


Number. 

CuhB  BiMif. 

DifT. 

2301 

13-2019740 

19122 

2302 

13-203aSii2 

19117 

2303 

13-2057079 

19111 

2301 

13-2077090 

1910G 

2305 

13-20S(I195 

Let  us  now  look  at  the  mittter  graphically.  Let  AGSDQB 
be  a.  portion  of  the  graph  of  a  function  t/  =  f{j) ;  and  let  us 
suppose  that  up  to  the  Mth  significant  figure  the  differences  of  y 
are  constant  for  equidifferent 
values  of  x,  lying  between 
OE  and  OH.  This  means 
that  in  calculating  (up  to  the 
nth  significant  figure)  values 
of  y  corresponding  to  values 
of  X  between  OE  and  OH  we 
may  replace  the  graph  by  the 
straight  line  AB.  Thus,  for 
example,  if  a^  =  OM,  then 
/(OM)  =  MQ ;  and  PM  is  the  *'"'■  ''■ 

value  calculated  by  means  of  the  strtught  line  AB.  Our  state- 
ment then  is  that  FM  -  QM,  that  is  PQ,  is  less  than  a  unit  in 
the  n  significant  place. 

H  this  be  bo,  then,  a  /ifrtioti,  it  will  be  so  if  we  replace  a 
portion  of  tho  graph,  say  CD,  lying  between  A  and  B  by  a 
straight  line  joining  0  and  D. 

In  other  words,  if  vp  to  Ike  nih  place  the  increment  ofthefunc- 
tiim  for  fqaidifferent  values  of  x  he  eonslanl,  belteeen  certain  limits, 
then,  to  tluil  d&p-ee  of  acciiract/  at  least,  llie  ineremejit  of  lite  ftntetion 
mil  be  pr(^>tfftional  to  the  increment  of  the  ar^imetit  for  ait  voluei 
tnthin  Ihosf.  limits. 

g  14.]  Let  us  now  state  the  conclusion  of  last  article  under 
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an  analytical  form,  all  the  timitations  before  mentioned  aa  to 
constancy  of  tabular  (or  fint)  difference  being  snpposed  fulfilled. 
Let  h  be  the  difference  of  the  ailments  as  they  are  entered 
in  the  table,  D  the  tabular  difference  f(a  +  h)  -J(a),  a  +  h'  ^  value 
of  the  ailment,  which  does  not  occur  in  the  table,  bnt  which 
lies  between  the  values  a  and  a-t-A,  which  do  occur,  so  thatA'<^ 
Then,  by  last  paragraph, 

H.„»  f±*X\zM.'i  (1). 

Since  in  (1)  /(a),  D,  k  are  all  known,  it  gives  us  a  relation 
between  A'  and  f(a  +  A'),  When,  therefore,  one  or  other  of  these 
is  given,  we  can  calculate  the  other.     We  have  in  fact 

/(at/O-ZM  +  I'D  (2). 

.„d  a.K',.J<^^-:M,  (3). 

From  (2)  we  find  a  value  of  the  function  corresponding  to  a 
given  intermediate  value  of  the  argument  From  (3)  we  find  an 
intermediate  value  of  the  ailment  corresponding  to  a  given 
intermodiato  value  of  the  function. 

The  equations  (2)  and  (3)  are  sometimes  called  the  Bvie  of 
Propffrlional  Parts. 


To  find  by  means  of  lirtt  differences  tbo  valiie  of  ^{2303-45)  aa  accnrately 
as  Barlow's  Table  nill  allow. 

By  the  rule  of  proportional  parts,  we  have 

.^(2303-45)=  ^(2303 -OOj  +  iYoCOOlOl), 
=  13-20^80  + -00086, 
=  13'20fl6(j, 
which  will  be  found  rorwct  down  tn  the  last  Hgiin'. 

The  only  labour  in  the  above  talculatioii  consists  in  working 
out  the  fraction  45/100  of  the  tabular  difference.     In  tables  of 
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logarithms  even  this  labour  is  spared  the  calculator ;  for  under 
each  di£ference  there  is  a  small  table  of  proportional  parts,  giving 
the  values  of  1/10,  2/10,  3/10,  4/10,  5/10,  6/10,  7/10,  8/10, 
9/10  of  the  difference  in  question  (see  the  last  column  on  p.  520). 
It  will  be  observed  that,  if  we  strike  the  last  figure  off  each  of 
the  proportional  parts  (increasing  the  last  of  those  left  if  the 
one  removed  exceeds  5),  we  have  a  table  of  the  various  hun- 
dredths, and  so  on.  Hence  we  can  use  the  table  twice  over  (in 
some  cases  it  might  be  oftener),  as  in  the  following  example : — 

Example  2. 

Tofin(llog30*81345. 

We  may  arrange  the  corresponding  contributions  as  follows: — 

30-81300    1-4887340 

40  56 

6  7 


log  30 -81345  =  1-4887403 
Example  3. 

To  find  the  number  whose  logarithm  is  1-4871763. 

1*4871763 

i -4871667  -3070200 
96 

85      60 
11       8 


antilog  1-4871763  =  -3070268 

Here  we  set  down  under  the  given  logarithm  the  next  lowest  in  the  table, 
and  opposite  to  it  the  corresponding  number  -30702. 

Next,  we  write  down  '0000096,  the  difference  of  these  two  logarithms,  and 
look  for  the  greatest  number  in  the  table  of  proportional  parts  which  does  not 
exceed  96 — this  is  85.  We  set  down  85,  and  opposite  to  it  the  corresponding 
figure  6. 

Lastly,  we  subtract  85  from  96,  the  result  being  -0000011.  We  then 
imagine  a  figure  struck  off  every  number  in  the  table  of  proportional  parts, 
look  for  the  remaining  one  which  stands  nearest  to  11,  and  set  down  the 
figure,  namely  8,  corresponding  to  it,  as  the  last  digit  of  the  number  we  are 
seeking. 

Exercises  XLIII. 

(1.)  Find  the  characteiistics  of  logio36983,  logio5*,  logio5-«,  logw  -00068. 
(2.)  Find  the  characteristics  of  logs  1067,  logs -0138,  log-v/38,  logv^sl/S. 
(3.)  Findloga8^2. 

(4.)  Calculate  logo 36 '432  to  two  places  of  decimals. 
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Calculata  ODt  tlie  vbIqm  of  tha  foUowing  as  accnntely  u  yonr  tables  will 

(5.)  *lfl35<7-836.  (8.)  '3068 x '0016-^  0579. 

(7.)  (5-00e3715)".  (8.)  ^(6-OI)M7*6). 

(9.)  (-OlSW)".  (10.)  (-001369)1. 

(11.)  (16<-318)t/l6}A.  (12.)  j(l-0S6)'-l}y!l-O3S-l}. 

(la)  The  popnlatioii  of  •  country  increstes  etch  year  by  -IS  7,  of  ita 
amount  at  the  begiuning  of  the  year.  By  how  innch  */.  inll  it  have  increased 
altogether  after  2C0  years  t 

(14.)  If  the  number  of  birthi  and  deaths  per  annum  be  S-G  and  1-2  */* 
risipectively  of  the  population  at  the  beginning  of  each  year,  after  hoir  many 
years  will  the  populatiau  be  trebled  I 

(16.)  Calculate  the  value  of  jy(82'-»  +  C6»-"). 

(16.)  Calculata  the  Talne  of  l-fe  +  c'-l-.  .  ,+«>*,  where  st=3-71828. 

(17.)  Find  a  mean  proportional  between  3'179S4  and  3-987636. 

(18.)  Insert  three  mean  proportionals  between  6t>'342  and  88*63. 

(19.)  The  1st  and  13th  terms  of  a  geometric  progression  are  3  and  65 
respectively  ;  find  tlie  i-omnion  ratio. 

(20.)  The  Itli  and  7th  terms  of  a  geometric  progression  are  31  and  G2 
respectively  :  find  the  Eth  term. 

(21.)  How  many  terms  of  the  series -  +  ^  +  ^+  .  .  .  must  bo  token  in 
order  tliut  its  sum  may  differ  from  unity  by  less  thsn  a  millionth  I 

(22.)  Given  logio5=  ■69867,  find  the  number  of  digits  in  (VB)**- 

(23.)  Given  log 2673  =  3-427,  and  log3267  =  3-51416,  find  logll. 

(24.)  Find  the  first  four  siguiEcant  fignreB  and  tlio  uumber  of  digits  in 
1.2.3.4...  20. 

(25.)  How  mnny  terms  of  3',  3-,  3',  .  .  .  must  I  take  in  order  tlint  the 
product  may  just  cxi^ced  lODOOO  ! 

(26.)  Given  log,36  =  1-3678,  find  a. 

(27.)  Given  log.6J  =  2,  find  x. 

Solve  Iho  following  equations  :~ 

(28.)  21'=20.  (26.)  2'15'  =  6.  (30.)  2''=5x2*, 

(31.)6'  =  5y,     7'=3!/.  (32.)  3'- 3-'=5. 

(33.)  2>«^*'=5,    4^  =  2^^.         (34.)  3»'5»'-*=7*-'ll=">. 

(35.)  (u  +  &)'^(a'-2o=l."+y)'-'=(o-i.)>'. 

(38.)  3*t»=!^,    y"'=a". 

(37.)  Find  by  means  of  a  table  of  common  logarithms  Iog,I6.845,  where 
»  =  2-7ia28. 

(3?.)  Sliow  that  Jt=«'''°"''' ;  aiuMliiil  r^n'"^""""""*"""*'''. 

(38.)  SliowtLnt 

loR,fli.L'„\)     V.2^(1"^'i.N)_lo_H.\/(i''g„t)_!nB*VlloK»") 

(IM  Sliow  tbnt  tlu>  log.'irillmi  of  any  limiil>or  Ir.  knue  n-  is  a  mcin  pm- 
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(41.)  If  P,  Q,  R  be  the  pt\i,  qth,  rth  terms  of  a  geometric  progression, 
show  that  Z{q  -  r)  log  P  =  0. 

(42.)  If  ABC  be  in  harmonic  progression,  show  that  log(A  +  C) 
+  log(A  +  C-2B)  =  21og(A-C). 

(43.)  If  a,  by  c  be  in  G.P.,'  show  that  S{loga(6/c)}-i=-3{log6(c/a)}-^ 

(44.)  If  a,  6,  c  be  in  G.P.,  and  logcfl,  log6C,  logafe  in  A.P.,  then  the 
common  difference  of  the  latter  is  3/2. 

(45.)  Ua'^  +  lP=cr,  then  log^H:a  +  logc-i«  =  2logfr+^:aloge-6rt. 

(46.)  If  --  ,     =  — , =  — ,  — — ,  then  ifs¥=z^=3dfy. 

^      '  logx  logy  logz     '  -^  ^ 

,  (47.)  If  a:i  =  log,^ari,  x^-Xogx^x^,  a?4  =  logr2»3,  .  .  .,  i^«  =  logx„_3a*ti-ii  ^\  = 

logx„_^a:n,  then  x\x^,  .  .  ir„=l. 

HisLoriccd  Note. — The  honour  of  devising  the  use  of  logarithms  as  a  means  of 
abbreviating  arithmetical  calculations,  and  of  publishing  the  first  logarithmic 
table,  belongs  to  John  Napier  (1550-1617)  of  Merchistou  (in  Napier's  day  near, 
in  our  day  iu,  Edinburgh).  Tliis  invention  was  not  the  result  of  a  casual  inspira- 
tion, for  we  learn  from  Napier's  JRabdologia  (1617),  in  which  he  describes  three 
other  methods  for  facilitating  arithuietical  calculations,  among  them  his  calculat- 
ing rods,  which,  under  the  name  of  "  Napier's  Bone^,"  were  for  long  nearly  as 
famous  as  his  logarithms,  that  he  had  devoted  a  great  part  of  his  life  to  the  con- 
sideration of  methods  for  increasing  the  power  and  diminishing  the  labour  of 
aiithmetical  calculation.  Napier  published  his  invention  in  a  treatise  entitled 
"Mirifici  Logarithmorum  Canonis  Descrii)tio,  ejusque  usus,  in  utraque  Trigo- 
nometria  ut  etiam  in  omni  Logistica  Mathematica,  Amplissimi,  facillimi,  et 
expeditissimi  explicatio.  Autbore  ac  Inventoro  loanne  Nepero,  Barone  Merchis- 
tonii,  &c,  Scoto,  Edinburgi  (1614)."  In  this  work  he  explains  the  use  of 
logarithms  ;  and  gives  a  table  of  logarithmic  sines  to  7  figures  for  every  minute 
of  the  quadrant.  In  the  Canon  Mirificiis  the  base  used  was  neither  10  nor  what 
is  now  called  Napier's  base  (see  the  chapter  on  logarithmic  series  in  the  second 
part  of  this  work).  Napier  himself  appears  to  have  been  aware  of  the  advantages 
of  10  as  a  base,  and  to  have  projected  the  calculation  of  tables  on  the  improved 
plan  ;  but  his  infinn  health  prevented  him  from  carrying  out  this  idea  ;  and  his 
death  three  years  after  the  publication  of  the  Canon  Mirificu^  prevented  him  from 
even  publishing  a  description  of  his  methods  for  calculating  logarithms.  This 
work,  entitled  Mirijici  Logarithmorum  Canonis  Constriictio,  &c.,  was  edited  by 
one  of  Napier's  sons,  assisted  by  Henry  Briggs. 

To  Henry  Briggs  (1556-1630),  Professor  of  Geometry  at  Gresham  College,  and 
afterwards  Savilian  Professor  at  Oxford,  belongs  the  place  of  honour  next  to 
Napier  in  the  development  of  logarithms.  He  recognised  at  once  the  merit  and 
seized  the  spirit  of  Napier's  invention.  Tlie  idea  of  the  8U|>erior  advantages 
of  a  decimal  base  occurred  to  him  independently  ;  and  he  visited  Napier  in 
Scotland  in  order  to  consult  with  him  regarding  a  scheme  for  the  calculation 
of  a  logarithmic  table  of  ordinary  numbers  on  the  improved  plan.  Finding 
Napier  in  povssession  of  the  same  idea  in  a  slightly  better  form,  he  adoj)ted  his 
suggestions,  and  the  result  of  the  visit  was  that  Briggs  undertook  the  work  which 
Nax)ier*s  declining  health  had  intemipted.  Briggs  published  the  first  thousand 
of  Ills  logarithms  in  1617  ;  and,  in  his  Arithinetica  Logarithmica^  gave  to  14 
places  of  decimals  the  logarithms  of  all  integers  from  1  to  20,000,  and  from 
90,000  to  100,000.  In  the  preface  to  the  last-mentioned  work  he  explains  the 
methods  used  for  calculating  the  logarithms  themselves,  and  the  rules  for  using 
them  in  arithmetical  calculation. 

VOL.  I  2  M 


530  HISTORICAL  MOTE  cHA 

While  Rri)^  wna  engaged  in  filling  up  the  gap  left  in  his  table,  the  work  ol 
cnlculatiny  logarithnia  wan  Uk«n  ii]'  ill  Holland  liy  Aciriin  Vlacq,  a  bookseller 
(iouJa.  He  calculated  the  70,000  logarithms  which  were  wanting  in  Brv% 
Table  ;  anil  ]>ubli£hed,  in  162S,  a  table  coutaining  the  logarithms  to  10  placed  ol 
(leclmola  of  all  nombers  from  1  to  100,000.  The  work  of  Urigga  and  Vlacq  hsi 
heeu  the  basis  of  all  the  tables  puhlinhed  since  theii  day  (with  the  exception 
the  tables  of  Sang,  1871};  so  that  it  forms  for  its  authors  a  mouumeut  bol 
loKtiug  aud  great. 

In  order  fnlly  to  appreciate  the  brilliancy  of  Napier'e  invention  and  the  mei 
of  the  woi'k  of  Briggs  and  Vlacq.  the  reader  must  bear  in  mind  that  even  the 
exponential  notation  and  the  idea  of  an  exponential  fnnction,  not  to  speak  of  the 
inverse  exponential  function,  dill  not  form  a  port  of  the  sCoch -in-trade  of  mathe- 
maticians till  long  afterwards.  The  fnndameutal  idea  of  the  cotreepondence  of 
two  tieries  of  nuiuhers,  one  in  artthnietic.  the  otlier  in  geometric  progression,  which 
is  so  easily  represcnteil  by  means  of  indiees,  was  explained  by  Napier  tl 
the  conception  of  two  points  moving  on  Nejiarale  straight  lines,  the  one  wiui 
UDifomi,  the  other  with  accelerated  velocity.  If  the  reader,  with  all  hiH  acquired 
modem  knowleilge  of  the  reKults  to  be  arrived  at,  will  attempt  to  obtain  for  him- 
self in  this  way  a  demonstmtinn  of  the  fumlamental  rules  of  logarithmic  calcula- 
tion, he  will  rise  from  the  exercise  with  an  odei^uale  conception  of  the  penetrating 
genius  of  the  inventor  of  logorithmti. 

For  the  full  details  of  this  interesting  jiart  of  mathematical  history,  and 
in  particnlar  for  a  statement  of  the  claims  of  Jost  Biirgi,  a  Swiss  contemporary 
of  Napier's,  to  credit  as  an  imlependeot  inventor  of  togarilbnis,  we  refer  the 
student  to  the  ailmirahle  articles  "Lopiritlims"  and  "Napier,"  by  J.  W.  L.  Olaiaher, 
in  the  Ktir-Ddopmdia  JSritattaira  (9th  ed.).  An  English  trauslalioa  of  tb« 
Conatrurl'o,  with  Taluable  blbliofn^phieal  notes,  hai  been  published  by  Mr.  W. 
R.  MocdoDold,  F.F.A.  <Ediul>.  1880). 
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CHAPTER    XXII. 
Theory  of  Interest  and  Annuities  Certain. 

§  1.]  Since  the  mathematical  theory  of  interest  and  annuities 
affords  the  best  illustration  of  the  principles  we  have  been  dis- 
cussing in  the  last  two  chapters,  we  devote  the  present  chapter 
to  a  few  of  the  more  elementary  propositions  of  this  important 
practical  subject.  AVhat  we  shall  give  will  be  sufficient  to  enable 
the  reader  to  form  a  general  idea  of  the  principles  involved. 
Those  whose  business  requires  a  detailed  knowledge  of  the 
matter  must  consult  special  text-books,  such  as  the  Text-Book  of 
tlie  Institute  of  Adtuiries,  Part  I.,  by  Sutton.* 

SIMPLE   AND   COMPOUND   INTEREST. 

§  2.]  When  a  sum  of  money  is  lent  for  a  time,  the  borrower 
pays  to  the  lender  a  certain  sum  for  the  use  of  it.  The  sum 
lent  is  spoken  of  as  the  capital  or  pincipal ;  the  payment  for 
the  privilege  of  using  it  as  interest.  There  are  various  ways  of 
arranging  such  a  transaction ;  one  of  the  commonest  is  that  the 
borrower  repays  after  a  certain  time  the  capital  lent,  and  pays 
also  at  regular  intervals  during  the  time  a  stated  sum  by  way  of 
interest  This  is  called  pajdng  simple  interest  on  the  borrowed 
capital.  The  amount  to  be  paid  by  way  of  interest  is  usually 
stated  as  so  much  per  cent  per  annum.  Thus  5  per  cent  (5  %) 
per  annum  means  £5  to  be  paid  on  every  £100  of  capital,  for 

*  Full  references  to  the  various  sources  of  information  will  be  found  in 
the  article  **  Annuities"  (by  Sprague),  Encyclopsedia  Britajinica,  9th  edition, 
vol.  ii. 
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every  year  tbit  the  capital  is  lent.  In  the  case  of  simple 
interest,  the  int«rest  payable  is  BOmetimes  reckoned  etrictly  in 
proportion  to  the  time ;  that  is  to  say,  allowance  is  made  not 
only  for  whole  years  or  other  periods,  but  also  for  fractions 
of  a  perio<l.  Sometimes  interest  is  allowed  only  for  integral 
multiples  of  a  period  mutually  agreed  on.  We  shall  aappoBo 
that  the  former  is  the  understanding.  If  then  x.  denote  the 
interest  on  £1  for  one  year,  that  is  to  say,  one-hundredth  of 
the  named  rate  per  cent,  n  the  time  reckoned  in  years  and 
fractions  of  a  year,_JJ.he  jmiidpal,  I  the  whole  interest  paid,  A 
the  anwiinl,  that  is,  the  sum  of  the  principal  and  interest,  both 
reckoned  in  pounds,  wo  have 


I  -  HrP         (1); 


A  =  I  +  P-P(l+Mi-)  (2). 


These  formidte  enable  us  to  solve  all  the  ordinary  problems  of 

simple  interest. 

If  any  three  of  the  four  I,  n,  r,  P,  or  of  the  four  A,  n,  r,  -P, 
bo  given,  (1)  or  (2)  enables  us  to  find  the  fourth. 

Of  the  various  problems  that  thus  arise,  that  of  finding  P 
when  A,  n,  r  are  given  is  the  most  interesting.  Wo  supjKMc 
that  a  sum  of  money  A  is  due  n  years  hence,  and  it  is  required 
to  find  what  sum  paid  down  at  once  would  be  an  equitable 
equivalent  for  this  debt.  If  simple  interest  is  allowed,  the 
answer  is,  such  a  sum  P  as  would  at  simple  interest  amount  in  n 
years  to  A.  In  this  case  P  =  A/(l  +nr)  is  called  the  present 
mine  of  A,  and  the  difference  A  -  P  -  A{1  -  1/(1  +  nr)} 
=  Anrj{l  +  nr)  is  called  the  discount.  Discount  is  therefore  the 
deduction  allowed  for  immediate  payment  of  a  sum  duo  at  some 
future  time.  The  discount  is  less  than  the  simple  interest 
(namely  Anr)  on  the  sum  for  the  period  in  question.  When  n 
is  not  large,  this  difference  is  slight. 

Find  Ui«  ililTi-rpiicG  bchrpen   tho   interest  and  th<^  disrount  on  £1525 


II  <jii«Htioii  is  giveu  by 


Am-  -  A«r/(I  +  »r)=A»V/(l  + 
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In  the  present  case  A =1525,     n=9/12=3/4,     r= 3*5/100  ='035.     Hence 

Difference =1526  x  (-02625)2-=- (1-02625), 
=  £l:0:6i. 

§  3.]  In  last  paragraph  we  supposed  that  the  borrower  paid 
up  the  interest  at  the  end  of  each  period  as  it  became  due.  In 
many  cases  that  occur  in  practice  this  is  not  done ;  but,  instead, 
the  borrower  pays  at  the  end  of  the  whole  time  for  which  the 
money  was  lent  a  single  sum  to  cover  both  principal  and 
interest.  In  this  case,  since  the  lender  loses  for  a  time  the  use 
of  the  sums  accruing  as  interest,  it  is  clearly  equitable  that  the 
borrower  should  pay  interest  on  the  interest ;  in  other  words, 
that  the  interest  should  be  added  to  the  principal  as  it  becomes 
due.  In  this  case  the  principal  or  interest -bearing  capital 
periodically  increases,  and  the  borrower  is  said  to  pay  conipmind 
interest  It  is  important  to  attend  carefully  here  to  the  under- 
standing as  to  the  period  at  which  the  interest  is  supposed  to 
become  due,  or,  as  it  i«  put  technically,  to  be  convertible  (into 
principal)  ;  for  it  is  clear  that  £100  will  mount  up  more  rapidly 
at  5  %  compound  interest  convertible  half-yearly  than  it  will  at 
5  %  compound  interest  payable  annually.  In  one  year,  for  in- 
stance, the  amount  on  the  latter  hypothesis  will  be  £105,  on  the 
former  £105  plus  the  interest  on  £2  :  10s.  for  a  half-year,  that 
is,  £105:1:3. 

In  what  follows  we  shall  suppose  that  no  interest  is  allowed 
for  fractions  of  the  interval  (canvei'sion -period)  between  the 
terms  at  which  the  interest  is  convertible,  and  we  shall  take  the 
conversion-period  as  unit  of  time.  Let  P  denote  the  principal,  A 
the  accumulated  value  of  P,  that  is,  the  principal  together  with 
the  compound  interest,  in  n  periods ;  r  the  interest  on  £1  for 
one  period ;  1  +  r  =  R  the  amount  of  £1  at  the  end  of  one  period. 

At  the  end  of  the  first  period  P  will  have  accumulated  to 
P  +  Pr,  that  is,  to  PR  The  interest-bearing  capital  or  principal 
during  the  second  "period  is  PR ;  and  this  at  the  end  of  the 
second  period  will  have  accumulated  to  PR  +  PRr,  that  is,  to 
PR*.  The  principal  during  the  third  period  is  PR*,  and  the 
amount  at  the  end  of  that  period  PR^,  and  so  on.     In  short,  the 


amount  inermtes  in  a  geomehieal  prograrim  v^uae  a 
B ;  and  at  the  end  of  n  periods  vie  shall  have 
A  =  PR» 

By  means  of  this  equation  we  can  solve  all  the  ordinArf 
problems  of  compouDd  interest ;  for  it  enables  us,  when  any  three 
of  the  four  quantities  A,  P,  R,  n  are  given,  to  determine  the 
fourth.  In  most  cases  the  calculation  is  greatly  facilitated  by 
the  use  of  It^rithms.     See  the  examples  worked  below. 

Cor.  I.  If  1  tlenoU  the  whole  eompomtd  intere^  on  F  during  (he 
n  2'ei-iods,  we  haw 

I  =  A-P  =  P<R''-1) 

Cor.  2.  If  P  deiu>te  the  preteiU  valw  of  a  sum  A  d 
benef,  fotapounil  inlnest  bfing  uUoiced,  then,  siitre  P  miifl  v 

amount  fo  A,  we  hare 

A  =  PR", 

90  thut  P  =  A/R" 


(!)■ 


(2). 

xnperiods 
a  n  periods 


(.1). 


The  discount  on  the  present  understanding  is  therefore 


Example  1. 
Find  the  amount  in 
mvcrtible  quarterly. 
Hera  P= 2350  ■2875, 


A(l  -  1/R-) 

vo  years  of  £2350  15:9 

.(  =  8,    r  =  3'5/4O0=  ■00875, 

lnKA  =  logP  +  »IogR, 

IogP  =  3-37]1210 

mIogR»=   -0302884 

3'40I3SP4 

A=£2519-936=£2519  ;  18  :8. 


i  %  compound  iotcrest. 


How  Ions  wHl  It  Uko  £136  :  U  :  9  ti 
jiouii't  mt«rcHt,  rotivertitili'  lialryeai'ly. 


:o  £216  :  9  :  r  at  a  7,  t 


HlTonl  t1 
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Hero  P=186-7375,     A  =  216*4792,     R  =  103. 

n=(logA-logP)/logR 

=:??iiJlZ=5-oo...  . 

•0128372 
Hence  the  required  time  is  live  half-years,  that  is,  2J  years. 

Example  3. 

To  find  the  present  value  of  £1000  due  50  years  hence,  allowing  compound 
interest  at  4  7o»  convertible  half-yearly. 

Here  A  =  1000,     n  =  100,     R  =  1  02.     We  have  P  =  A/R«. 

log  P  =  log  1000 -100  log  1-02, 
=  3  -  100  X -0086002, 
=  2*1399800. 
P  =  £138-032  =  £138:0  :  8. 

§  4.]  In  reckoning  compound  interest  it  is  very  usual  in 
practice  to  reckon  by  the  year  instead  of  by  the  conversion- 
period,  as  we  have  done  above,  the  reason  being  that  different 
rates  of  interest  are  thus  more  readily  comparabla  It  must  be 
noticed,  however,  that  when  this  is  done  the  rate  of  interest  to 
be  used  must  not  be  the  nominal  rate  at  which  the  interest  duo 
at  each  period  is  reckoned,  but  such  a  rate  (commonly  called  the 
effective  rate)  as  would,  if  convertible  annually,  bo  equivalent  to 
the  nominal  rate  convertible  as  given. 

Let  rn  denote  the  effective  rate  of  interest  per  pound  which 
is  equivalent  to  the  nominal  rate  r  convertible  every  l/?ith  part 
of  a  year ;  then,  since  the  amount  of  £1  in  one  year  at  the  two 
rates  must  be  the  same,  we  have 

(l+r)»=l-frn, 
that  is,  r^  =  (l+r)'*-l  (1), 

and  r  =  (l4-rn)^/»-l  (2). 

The  eqiMtions  (1)  and  (2)  enable  us  to  deduce  the  effective  rate 
from  the  nomhml  rate,  and  vice  versa. 

Example. 

The  nominal  rate  of  interest  is  5  7oi  convertible  monthly,  to  find  the 
effective  rate. 

Here  r=    '05/12= -004166. 

Hence  no  =  (1  -004166)12  - 1, 

=  1-05114-1. 
ri2=     -05114. 

Hence  the  effective  rate  is  5*114  7o- 


AXNTHTIES  TEBltniABLB  OB  PEBFSTDAL 


ANKUITIES  CERTAIN. 

!^  5.]  When  a  person  bu  the  right  to  receive  ereiy  year  a 
certain  sum  of  money,  eay  £A,  he  is  sud  to  possess  an  atmuUg 
of  £A.  This  right  may  continue  for  a  fixed  number  of  yean  and 
then  lapse,  or  it  may  be  vested  in  the  individual  and  his  heirs 
for  ever ;  in  the  former  cose  the  annuity  is  said  to  be  farmtnoUt^ 
in  the  \ntteT  perpftiml.  A  good  example  of  a  terminable  annuity 
U  tlic  not  uncommon  arrangement  in  lending  money  where  B 
lends  C  a  certain  sum,  and  C  repays  by  a  certain  number  of 
equal  annual  instalments,  which  are  so  adjusted  as  to  cover  both 
principal  and  interest  The  simplest  example  of  a  perpetual 
annuity  is  the  case  of  a  freehold  estate  which  brings  its  owner  a 
fixed  income  of  £\  per  aniiimi. 

Although  in  valuing  uinniltieii  it  is  usual  to  speak  of  the 
whole  sum  which  is  paid  yearly,  yet,  as  &  nuatU'r  of  practice,  the 
])iiymcnt  may  bo  by  half-yearly,  quarterly,  &c.  iustailnients ;  and 
this  must  be  attended  to  in  annuity  calculations.  Just  as  in 
compound  interest,  the  simplest  plan  is  to  take  the  interval 
iHstween  two  consecutive  jiayraentB,  or  the  conversion-jierioil,  as 
the  unit  of  time,  and  adjust  the  rate  of  interest  accordingly. 

In  many  cases  an  annuity  lasts  only  during  the  life  of  a  cer- 
tain named  individual,  called  the  nominee,  who  may  or  may  not 
ho  the  annuitant  In  this  and  in  similar  cases  an  estimate  of 
the  probable  dui'ntion  of  human  life  enters  into  tlio  calculations, 
and  the  annuity  is  said  to  be  widhigfiil.  In  the  second  jiart  of 
this  work  we  shall  discuss  this  kind  of  annuities.  For  the 
present  we  confine  ourselves  to  cases  where  the  annual  payment 
is  crtfi'mly  due  cither  for  a  definite  succossion  of  years  or  in 
Iierju'tuity, 

S  C]  One  very  commoidy  oceuiring  annuity  pn>bk'm  is  U 
fiii'l  thi'  ifnimiiliiM  r"!nf  «f  it  FoiiiiottNK  mii'iiili/.  An  annuitant 
11,  who  liail  the  rij^hl.  to  rccive  ii  snt'ccs.^in;  jiaymeiits  at  )i  suc- 
trssivo  .-nui.lisfaiit  tmiis.  has  fi-r  snuui  ro.'ii'OTi  .,r  ctlifi'  nut 
rccm'vfil  tlu'su  iiaynii'nts.     Tin?  ijucstiiin  is,  What  snni  should  he 


f 


XXII  AC("i'MiM.A'ri'>.\  OF  lOKr.nuNi:  AXNnrv  "'■') 

To  make  the  question  geiienil,  let  us  suppose  that  the  hist  c 
the  n  instalments  was  due  m  periods  ago. 

It  is  clear  that  the  whole  accumulated  value  of  the  annuit 
is  the  sum  of  the  accumulated  values  of  the  n  instalments 
and  that  compound  interest  must  in  equity  be  allowed  on  eacl 
instalment. 

Now  the  nth  instalment,  due  for  in  periods,  amounts  to  AR** 
the  n  -  1th  to  AR"»+\  the  n  -  2th  to  AR^^%  and  so  on.  Henc< 
if  V  denote  the  whole  accumulated  value,  we  have 

V  =  AR^  +  AR^+i+  .  .  .  +AR'«+'*-i  (1). 

Summing  the  geometric  series,  we  have 

V  =  AR'"(R»-1)/(R-1)  (2). 

Cor.  If  the  last  instalment  he  only  just  due,  m  =  0,  and  th 
accumiUated  value  of  tlie  forhoTue  annuiiy  is  given  by 

V  =  A(R«-1)/(R-1)  (3). 
Example. 

A  farmer's  rent  is  £156  per  annum,  payable  half-yearly.  He  was  unabl 
to  pay  for  five  successive  years,  the  last  half-year's  rent  having  been  due  thre 
years  ago.  Find  how  much  he  owes  his  landlord,  allowing  compound  interea 
at  8%. 

HereA=78,     R=l-016,    wi  =  6,     «  =  10. 

V=78  X  1-015«(1-015^«- 1)/-015. 
10  log  1-015  =-0646600, 
1-015^0=1-16054. 

V  =  78  X  1  -OlS*  X  -16054/-01.5. 
log  78         =1-8920946 

6  log  1-015    =   -0387960 
log  -16054=1-2055833 

1-1364739 
log  -015     =2-1760913 


logV  =2-9603826 

V=£912-814=£912  :  16  :  3. 

§  7.]  Another  fundamental  problem  is  to  culcukUe  thepu/rchas 
price  of  a  given  annuity.  Let  us  suppose  that  B  wishes,  by  paying 
down  at  once  a  sum  £P,  to  acquire  for  himself  and  his  heirs  th( 
right  of  receiving  n  periodic  payments  of  £A  each,  the  first  pay 
ment  to  be  made  m  periods  hence.     We  have  to  find  P. 

P  is  obviously  the  sum  of  the  present  values  of  the  n  pay 
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menta.     Now  the  first  of  these  is  due  m  years  hence ;  its  preaent 
value  is  therefore  A/K"*.     The  second  is  due  m  +  1  yeats  hence ; 
A's  present  value  is  therefore  A}R'*'*'\  and  so  on.     Hence 
„     A        A  A 


in 


Hence 


-^(-^)/('4). 

-ks^(K"-i>/(k-i) 


<2)- 


Cor.  1,  The  ratio  of  the  purchase  price  of  an  annuity  to  the 
annual  payment  is  often  spoken  of  as  the  nwiiber  <^  year^  pHrduue 
which  the  annuity  is  worth.  If  the  "period  "  understood  in  the 
above  invesUf/afioit  be  a  t/ear,  and  p  he  the  number  of  year^  purchase, 
then  we  liave/rom  (2) 

;.  =  (It»-l)/R'"+»-»(R-l)  (3). 

If  the  period  /«  l/qlk  of  a  i/ear,  sintx  tlie  annual  pnymtiU  is  then 
jA/foe  Itaiv 

y.(E"-l)/,R"+»-'(E-l)  (1). 

Cor.  2.  If  the  annuity  be  iioi  "  deferreil,"  as  it  is  called,  hat 


begin  to 
period  hem 


Also 


»  fit  once,  tluil  is  to  xay,  if  the  first  pai/ment  be  due  0 
•  tlien  m-l,  and  we  have 


P  =  A(R''-1)/R»(R-1), 
=  A(l-R-)/(R-l) 


(5). 


P  =  (R--l)IW(R-\), 

=  {l-K-")/(R-l)  (6); 

P  =  (l-R-")/'i(R-l)  (7), 

according  as  the  period  of  conivrsion-  is  a  year  or  the  qlh  part  of  a  year. 
Cor.  3,  To  obtain  the  present  ntlw.  of  a  deferred  perpetual 
aaniiil'j,  or,  as  it  iii  often  pnt,  the.  present  rahie  of  the  rerrrsioa  of  a 
jieri'i'tifi/  aniiinl;/,  ■I'-i:  linre  iiien-Uj  to  moke  n  infinilfl'j  grnit  in  the 
C'/iiullon  (3),       U'e  thus  ohtfin, 

•  Tills  is  tlip  iivunl  iii.Tiniii^'  of  "  l"';.-!!.]!!..^'  t..  rmi  it  oti.'-.*'     Tii  somo 
caauii  tliu  Jii»t  luyiiitiit  ih  luuUi:  ul  ujiur.     In  lliul  I'asir,  i>r  mursi;,  m  —  0. 
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.),! 


=  A/R^"-i(R-l)  (8). 

Hence,  for  the  number  of  years'  purcliase,  we  have 

j?=l/R»~-i(R-l)  (9), 

or  p=l/</R"»-i(R-l)  (10), 

according  as  the  period  of  conversion  is  a  year  or  l/qth  of  a  year. 

Cor.  4.   JFJien  t/ie  peipetual  annuity  begins  to  run  at  once  th 
formulce  (8),  (9),  (10)  become  very  simple.     Putting  m  =  1  we  luive 

P  =  A/(R-1), 
=  A/(l+r-l), 
=  A/r  (11). 

For  the  number  of  yeari  purcJiase 

p=l/r  (12); 

or  P=l/V  (13), 

according  as  the  period  of  conversion  is  a  year  or  Ifqih  of  a  year.- 

If  the  period  be  a  year,  remembering  that,  if  5  be  the  rat 
per  cent  of  interest  allowed,  then  r  =  5/100,  we  see  that 

^=100/.s'  (14). 

Hence  the  following  very  simple  rule  for  the  value  of  a  perpetua 
annuity.  To  find  the  number  of  years'  purcJuise,  divide  100  by  th 
rate  per  cent  of  interest  corresponding  to  the  kind  of  investment  i 
question.  This  rule  is  much  used  by  practical  men.  The  followiu; 
table  will  illustrate  its  application  : — 


Rate  %        .         .         . 

3 

3i 

4 

4i         5 

5i 

6 

No.  of  years'  purchase  . 

33 

28 

25 

22     1     20 

18 

17 

Example. 

A  sum  of  £30,000  is  borrowed,  to  be  repaid  in  30  equal  yearly  instalments 
which  are  to  cover  both  princi^ml  and  interest.  To  find  the  yearly  payment 
allowing  compound  interest  at  4  J  %. 

Let  A  be  the  annual  payment,  then  £30,000  is  the  present  value  of  a 
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annuity  of  £K  ptijftblo  yearly,  Out  annnity  to  b«fnii  at  once  and  nm  tot  30 
yean.     Heiico,  by  (5)  aba\A 

8O,00O  =  A(l-l-046-")/-(M5, 
A  =  1360/{1-11H5-^, 
-50lo({l'(MS  =  l-4285110, 
10«-»= -267000. 
A  =  1350/-73S. 
=  £1811:14:11. 
§  8.]  It  wonid  be  easy,  by  assuming  the  periodic  iiiBtalmeiits 
or  the  periods  of  an  annuity  to  vary  according  to  given  laws,  to 
complicate  the  details  of  annuity  calculations  very  seriously; 
but,  as  we  should  iu  tliis  way  illustrate  no  general  principle  of 
any  importance,  it  will  be  sufficient  to  refer  the  student  to  one 
or  two  instances  of  this  kind  given  among  the  examples  at  the 
end  of  thin  chapter. 

It  only  remains  to  mention  that  in  practice  the  calculation 
of  intiircst  an<l  annuities  in  much  facilitated  by  the  use  of  tables 
(such  as  those  of  Tumbull,  for  example),  in  which  the  values  of  the 
functions  (1+^-)",  (1  +  '')-",  {{1 +r)"- I'.'r,  {1  -  (1  +  )■)-"}/'■, 
y,'{l  -{1  +r)""!,  &c.,  arc  tabulated  for  various  values  of  100c 
and  M.  For  further  information  on  this  subject  sec  the  Texl-Jlook 
of  llie  IiistUnfe  of  Adunrks,  ViiTt  L,  p.  l.Tl. 


EKKr.riRKs  XUV. 

(1.)  The  (lifTeroncc  Vtween  the  true  iliscoant  anil  tho  iiiteroHt  on  £40,400 
for  a.  period  X  ia  £i,  Hiniplo  i1lt<n'^lt  iMtnj;  allowtKl  at  4  °f^ ;  find  jr. 

{tl.)  Find  the  |>rcseiit  valno  of  £15,000  duv  50  yi-^tH  livncc,  alloniiig  4^  % 
coiiiiiouiid  iiilereNt,  tonwrtlblo  yrarly. 

(X)  FinJ  Uiir  auiciunt  of  iClSO  .-it  titc  end  of  14  years,  nllon-infj  3  %  i-oni- 
)H>und  iuterust,  coiivortiblu  lialf-yi-arly,  und  drduotiiig  6d.  jier  £  for  inrome- 


(4.)  How  loii;;  will  it  take  for  a  ai 

itnrest,  I'linvi-iiilile  Hniiimlly ! 

(.■■..)  n™-  l,>ti|,'nill  it  Mk,.  f.ir  ™p  [I 


a  double  itiu'lf  at  6  */„  coini>ouud 
lo  ntiimint  ti)  £100i)  iit  5  7„  coni- 


ivMiIl  liolU  fL.r  siiiii'lo  ai 
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(8.)  Show  that  the  ditfereuce  between  bankers'  discount  and  true  discount, 
simple  interest  being  supposed,  ia 

AnV{l  -  ?ir+7iV^-7i'r^ +.  .  .  adoo}. 

(9.)  If  r>  5/100,  7i>10,  find  an  upi)er  limit  for  the  error  in  taking 
100(1  +»Cir+nC2»*  +  nC3r')  as  the  amount  of  £100  in  n  years  at  lOOr  7„  com- 
pound interest,  convertible  annually. 

(10.)  If  £Ie  and  £I«  denote  the  whole  compound  and  the  whole  simple 
interest  on  £P  for  7i  years  at  lOOr  7oi  convertible  annually,  show  that 

Ic-I.=  P(«C2r2  +  nC3r»+.  .  .  +  r"). 

(11.)  A  man  owes  £P,  on  which  he  pays  lOOr  7o  annually,  the  principal 
to  be  paid  up  after  n  years.  What  sum  must  he  invest,  at  100/  7o>  so  as  to  be 
just  able  to  pay  the  interest  annually,  and  the  principal  £P  when  it  falls  due  ? 

(12.)  B  has  a  debenture  bond  of  £500  on  a  railway.  When  the  bond  has 
still  five  years  to  nm,  the  company  lower  the  interest  from  5  7o»  which  was 
the  rate  agreed  upon,  to  4  7of  and,  in  com|)ensation,  increase  the  amount  of 
B*s  bond  by  x  7o-  Find  x,  supposing  that  B  can  always  invest  his  interest 
at  5  %. 

(13.)  A  person  owes  £20,122  payable  12  years  hence,  and  offers  £10,000 
down  to  liquidate  the  debt.  What  rate  of  compound  interest,  convertible 
annually,  does  he  demand  ? 

(14.)  A  testator  directed  that  his  trustees,  in  arranging  his  affairs,  should 
set  apart  such  sums  for  each  of  his  three  sons  that  each  might  receive  the 
same  amount  when  he  came  of  age.  When  he  died  his  estate  was  worth 
£150,000,  and  the  ages  of  his  sons  were  8,  12,  and  17  respectively.  Find 
what  sum  was  set  apart  for  each,  reckoning  4  7o  compound  interest  for 
accumulations. 

(15.)  B  owes  to  C  the  sums  Ai,  Ag,  .  .  .,  Ar  at  dates  ni,  wa,  .  .  .,  itr 
years  hence.  Find  at  what  date  B  may  equitably  discharge  his  debt  to  C 
by  paying  all  the  sums  together,  supposing  that  they  all  bear  the  same  rate 
of  interest;  and 

1st.  Allowing  interest  and  interest  in  lieu  of  discount  where  discount  is  due. 
2nd.  Allowing  compound  interest,  and  true  discount  at  compound  interest. 

(16.)  Required  the  accumulated  value  at  the  end  of  15  years  of  an  annuity 
of  £50,  payable  in  quarterly  instalments.     Allow  compound  interest  at  5  7o» 

(17.)  A  loan  of  £100  is  to  be  paid  ofl^  in  10  equal  monthly  instalments. 
Find  the  monthly  payment,  reckoning  compound  interest  at  6  7o- 

(18.)  I  borrow  £1000,  and  repay  £10  at  the  end  of  every  month  for  10 
years.  Find  an  equation  for  the  rate  of  interest  I  pay.  What  kind  of 
interest  table  would  help  you  in  practically  solving  such  a  question  as  this  ? 

(19.)  The  reversion  after  2  years  of  a  freehold  worth  £168  :  2s.  a  year  is  to 
be  sold  :  find  its  present  value,  allowing  interest  at  2  7o>  convertible  annually. 

(20. )  Find  the  present  value  of  a  freehold  of  £365  a  year,  reckoning  com- 
pound interest  at  3 J  7o»  convertible  half-yearly,  and  deducting  6d.  i>er  £  of 
income-tax. 

(21.)  If  a  perpetual  annuity  be  worth  25  years*  purchase,  what  annuity  to 
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i;<iuljimc  fur  3  yean  can  bo  bought  for  £6000  bo  u  to  bring  tlie  mme  rate  of 

(22.)  It20yaan'  purchase  be  pa[il  for  an  annuity  to  continue  for  a  oerbun 
number  of  yirara,  and  H  jears'  purcliaao  for  one  to  continue  twice  aa  long,  find 
the  rale  of  interest  {convertiblo  annuaUy). 

(23.)  Two  proprietora  bare  ei{ual  shares  in  an  estate  of  £500  a  year.  Ono 
buyn  the  oUicr  uDt  by  asrigoing  him  a  term  in  able  annuity  to  la^t  for  20  yean. 
Kind  tiiQ  annuity,  Kckoutng  3|  %  componnil  interest,  convertible  annually. 

(2J.)  Tlie  rPTenioii  of  na  cstato  of  £l£iO  a  year  is  iiohl  for  £2000.  How 
long  ou)-lit  the  entry  to  be  defertrd  if  tho  nte  of  interest  on  tho  investment 
is  t(i  lio  4J  7isi  conveiliblo  annually  ! 

{2s.)  If  a  lease  of  19  years  at  a  nominal  rent  be  porchased  for  £1000,  what 
nngbt  the  real  rent  to  he  in  order  that  the  puniliaser  may  get  1  */.  "^  hia 
iiLveatineiit  (interest  convertihle  half-yearly) ! 

(26.)  H  ami  C  have  equal  iuteresta  in  au  annnity  of  £A  for  2«  yoota  (pay- 
uMl-  nnnually).  Tliey  agree  to  take  the  jiaymenU  alternately,  B  taking  tho 
lirat.     What  ought  B  to  pay  to  C  for  the  privilege  ho  thus  reeeives  t 

(27. )  A  fanner  boughl  a  hase  for  20  yeare  of  his  farm  at  a  ivnt  of  £50, 
payable  balf-yearly.  After  10  years  hail  run  bo  detenniiieil  to  buy  tbu  free- 
liolil  of  the  farm.  What  iinslit  he  to  iray  the  landlon!  if  the  fall  rent  of  the 
rann  \ie  £10u  jnyabls  half.yeiirly,  and  3  %  ^  the  rate  of  interest  on  invest- 
meiits  in  land  f 

(28.)  What  annuity  lH'eiiiiiin([  n  years  hcnre  niid  kstjng  for  it  years  is 
c<|llivaleut  to  an  annuity  of  £A,  beginning  now  and  lasting  f<ir  k  yeais  T 

(29.)  A  testator  lelt  £100,000  to  be  shaivil  r<|Ually  Iwtirecii  two  institu- 
tions B  and  C ;  B  to  enjoy  tho  inten-st  for  a  ci'rtahi  number  of  years,  C  to 
have  the  rereruion.  How  many  years  ought  II  tu  receive  tlie  interest  if  the 
rate  be  3J  %.  convertible  aiuiunlly  T 

(30.)  ]f  »  man  live  m  yean,  for  lum-  many  yeais  must  he  lay  on  annuity 
of  £A  in  onler  that  he  may  reeeivr  an  annuity  of  the  samn  aninunt  for  the 
ii'st  of  his  life  f  Show  that,  if  the  antniity  tu  N'  aequin'd  is  to  conlinne  for 
over,  then  the  iiunilHT  of  years  is  that  in  which  a  vum  uf  money  would  double 
itself  at  tlie  supposed  rate  ut  interest 

(31.)  A  gi'titlemau'scstntewoit  Hubjert  toon  annual  bunion  of  £100.  Jlia 
expenses  in  nny  yi'jir  varied  as  the  nuinlH^'  of  years  he  had  lived,  anil  his 
income  ns  the  square  nf  t)int  nniiiber.  lu  bia  21gt  year  ho  spent  £IO,'ISg, 
and  his  in<'onir',  iH'fnrc  deilneting  the  aniinat  burden,  was  £4410.  Show  that 
ho  ran  in  debt  tvcry  y«ir  till  he  was  50. 

(32.)  A  tMi  U  sold  for  £1.100,  with  a  feu-duty  of  £Ifi  payable  annually, 
ami  a  eii«ualtv  of  £1<iO  [iiiviil.le  I'Vry  .'^0  ye:irs.  What  "oidd  li«ve  been  the 
priee  .,f  Ih.:  fen  if  il  lied  been  Ikiu-Ii1  ..uliV'ht  <     lieeL.u  iiittivtil  at  4i  7,. 

(:l:j.^  Find  the  a.-nimiilili'.u  ^iii.l  id...  Ilir'  prw^iit  valuu  Df  an  annuity 


when  (he 
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RESULTS   OF   EXERCISES. 


I. 

(5.)  Ist.  The  number  of  digits  is  34  ;  for  the  best  approximation  the  first 
three  digits  arc  126.  2nd.  The  number  of  digits  is  20  ;  tlie  first  three  184. 
(6.)  -1,  +1.  (7.)  a-6.  (8.)  1707;  30521/415800.  (9.)  6.  (10.)  aa  +  2ab 
+  bb;aa-bb;9aa-Z6bb;^'^fbb.  (11.)  2{mm-l)aa  +  2{nn-l)bb.  (12.) 
23cy  +  2lxy.     (13.)  2yzlx  +  2zxly-\-2xylz  +  2lxijz,     (1^.)  Ixx+^zx-^yy^ ^zz, 

II. 
(1.)  1/2*.3".5  =  1/42516280.  (2.)  The  second  is  greater  by  65280.  (3.) 
1/2.  (4.)  16a86«eP.  (5.)  cya^*bl^jfiy^*,  (6.)  (81/16)a«6«(JV.  (7.)  y^s^/ar*. 
(8.)  (xi/2)«.  (9.)  1.  (10.)  aP^^3r.  {!!,)  x^a-c)  (i-ci  (12.)  l/ajP'-H^a.  (13.) 
1.  (15.)  l  +  ar»«-»-«-ar*H*4*+ar«+**-«+a;«-2H<-ar^Hfc+a;a+6-fc  (ig^j 
aJH-sj  +  2aP^lbP + aP/tf^P + a^/bt  +  2a9lbP^  +  l/ft^i^H. 

III. 

{1.)  x  +  y.  (3.)  1.  (3.)  {3? -  f)lxy.  (4.)  y.  {5.)  l/bci-a  +  b-c).  (6.) 
(a«-a26>  +  2a6'-6*)/(a2-62).       (7.)    4x//(iB*  -  y*).      (8.)    2{ly^3?-\-ay^)laJbxy. 

{9.)  abl{a^  +  lP),  (10.)  a' -62,  (11.)  -(4j;  +  2a:»)/(l +ar«+ a;*).  (12.)  1.  (13.) 
1.  (14. )  The  function  is  =  1.  (15. )  (adf-  ae)l{bdf-  bc-cf).  (16. )  {a^  -  iab 
+  462-l)/(a3-6a26  +  12a63-86«-2o  +  46).     (17.)  (a^'lP  +  l)l(a^-ly^-^2). 

IV. 
(7.)  2. 3». 7. 112;  35.53.72,     (g.)  53. 

V. 

(1.)  120.  (2.)  a^-2j(^y*-¥y^.  (3.)  afi-y^.  (4.)  afi-Ss^  +  Zxh/^i/. 
(5.)  s*-iea*y^-h96r^i/-25ex^i/  +  256i/,  (6.)  i^c* - b^c^  +  c^a* - c*a^ ^^ a^b* 
-a*lr^.  {1.)  a^  +  3j^  +  6x*-^73^  +  6iP  +  ^x  +  l,  (8.)  27a»  +  86» - 1  +  54a26 
+  36aft3-1262+66  +  9a-27a2-36a6.  (9.)  a:*  +  2r»  +  3ic3+4a;+5  +  4/a:+3/a:» 
+  2/a?  +  l/a^. 

(10.)  +a*  +  M  +  c*  +  4a36  +  4a6»  +  46»c  +  46c»  +  4ca'  +  4cV  +  6a26a 

+  66»c2  +  6c2a2+12a26c+12a62d  +  12rt6c2 ; 
+     +    +     -         -         +        +        --         + 
+         +         + 

(11.)  Four  types;  3  like  x* ;   6  like  ar^y ;  3  like  x^yz;  3  like  a^,      (12.  t 


r»ll  in:si;i;rs  of  i:xkkc:isi:s 

Time  \y]u'^  ;  J  lik.'  (f^  ;  12  lik.-  n-h  ;  -1  lik<>.  ((h,-.  (13.)  (2  f  3  +  4)-  =  721>. 
14.  .'.'■■//'-  (•  ,  ■  k>-.  -^-kv.  i2j'>i  ~  <rf,\u:/{o--ir ){,--.,-}-:,  k('.-\  kr.  {15.)  2{X' 
iir^  .-;.  1I6.;  0.  (17.)  (u- \- hi/ V c.:.  (18.)  -  l/i.*^  +  2:^a-'b  +  :^a^b' -  I0:^i*bc 
-4:i>r''^  +  82:rt»6^d-18a'-«r'c».  (22.)  abc.  (23.)  3aic.  (24.)  2(6''»c-6c'+c»a 
-ca'+a'6-a53).  (25.)  (a»-6»)a;*+2a6Vy+(2a*  +  26»-a»ft2)ar»y»-.2oi»«/ 
+  (rt'-6«)2(*. 

(l.)(a)2nd.    (/3)  Fractional.    (7)  4th.    («)  2nd.     (a.)*2a:»+l(kB+14.    (1.) 
tJ^  +  ^y.      (4.)9jr*-78a:»  +  121.      (5.)  a^-aJ*Sa«+ir»So«ft»-o*aV.      (e.)a«-  ? 

Or  +  r»  +  l):,^  +  (;rg»+j0»+9*)a^-;^g>.     (7.)  ic»•-16a5»y»+86a*y*-Sa6a!*^•+ 
274a:«/(8-120//l«.      (8.)  a6«»-(6-c)(c-a)(a-d)a^+(2(i^-2a^-aaae)a|^  V 
+  (6-c)(c-ft)(«-&)y'.       (ll.)(6»-c»)a?*  +  2c(6-a)aj»+(c-a)(c+a-25)a«+                 * 
2/i(c-6)a!+(r/.=  -&2),    (la.)  a*-a!«-a:«+l.   (18.)4a:»+10a:«y+&^+8y».   {!€.).  * 
4jr* - a:2//2  +  4/.      (15.)  iB»«-2a*+l.      (16.)  «"+2x>«-a*-4a*-aJ*+2a?+l.  f  /^ 
(17.)A;>>»-^.*:*  +  A.r»-V»a:»+Vr.    (18.)  aa«-a(o+6)a!»y+6(2a^+l)i8V-««V/ '         I 
+  flrary-&(rt-&)^i/»  +  V.        (19.)  4a^+12aV+12Wa?.         (20.)  a:^--12aV>  '   -jrvf 
+  66a*ar«  -  220a«a;" + 496a"*»«  -  792aWa^* + 924a"ir»  -  &c      (21. )  a"  -  8jAi^         -• 

+  3a:*aW-o»      (22.)  2187aj^  +  1701a^+567jr»+105«*+V«^+|a?+Tj^+»AT- 
(23.)  a«  +  8a7&r3  +  28a«6«Jt!«  +  66a»6»a^  +  70o<a^JE^+&c  (94.)    «»-9a^i^ 

+  36.rMyi»-84*«y8+i26a«j^-.&c.        (jj.)  l  +  8aj+6a?+l(te»+16«*+ 

+  19u*  +  &c     (26.)  266.     (27.)  -1976.     (80.)  820. 


f 


VII. 

(1.)    360.r»  +  1782a^+8305aj'  + 2722a: +  840.  (2.)   pjwj»-(g-r)(r-i>) 

(p-?)^  +  (-V  +  Si^-8py)«  +  te-*')(»"-l»)(/'-g).         («.)   a^-80»M-: 
+  273a*j:*-820a«j"=  +  676a».       (4.)  a^-8aj*+8a:»-l.        (5.)  ia!^+Jia*+Ji*» 

+ 1 B^ + ^  U^  + 1-^  + 1.  (6. )  *•  -  »V  (7. )  *• + (S/'/mn)  a:» + 2S(»m/i«)aJ*+ (4 
+  P^».3  +  ?7i»/7t34-7|5//')r»  +  2(2/2/w»);i^  +  (2mn/P).?;  +  l.  (8.)  204&c»i - 83792«>» 
+  253440.1:9  -  1140480:>r'  +  3421440^7  -  7185024b«  +  10777536^*  -  11547360a:* 
+  8660520jr'»  -  4330260jr2  +  1299078./^  - 177147.  (9.)  aP*  +  8a*iy»  +  28-c^V 
+  56jc> V  +  70x1V*'*  +  &c.  (10. )  ir«  +  lOi^^^  +  41^16  +  go^Jo  +  ^Qji*  +  i68a:» 
-  364a;"  -  208j:"  +  286;ci'>  +  672j^  +  &c. 

VIII. 

(1.)  A  +  B2>  +  C2Lr3  +  D2::r»/  +  E^'»+F2.r2y  +  G2jr//r.  (2.)  2a»i^  +  Sa!«y» 
+  3.»rt/V.  Three  types  present,  four  missing,  viz.,  j^,  iP^i/,  jr^,  a^^  (8.) 
ia;  -  iV.  (4. )  V{{if-  y')  (^  -  ^')  -  (a^  -  ^r')  (y  - !/)) ,  where  P  is  any  constant 
This  may  also  be  written  P  {( ?/'  -  y')x  -  {tT  -  x') y  +  a^Y  -  xY) .  (5. )  (y'x  -  a:'y) 
(fx-x''y)l{xf-y'){j(f'-f).  (6.)  A=  -8,  B=  -12,  C  =  20.  (7.)  Z=21, 
m=  -76,  w  =  60.  (8.)  1  =  6,  7^1=  -15,  ?i  =  10.  (9.)  SP(d?-6)(a;-c)(a:-rf)/ 
(a  -  6)  (a  -  c)  (a  -  d).     (10. )  irV  +  6 V  +  ft»r,  i^c^  +  h-c*  +  &c».     (11. )  SSa?^  -  Sa:^. 

IX. 

(1.)  Q=a-'»-3jr=  +  3a;-l,  R=0.  (2.)  Q  =  3a?*  +  J:^ar»- V^+ V-^- 1  i,  R 
=  ?il^-H.  (3.)  Q  =  4.F»  +  6.r2  +  lla^+16,  R  =  20x-15.  (4.)ar-9.  (5.)  The 
function=a:3_2ar«  +  173.+  80-40/(ar-7).     (6.)  Q=ar»-5ar  +  3,  R=0.      (7.)  Q 
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=  9.r*  4-  G.C'  +  X-  +  2  /•  +  1 ,  R  =  0.     (8. )  ( ,)  = ./;-  -  S.r  -r  1 5,  U  =  0.      (9. )  Q  =  ^^^^  +  i^*" 

+  ix  +  l  R  =  0.  (10.)  Q  =  u?2-|x+V,  R=-Vo'x-U'  (11.)  Q  =  h^-i^ 
+  ^^'-^^-^^x'--s\x  +  ^^,  R=0.  (12.)  x-1.  (13.)  aV{-^  +  a:*J/  +  ar*i/2 
+  .  .  .+/).  (14.)  Za^-2ab  +  b^.  (15.)  a« - a«6  +  a^fc^ _ ,  ,  ,+^,6  ^^g  )  ^^^ 
-3jcy  +  y-*.  (17.)  ar»-2j;y  +  4y*.  {IS.)  si^  +  xh/  +  Sxy^-¥^i/.  {19.)  l+x  +  x^ 
+  .  .  .+a^.  (20.)  ar*-ar*-ar»-2jc  +  4.  (21.)  bs^  +  cx-f.  (22.)  ab  +  ac-bc, 
(23. )  1  +  6  +  c.  (24. ).  2(a  +  6)x.  (25. )  a*  -  a»6  +  Za^b^  -  ad»  +  6^.  (26. )  Sxy{x^ 
+  y^),  (27.)  7ary(a;  +  y).  (28.)  Q  =  6x^  +  9x^-}-6x  +  l,R=  -1,  (29.)  {bx  +  ay)l 
{bx-ay)  =  l  +  2ayl(bx-ay)= -l+2bxl{bx-arj).  (30.)  If  a  be  variable,  the 
transformed  result  is  a»  +  2a«6  +  Sa*^  +  lOfc^  +  {Uab*  -  13er»)/(a«  -  2ah  +  ft^).  (31.) 
Q=x'-2ar»  +  a:-4,  R=12.  (32.)  ic^ +  3x2 -13a; -15.  (33.)  -303/8.  (34.) 
2(p  +  ?);  p  +  g=0.  (35.)  A(y-BPQ  +  CF-  =  0.  (36.)  /^^.^j^.^  +  ^^o, 
/)y-a^  +  c=0.  (38.)  X  =  l,  M= -3,  1'= -2.  (39.)  it>=2,  5^  =  8,  r=3.  (40.) 
The  remainder  in  each  case  is  rr +  s.     (41.)  7?i  + 1  must  be  a  multiple  of  n+ 1. 

(42.)  l-3a;  +  9ar«-27ar»+.  .  . +(-3)"a-«-(-3)*^K»+V(3a:+l) ;  ^"9^+    ^ 


273^ 


.-(-1) 


3"a:»      3"x" 


^"/(3.  +  l).      (48.)  l,+|-g+(-^,+J)/(a.- 


ax 


(44.)  l  +  2a;  +  6a:2yi.2  +  16jfV1.2.3  +  65a;*/1.2.3.4  +  .  .  .  (45.)l-wy; 
(50. )  a^-70a?-  377ar»  -  778a;  -  585.  (51. )  P^  -  4P7  +  2F  +  8F  -  5P* 
_^F+2P+4P  +  1,  where  P=a;+2;  Q*+(8x  +  24)Q'  +  (8a;-40)Q2  +  (-32a; 
+  ¥)Q  +  16ar,  where  Q=ar»+a;  +  l. 

X. 

• 

■  (1.)  a:»-l.  (2.)  a;»-a:+l.  (8.)  No  CM.  (4.)  x  +  l,  (5.)  ar^+a;-6. 
(6.)  a;*-12a;+36.  (7.)  a;"- 16a;- 15,  use  §  7.  (8.)  a;*+a;*-6;  compare  with 
Examples.  (9.)  a;* -3a; -2.  (10.)  a;*-!.  (11.)  4ar»  +  3a;+l.  (12.)  a; -5. 
(13.)  4ar»-24x+35.  (14.)  a:»  +  2a;+l.  (15.)  ar»  +  4aa;  +  8a».  (16.)  8ar»- 
V2a;+1.  (17.)  a;-l.  (18.)  a;»-aa;+2a«.  (19.)  (ai-l)*.  (20.)  The  G.C.M. 
would  be  a  measure  of  (i>-?)a5(aJ-l),  neither  of  the  factors  of  which  is  in 
general  a  measure  of  either  of  the  given  functions.  If,  however,  p+q-\-2=0, 
then  a;  - 1  is  a  measure  of  both.  (22. )  a= 8,  there  is  then  a  factor  a;^  -  4a;+  3 
common  to  numerator  and  denominator.  (28.)  Use  §  7.  (25.)  Use  §§  6 
and  7  ;  the  first  gives  the  conditions  in  the  first  form,  the  second  gives  the 

single  condition.        (26.)  P=A«+/r»  Q=  -i^+H-       (27.)  P=T*t«+Ai 
Q=-.^a;+H.       (28.)  a»(a- 6) (a +  6) (aa  + 62) (^+ft4).       (29.)  (ar-l)(a;-2) 

(a;-3)(a;+2)(x+4).     (30.)  (a;-l)(a;+l)(a;  +  2)(8a;-2)(3x  +  2).     (31.)(«»-1) 
(a;  -  2)\x + 4)  (a; + 5)  (a?  -  6).     (32. )  The  product  of  the  given  functions. 


XI. 

(1.)  2{a-d){a+b+c+d),  (2.)  {a  +  b  +  c){'-a+h+c){a-b+e){a  +  b-e), 
(8.)  (a2-3c«)(a2-463  +  c2).  (4.)  i{x  +  2  +  s/2i)(x+2-\/2i)  {9x-13  +  ^7) 
(9a;-13- V7).         (5.)  (o  - /3)  (2a;  -  a  - /3)  (a;  -  7)^.         (6.)  {x  +  y){x-y){x^ 

{i^i^)y}{x'{i-i^)y}{x-[-iuf)y}{x^[-i^^^ 
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{«-Sr[l-fl/V2}.  (>.)  (a!  +  8*+2)(ie+8y-2).  (».)  2{x  +  2)(i-i).  (10.) 
(*+8)(a!-a).  ^il.)^x-6+y/^)^x-6~^/7).  (lB.)(«+8)(«-6).  (l>.)(a!+7 
+iV7)(^+7-iV7).  Jlfc)(*  +  2  +  iy3)(a!  +  a-<V3).  (IB.)2{x  +  4){i-«. 
{!«.)  (x+Vy  +  j  +  yp-j}{x+Vp  +  g-Vi.-j).  (M.)  (i-l){z-(l-<)/ 
(l  +  e)}.  (U.)  (a!+j>)(j!  +  s)(:i!-;))(a:-j).  (1».)  (oa-fty)  (te+aj).  (M.) 
{(l-j.)s:-(l+p)!/){(l-?)x-(l  +  5)vl.  (ai.)t^-81{»-E)(»-7).  (SB.) 
iE(i~7  +  3.Vll)(«-7-3iV")-  (».)(a!-3)(a!-i)(*-8).  (a».)(i-8){i<!+t) 
(a:-i).  (!iB.)lxi-p){x+p  +  q)ix:+p~g).  (IB.)  (z+l)(z-l){(p  +  g)«  +  (p-j)}. 
{37.K^-l)(2-i')(a-f^).  (as.)  tit-o){i<!-ft)!i+\Vi)(a!-Vai).  (».)  ; 
i:ri-a'){^  +  xa  +  a^  =  kc.  (80.)  2(!i!-y)(l-a;y).  (81.)  (I'+iy  +  lfl  (x'-»ar  * 
+  y")  =  tc  (»a.)?=+V2.J=-\'2.  (SS.)  (x'  +  V2«l/  +  j'-l)l^-N««S' 
+  S>-1).  <>4.)  r=-j)a',  »=:-jo'-«».  (M.)  (a- +  o")  (af"  -  a-)  (z"  +  a") 
[i"-fl").  (M.)  SoW(j?+iKC  +  o»)(z»-OE+a")  =  io.  (IT.)  (i-l)(p-l)*. 
(S8.)  (i  +  3)(2l+v  +  I).  (SB.)  {2z+8y+l)(i-.v-l).  («.)  (z  +  3){j  +  7). 
(41.)  {x+2y-z){x-y  +  Si).  (i3.)  Eqn»ta  the  ducriminsntof  thefanoUontO 
zero  and  ikoB  obUiii  k  cubic  equation  for  X.  (U.)  Wheu  c=0,  \=[)^  +  b^ 
-VshMfg.  (M.)  a(^-y"-;r7')  +  |3(7'a*--,V)  +  7(»'jS'-a'^)  =  0.  (»T.)  (a 
+  i  +  c)(Q"  +  S'  +  ==-te-<M-ai).  («S.)  (i  +  !/-a)(K'  +  y'  +  a=-3ry  +  (w;  +  ny). 
(49.)  3z(^+l)(j--l)>.  (BO.)  -(i:j?  +  Sjs)(i,-c)(s-»r)(a;-y).  (Bl.)  (i+ff 
+  --){!/-^) (;-«)(;«-»).  (aa.)  -(y+:)(i  +  ir)(:>:  +  !,)(j,-.-)(j-z)(x-y).  (BS.) 
3(j,  +  7)(j+i)(^+I,).     (Bt)-l. 

(80.)  If  p,=  -2(!/^:)(jr-a:)  =  2(Xj^-S37), 

and  i'j=(y-:)(Ji-i)(»:-!^),_  «»=2(y-:)'. 

tlien  it  nisy  be  ehown  (see  cliap.  xviii.,  §  4)  tbat 

SB™_i=Aiiajij*"-'  +  HftV"'"""'  +  -  ■  ■  +  l-;^'""'j>a 
where  A,  B,  .  .   ,,  L  arc  numerical  coefficientB.     Hence  tbe  theorem  follows. 


XII. 

(1.)  (J!  +  8)/{*=  +  «-£).  (3.)  {er'-a-3)/4(j:+E).  (S.)  (2i - 3)/(a=  - 3« 
+  2).  (4.)2(^>+l)/(a*-l).  (6.)  ai^  +  ej:=  +  2.  (6.)  (2x+5n)/(3l  +  6a).  (T.) 
1/(1-3?).  (8.)(«J+i-3/)/(ic+i-y).  (».)l/(l-i').  (10.)(P  +  m=V(p'  +  ?=). 
(11.)  -s/t  (13.)  !,/2{i-!,).  (lS.)2(fl  +  6i)/(«'-i'}(l-^).  (14.)(«=-4ai 
+  4i'-l)/(«'-an=S  +  12a6'-8i'-2rt  +  4i}.  (IB.)  (6  +  3:)/3 (1  - *>).  (16.)  0. 
(IT.)  1/(2j?-1).  (18.)  (240j!=  +  32i')/(81a*-ie).  (19.)  (3a:  +  2)Ma!  +  l)'. 
(10.)  ^»/(i.-l)(j-  +  l)'{jr'  +  a;+l).  (31.)  l/(>!  +  l)'.  (33.)  Jn;ir(-te+a>)/ 
(j:'-fl').  (33.)  (3j:=  +  y=)(^-y)/(=-  +  .y)'.  (34.)  (j:  +  2)  (j^-l)/(i?  +  =-+l)  (.^ 
+  ;c-4).  {3e,)»-/au.  (36.)  4j?!r/(.f' -!/«).  (37,)-!.  (28.)  (3«r+<r'  +  rt=]/ 
(ni'-c!i(.r'-,<=)(x  +  c).  (39.)  1.  (30.)  (^f- l)(j/- l]/(=r  +  l)  (y  +  1).  (31.) 
\-\-f->r^-<j-t-y-  (33.)  ("  +  *  +  r;('i-^-0-  (33.)  -3.  (34.)  ]/(J?-»-). 
(3B.)(«-M/(''  +  M-  (36.)  5(^-l)/|fr-l)^-y=;.  (3T.)(r=4-.,'i=.  (3B.)1. 
(39.)-2.  (40-)  S.rV-'V/;.  (41.)  0.  (42.)A.  f43.)0.  (44.)  1  -  Xr'.;  +  2.™:,  (4B.] 
2.  {4B.)0.  (4T.]0,  [48.)0.  (49.)(/i-j.)(A-,VIIi''  +  o).  (BO.)  7<=/ll(/. -"). 
(Bl.)  -KH\\{k-Ya-).      (Ba.)  -IZxl^^yz.      (B3.)  I-u-i-c.       (B4.)  1.       (63.) 
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1  -  8/(x  -  2)  +  8/(a!  -  3).  (68.)  l/2(a:  - 1)  -  A/{x  -  2) + 9/2(aj  -  3).  (64. )  30a:  -  6/ 
(«+l)-5/(a:-l)  +  80/(aj+2)  +  80/(a;-2).  (65.)  17/36(aj+l)-5/6(a:  +  l)»  +  8/45 
(aj-2)-18/20(a;+8).  (66.)  (4aj+6)/8(a:»  +  a;  +  l)-l/3(a:-l).  (67.)  l/2(a;+l) 
+  (a;+l)/2(ar»  +  l).  (68.)-l/4(aj-l)  +  (a;  +  l)/4(ai»+l)  +  (ar+6)/2(ai»+l)«.  (69.) 
ll{a-b)  (a«-2pa  +  j)  (a?  -  a)  -  l/(a  -  6)  (ir*  -  2pft  +  j)  (a;- 6)  +  {(a  +  6-  2p)a;  + 
(2p-o)(2p-6)-^}/(a«-2pa+g)(ft»-2p6+j)(a?»-2iw;+j).  (70.)  8/4(aj-l)« 
-3/8(aj-l)  +  l/8(a;  +  l)  +  (aj-l)/4(a:«  +  l).  (71.)  2/(aj+l)  +  3/(a;  +  l)«- (2a;-8)/ 
(ar»-2a;+3).  (72.)  l/(a:-l)-l/2(a:+l)-(a;  +  3)/2(a:»  +  l).  (73.)  -l/x  +  l/x^ 
-l/a:»+l/8(a;-l)  +  9/8(aj+l)  +  l/4(a:+l)2-(a;+l)/4(ar»  +  l).  (74.)(3a;«+a;+l)/ 
2(a;*-l)-(3ar«+a;+l)/2(a;*  +  l).  (75.)    l/6  +  2{l/16.8'»  +  (-l)«/10.2»}af«. 

(76.)  l+i2{(n+2>B»+(-l)'^B*H-i}. 

XIIL 

,  (1.)  100242.  (2.)  22-6354.  (3.)  267-3§6124S.  (4.)  2663919.  (5.) 
788001.  (6. )  20200-1122212.  .  .  (7.) '204.  (8.)  1  +  1  x3  +  l  x8.5  +  3x3.5.7 
+  3x3.5.7.9.  (9.)  1/21  +  0/3 1  +  3/4 1  +  1/5  !  +  2/6!  +  l/7 1  +  2/8 1  +  1/9! +  6/101 
+  4/11!.*  (10.)  l/3  +  0/3.5  +  l/3«.6  +  3/3«.6»+l/33.53  +  4/3».5»  +  l/3l5'+.  .  . 
(11.)  2466411243.    (12.)  100-1431.    (18.)  12 •74^50.    (14.)  18-365.     (15.)  1 -J 


5.47  6.47. 60  ■*"5.47. 50. 367  "6. 47. 60. 367. 551  ■''6. 47. 60. 367. 551. 1103' 
(16.)  1  +  2  +  26.  (17.)4.1  +  1.5  +  1.52  +  1.6'  +  1.5*;-l+2.5  +  1.5«+1.5»  +  1.5*. 
(18.)  831'80f.  (19.)  300'64''.  (20.)  53-617  cubic  ft.  (21.)  ll'9ii''.  (22.) 
r=7.  (23.)r=4,&c  (24.)603.  (25.)  a<aj+l)(a;+2)(a;+3)  +  l=(a:»+3a;+l)». 
Since  a;=10m+j»  where  ^=0, 1,  2,  .  .  .,  9,  we  have  only  10  different  cases  to 
consider.  It  will  be  found  that  the  last  digit  is  5  when  ^=1  or  =6  ;  in  all 
other  cases  the  last  digit  is  1.  (28.)  Since  Sp(10''-10')=2;?10'(10*^'-l)  is 
always  divisible  by  10-1=9.  (81.)  Since  lO*  and  all  higher  powers  of  10 
are  divisible  by  2",  it  follows  that^+j?ilO  +  . . .  +^h-i10*~^  must  be  divisible 
by  2».  (82.)  po+PilO+piW=po  +  2pi'{-ip2+S{pi  +  12pi)  must  be  divisible 
by  8,  therefore,  &c.  (84.)  If  the  digits  in  the  period  ofp/n  be  ^i,  93,  ...»  g^ 
t^se  in  the  period  of  1  -p/n  are  9-gi,  9-^2,  .  .  .,  9-q,,  (86.)  Since  any 
number  may  be  written  11m +^  where  J»=0,  1,  .  .  .,  10,  we  have  merely  to 
show  that  0*,  1',  2*,  .  .  .,  T*  all  end  in  one  or  other  of  the  digits  0,  1,  r. 
We  proceed  to  test  thus  :  9'  ends  in  4  ;  therefore  9*  ends  in  6  ;  therefore  9* 
ends  in  1  ;  and  so  on.  (88.)  pqrpqr=:(lQr^  +  l)pqr=7.1l.lS,pqr,  (89.)  0*  ends 
in  0,  1'  in  1,  2'  in  8,  3*  in  7,  4'  in  4,  5'  in  6.  Hence  the  theorem  ;  for  every 
number  can  be  written  lOwi^,  p>5,  (40.)  P=(12m+^)*,  hence  ^=0 
or  6.  The  latter  only  is  admissible.  Hence  P=(12m+6)*=0  +  3. 12+^.12*; 
P=(12wi+6)»=0  +  6,12  +  F.123.  (41.)N-2?o-i>ia-  .  .  .  -pn-ia'^^-iPma'^ 
+p,»+ia*»+^+  .  .  .)=i>i(r-o)+|?2(r'-a')+  .  .  .=A*(r-a)=A*a"' ;  therefore,  &c. 
(42.)  4>{a)  is  simply  the  result  of  casting  out  the  nines  in  the  sum  of  the 
digits  of  a,  that  is,  0(a)  is  the  remainder  when  a  is  divided  by  9.  Hence,  &c. 
(48.)  Wemusthave2arr>+2yr+22=2r"+yr+a;;  whence(2a;-2;)r+y+(22-a;)/ 

I      ,  I         B^B    m^  ■■■       ^    III    I     ^^»  I  * 

*  3!  stands  for  1.2.3,   4!  for  1.2.3.4,  &c 
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(51.)  It  is  {6»-6(c+a)}».  (52.)  l+fa;+{ar»  +  Aa5'+i%»*.  •  •  (58.)  1- 
\x-^^-rh^-M^-  .  .  .  (W.)  V«{1  +  l/2«  -  l/Sa?  +  1/160*  - 
6/128a?*+7/256a*.  .  .}. 

XVI. 

(l.)2(a8-28a«6»+70a*6*-28a«6«+6«).  (2.)  6/5.  (8.)  8.  {^)  {Bpq{j^-^)/ 
(P^+f?}i'  (5.)  2  +  (V8- 4V5)*.  (7.)  a:*-6a:»  +  18aj»-26x+21.  (14.)  A- 
(15.)  a:»+V2ajV{\/(«*  +  y*)+«*}+V(«*  +  y*).  (W.)  V(2«*&' +  2o^2a»6). 
(18.)  (a^  +  y»)"^;  1.  (19.)  db(3+4i).  (20.)  db(V18  +  i)/V2.  (21.) 
±K8  +  40.  (22.)  ±{(a  +  b)  +  {a-b)i}.  (28.)  ±{x  +  ^/(x'-l)i}.  (24.) 
±[V{(aJ*  +  l)/2}+iV{(aj'-l)/2}].  (25.)  db(3  +  2i),  db(2-3i).  (26.) 
{x + a)  (x  -  a)  {x  -  ioa)  {x  -  «'a)  (ar  -  w'a)  (x  -  «''a),  where  « = ( - 1  +  \/Si)/2, 
«'=(l  +  V80/2.  (27.)  (x+l)  (aj»-a<V5  +  l)/2  +  l)  (a:«+ar(V6-l)/2  +  l). 
(28.)  {a:*-2aj  C08.  2t/7  +  1}  {a^-2a;  cos.  4t/7  +  1}  {a^-2a;  cos.  6ir/7  +  l}. 


(29.) 


fc=in-l 


n    fa"- 
=0  L 


202  cos 


e  +  2kTr 
m 


a«]. 


(1.)  151/208  >  5/7. 
14-456  .  .  .,    13-198 
{h+e-a-d);  -1 ;  0. 


XVII. 

(8.)    {ad-hcyic-d).      (4.)    lOH;   7  +  5V2.      (5.) 
.,    15-836  .  .  .      (6.)  V7  +  V5.      (9.)  {ad-bc)/ 


XVIII. 


(1.)  145/416.  (2.)  The  real  values  of  x  are  db  4.  (8.)  0,  6.  (4.)  25a^ 
=  12(a^+y2).  (10.)  19:16.  (11.)  29H  mm.  past  10.  (18.)  r>2h. 
(14.)  -01875  in.     (15.)  6-373  ft. 

XIX, 

(1.)  -2,  5.  (2.)  a+2b.  (8.)  a+h.  (4.)  1,  1.  (5.)  a,  b,  c  (6.)  o=5, 
V  6= -17.  (7.)  llar»-87aj+160=0.  (8.)  a;'+l=0.  (9.)  x^+ae=0,  (10.) 
(a;-a){is»+(a-6)a;-a5+a»}=0.  (11.)  a;(a:>- 107)= 0.  (12.)  a;(a;+2p-r)=0. 
(18.)8a--(a+6+c)=0.  (14.)  {b'-§(5+0{«+^-«*+«<-^} +25^+U»-U<=0. 
(15.)  {b  +  d'b'  +  d)x+c(b-b')'^a{d-d)  =  0.  (16.)  X'  +  Y»+Z«-2YZ-2ZX 
-2XY  =  0.  (17.)  3a:"+2(a  +  6  +  c)aj-(a»  +  e»2^.^_2ad-2ftc-2ca)  =  0.  (18.) 
ar»  +  2&c=0.  (19.)4cm(l-7n)a:  +  (l-m)y=4wur».  (20. ) «^(2ar» - 4aaj  +  3a5)  =  0. 
(21.)  a;-16=0.  (22.)  49a;-1986  =  0.  (28.)  a*-8ar»=0.  (24.)  6«*-4&b» 
-2aV-4a2te+a*+4aS62=0.  (25.)  aJ«=0.  (26.)  2{a2(y-2)*-2y2(z-x)» 
{x-yY}=0.  (27.)  ar»+y2  +  29-a;y-y3_2a:=0.  (28.)  «(ar»-l)  =  0.  (29.) 
625ar»-24641a;+234256=0.  (80.)  c»(a;+a)"+i=a"a!^^.  (81.)  275(a'-a;) 
=  (6-2a)».     (82.)  {cy(«+y)(ar»+xy+y2)=0. 

•^  XXI. 

(1.)  2=y»-5/  +  5y.     (7.)  (a&'+o'&)»=(ac':f:a'c)»  +  (6c'±&W 


ZXIL 

/~(7.)  1-36*8,  6-M67.     (8.)  20608.     (U.)  -flA*.     (11.)  +'6682«  .... 
f  --■3G82e  .  .  .,   and  1-G  exaeOj.      (14.)  Ons  betwimi-S  uid-3,  nanulj', 

-2'8D25  ;     the     nat    inuginaiy,         (U.)      I'2£gg21 019894878.        (tC.) 

2-094551481542828.     (IT.)  9-96S8067S.      («S.)  4676183D1S47,  -8471638192. 

{».)  la-ei*8287809B.       (SO.)  123.      (SI.)  4-B196607.      (38.)  1-476773181. 

(SS.)  4-681400382.    (■«.)  3-0520431788798.    (88.)  -1-4142136623730960488. 


[  (l.)*H-  (8-)  21.  {■■)  -W.  («-)8.  (8.)  -1-466.  {•.)lrt«+.6). 
'(T.)  «c/S.  (8.)  6.  (9.)  0.  (10.)  {(<^+J^(o»-J'  +  o*)-<^+6^/{o»+M).  (U.) 
±b.     (ia.)-3.|.     (18.)0,-f.     (M.)J.     (IB.)   -J.-'Um.)  -J.     (IT.)  4. 

(18.)   -J.     (l».)f     (80.)a4/(<i  +  S).  > 

(-,,  4nyrf-(»'-t^(^-A) ^ 

'"■'        (a'-l'){(«+;l(a+S)-(c+<£)(a-6)}-4a6{rf(a  +  6)+/(a-fc)}- 

(Sa.)  (<i'  +  i>)/(o4-6).       (88.)   a  +  i.       (34.)   2(n-6)(6-i!)/{o-o).       (88.)   0. 

±V(-aft-fc-ea). 

XXIV. 

(1.)  6,  9.  (3.)  H.  fl-  (8-)  6-60486,  8'68S9S.  (4.)  16,  4.  (B.)  f,  f. 
(«■)  -V^.  -V/--  (7.)  2S-'a,  2rt-t.  (8.)  2;in(m-30n/(2m'-3P).  8Im[2m 
-I)*/(2m>-3r').  (9.)-2fc/(a'  +  i.'),  2*;/(»'  +  *").  (10. )■«:/(«'  + 6=),  ftc/{«' +  *")■ 
(11.)  0-6,  2abl{a~b).  (la.)  0*-fr*,  a*  +  «'y+M.  (IS.)  ^;ig,  j.  +  j.  (14.) 
\=a^h-c,^=-ab  +  be-ca.  [IT)  abcib-e)lc-a){a-h)^f).  (It.)  ^  +  \'. 
{li.)  x>-^x-6.     (,ao.)  -■,\x>  +  iix. 


XXV. 

(1.)  80,  40,  36.     (8.)  2,  3,  4.     (8.)   -7293,  -8039,  -  -0289.     (4.)  12,  8,  6. 

(6.)A=i,  11=1,  c=i.    (8.)  l(y'-v-y^-{^-=^)y-<^ir+^s']i[t.ir-y-)^" 

-[^-^),/"-=^^  +  ify').  n.)^i,^-Hx--h.  (9.)x  =  i{i  +  c-a),kc.  (9.) 
x=2H'^-a''){a  +  b)l{bc'  +  ca'  +  <a'  +  al>c),  So.  (10.)  2A(a! - i) (^ - t)/(a - i) 
(a-f).  (11.)  «,*,«.  Cl8-)»^=(™  +  '>){o+P)(«  +  7)/(3-6)(»-').  tc-  {18.) 
x=a(a  +  b+c)l{i-b)(a^c),kc.  (14.)  x=y=j=Sa>-Z6e.  (IB.)  i=(»ii'+n' 
-2imn-I.n'  +  Pin-/«=  +  Pn)/2{SP-2m»)=(in  +  n)/2,&p.  (18.)iE=(;i'  +  m«)/ 
(t~m)(l-n),kc.  {n.)  x:y::=b  +  c-a:(!  +  a~b:ii  +  b-c.  {ia.)Vnti  +  y 
+i=p,  then  i=ixilla  +  b  +  ^)-(g-h)Ha  +  b  +  c).  (19.)  -  V,\  -  il,  H.  !i'- 
(30.)  Exiiress  p.  q,  r  in  ti:nns  of  a-,  ;/,  i,  s,  thcu  uliniLnatc  71,  j,  r,  ami  there 
rcaulti  a  sysfciii  of  tlirte  ei]Ualin[is  in  ir,  y,  :;  :  — •j['i-l +  !!■■)/ '.ber-i-Mc-b--/ 
-M/-bi/+.-'li-  +  rif-cd/-alK-ab,i-abe-iml-a'lr -„,//- n,/-.,./;.  (21.) 
1,  3,  r>,  U,  11.  (33.)  }Iy  miiiiis  of  the  first  Tour  cijuatiuus  cq>refis  all  tlie 
varialik':!  in  tctma  of  ^ ;  tliu  last  cituatioii  thrn  gives 

t=(<,/k-^-b,-'j-hf-c/h-hfl,-b^!,)-i-{n,i/l,  +  bnj  +  br/h-l./<!k-hah). 
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(24.)  aj:y:2:w=l/(l  +  a):l/(l  +  6):l/(l+c):l/(l+rf).  (25.)  Tho  required 
equation  is  (B''C')aj+(A'Cr)y+(A'^')2=A(B''C)+A'(BC")  +  A''(B'C).  where 
(B''C')=B''C-B'(r,  &c. 

XXVI. 

(1.)  &(a  +  46  +  4V^)/a».  (2.)  mV/(m-n)3.  (3.)  14.  (4.)  V-  (5.)  ^, 
(6.)  a-/3.  (7.)  a;=dbV{^(S|?*-2p^)}.  This  solution  is  extraneous  if  all  tho 
radicals  be  taken  itositively.  (8.)  p,  2p  +  2,  (9.)  {ha^-}^)l^a,  (10.)  a+5. 
(11.)  0,  H.       (12.)  W,   11.       (13.)  a&/(a-f6),   (a  +  6)/4.    *  (14.)  M,  i%. 

{aj=a-6,     a  +  6,    a±\/a(a-26) ; 
t/=      0,         25,     6TVa(a- 26)7 


(15.) 


Ja;=a^{rf/(a»-6»)},     w&c.,     w=  &c. ; 


(16.)  9,    6.       (17.,    i.._,^^^^^^,_^^j^     ^^^^     ^^ 

(18.)  a;=aft«f,  y=-2aftc,  s=Sa&,tt= -2rt.  (19.)  a;= -(6*-(r')(a+5)(a+c), 
&c.  (20. )  a; = aimn,  &c  (21. )  a; = 4Sa(2a  +  6),  &c.  (22. )  -  a,  -  6,  -  c  (28. ) 
«= (6  -  c)  (6*  -  c^)/(2Sa'  -  Za^ft),  &c.  (24.)  In  order  that  the  system  be  consistent 
we  must  have  llk=ll(k  -  a)  +  Ijik  -  6)  +  1/(A:  -  c)  + 1/(^  -  d) ;  then  a; :  y :  2 :  i* 
=  1/(A:  -  o) :  1/(A:  -  h) :  l/(*  -  c) :  l/(ifc  -  rf).  (25. )  a;  =  i(a  +  c  +  rf  -  26),  &c.  (26. ) 
6,  8.  (27.)  0,  0;  and  U  -f{.  (28.)  ^,  18.  (29.)  a;=dbV{i(X*  +  M*) 
(l/X»+l/Ai')ly=±V{i(X*-fjL*)(l/X3-l//i»)}.  (SO.)  a,  6;  and  a-a{a-b)/ 
c{e-b),  b -ib{b - a)le{e " a),  (31.)  -6-c,  -a-c.  (32.)  ar=±\/2w,  &c. 
(33.)  x=^^y2bela,  &c.     (34.)  -ff,  -6,  -c.        o  o  o 


XXVIII. 

(1.)  0,  -1.  (2.)  i,  f.  (3.M,  0.  (4.)  1,  -2.  (5.)  4(3dbi).  (6.) 
-IdbVe.  (7.)  {-pa  +  ^/3±Vi^(/3-a)}/(i>-g').  (8.)  { - 2pq±{p^ - f)i} / 
(P*  +  ?»).  (9.)  «-l±Vl7).  (10.)  -4,  -7.  (11.)  «,  «.  (12.) 
i(10dbV7i).  (13.)  Ildb7t.  (14.)  200,  1.  (15.)  -53,  -49.  (16.)  63, 
-49.  (17.)  -3V7±2V2.  (18.)  1  +  V2±V8.  (W.)  -ll-6i,  -12-7». 
(20.)  7  +  4*,  l-6i.  (21.)  2±JV3.  (22.)  (l±8i)/13.  (23.)  },  j.  (24.) 
0,a+b.  (25.)  -2a±(6+c).  (26.)  a  +  c,  -a- 6.  (27.)  \/{m/n),  s/in/m), 
(28.)  (a+6)M  -2/(a+6).  (29.)  a,  b{2a  +  b)l{a-b).  (80.)  1,  (6  +  c-2a)/ 
(c+a-2J).  (31.)  c,  -c.  (32.)  2a'±2aJ.  (33.)  (a  +  6+c)/3.  (34.)  J(l 
+  V29). 

XXIX. 

(1.)  dbl,  '±V|i.  (2.)  ±V(2a'-2«^)»  2«.  (3.)  -2db3i,  1,  3. 
(4.)  i[-{a-2)±a^J2  +  ^/{A'ia-a^^2s/Ma-2)}l 

J[-(a-2)±aV2-V{4-4a-a2T2V2a(a-2)}]. 
(5.)  2,   i(-3±iV23).      (6.)   -1,  {\/a±i\/{Sa  +  i))l2\/a.      (7.)   -w,    -w', 
1,  1.     (8.)  «/p,  ar»/p,;?3^  -p». 

(9.)  §{3±V(V41  +  4)}+J{-l±V(V41-4)}i, 

J{3±V(V41  +  4)}  -i{-l±V(V41-4)}t. 
(10.)  2,  3.1,  -1.     (11.)  -«,  0, -f. 
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(1.)  l/o  +  l/^  -2/a.  9.)  ±y/la*-ab  +  V).  (I.)  (l±V]9)/2.  (4.)  8. 
(B.)3,  -i-  (fc)  (M-2ie)/(2ea-erf).  (T.)  0,  i(Ka'+**)-(o>  +  *>)}/{<<<i>  +  J^ 
-ria  +  b)}.  (8.)  ±V{(2fl^*'-A.'-6V)/(fl'  +  J»-2,?)|,  0.  (I.)  (««  +  «/ 
(a  +  i),  »  +  6,  0.  (lO.)  ~2{a+b)  +  2c.  (It)  0,  0.  (13.)  {^c  +  <Ii~cd 
(a  +  by,l{a6-cd).  (It.)  ±->^2ai,  0.  (M.)  2.  (IB.)  E, -SJ.  (16.)  ±|«'/*. 
(17.)  i2a. 

XXXI.' 

(1.)  i,i{-3±V70.  (S.)  i(-6  +  4V3).  (>.)  i{l-Vfi)».  (4.1=,(2«'i 
+  i^-aM/(o'+2i<-*').  (B.)[i{6±V62).-|J.8-  t"-)  (o'-2a  +  2)7*(o-l)'. 
(7.)  0, 1,  [K-3±V7V)i  (8.)[V],0.  {9.)t<»*/(a  +  *110.  (10.)  (8±Va2)/2. 
(11.)  -3±VV  +  1VS7.  (la.)  *(o  +  6).  [8(o  +  6)(2o  +  il(a+2i)/(o-*)']. 
(13.)[(«'  +  l')/afcl(a  +  6)(i^  +  3<i6  +  6')/o6.  (14.)  [- 19a'  +  l*oi  +  96')/8(a+S}l; 
if  S=n,  r=-2a,  *hich_do<»  not  Mtisfy  tha  equstion.  (16.)  6,  [-Vl- 
(16.)  +(o'-*')y2V2(«'+ft*j.  (IT.)  -H,  -1.  (18.)  +2n/s/3.  (H.)0,«. 
(90.)  42,  15.  (91.)  Redncei  to  1  =  0,  along  with  a  re.nprocal  biiiuailratio 
whoso  roots  a,  a,  (9±i  V5)«  "O  a"  eitraneoua.  (38. )  lii(7n  -  2)/(m'  -  Im  +  8). 
(9S.)  0.  l±is/5alq].  (34.)  n(- (m  +  7.)/2[>n^n)±4VU- *""</("''  +  '<')l]- 
(98.)  [Z-bmabc.  (38.)  ±{a'-»»i»l/2V{n(»-l)l'''-"*'t}-  («■)  -  VW. 
r  +  V(«i).0]. 

XXXII. 

(1.)  6,  c.  kc.  (3.)  llog-lipiVij^-i?)}.  (3.)  io  +  i)/(a-i)|W(|.-,), 
{(o-6)/(a  +  *)l-«l'->i,  *c.  (4.)  2,-^1.  (B.)  2  +  ilogV/log8.  (6.)  -X  + 
if*<±V(M*-*)}-  (T.)  ±«,  ±V(«'  +  2)'".  (8.)  2,  1/2,  3,  1/3.  (9.H,  (. 
^-3±V5)-  (W.)  i(-a±V5),  i(-l±VlSO.  (11.)  4,  -1/4,  2,  -1/2. 
(13.)  {a-6±V(*'-2"*-3"-)i/2n,-l.  (IS.)  J-(a  +  *)±V(*'  +  2at-3a=)j/ 
2n,  1.  (1*.)  ±-^{{-b±\/6^-i^if2a).  (18.)  { -l±V(i^- *»')l72ff,  ±1- 
(16.)  i-i±v'(i^±4'(c))/2a(l  BolutloDS).  (IT.)  iil±V5  + V(ll>T2V5)il, 
i|l±VB-V(10=F2V51'!.  -1-  (18.)  1(-3±V6).  4(-5±V21),  1.  (19.) 
j^{-13±<y73+V(-2062T38Vr3)),  A{iic-Ac.}.  (31.)  1(-5±V33), 
i(-5±V2t*)-  (99.)  Tlio  ciiimtion  is  equivalent  to  i?  +  ip-g]x+pq—±ii\/ 
{I'^U^  +  fVl-  (93.)  ±Vliy22I±V48241)|.  (9*.)  - '.',  3,  )(-l±V26W)- 
(98.)  Rcdutes  to  a  reciprocal  biquadratic,  the  roots  of  which  are  extraneous. 
(36.)  0,  t±V24].  (ST.)  -i.  (98.)  Put  J=  {(J:-o)/(i;  +  n)l*  i  tlio  equation 
thcnWuomea  a  reoiprocal  cubic.  (99.)  -  2±ii;V(v/45 +  4)±v'(V45 -4).'!. 
(30.)  i(-7±V"),  [i(-7±V53}]-  (31.)  Ifl^  [ViV]-  (33.)  i|-J'±V(;'' 
+  47)[,  wbiTU  i/---^f-£„±3,y(:;,i=-;>,ft)|.  (31.)  Kfduccs  to  a  rcuiproral 
l.i4Ui.lr.itic.  all  tlif  rmt.s  of  which  are  cjlr^mccus  cic.pt  ,1V(2  +  ^V'2)-  (30.) 
±1,  2±V-J.   K1±v'i;").      (36.)  i;«  +  J±V:i(fl-i),}.  .!,  4,  CO.      (37.)   ±2/ 

v'(aov'ti -■'■'•).  ±a(7V',:2nv''i+4r.).   (38.)  - v±^V22^  - v±.)v:ii- 

"  When  r.tiri'no,H^  Kohitioiia  are  givi-ii  at  all,  tiicy  arc  in  inoit  casta  Jia- 
lingui-licd  by  eJichisinj;  them  in  wiitare  brackets,  thus  [- V]- 
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( 


y! 


36. 

38. 
39. 

40. 
42. 


7,  -7; 
5,  -5. 
i(V5±l);>; 
4(\/5Tl)S'. 


XXXIII. 

1.)  12,18;  (2.)  7,-4;  (3.)  7,3,-7,-3;  (4.)  J,  6  ;  (5.)  0,  3,  §(-l±V7t) ; 
18, 12.  4,  -  7.  3, 7,  -  3,  -  7.         A^,  8.  0,  3,  i(  - 1  ^F  sJU). 

6.)  1,     2,     i(-n=tV209);  (7.)  i{*=ta*(26-a)*}  ; 

2,     1,     i(-ll=FV209).  il^'Fa^Sft-a)*}. 

0,  {hq  -  op)  (g2  -;^)/  {(aa  +  J*)  (^/^  +  y»)  _  loZ^p?} ; 

0,  (6p - aq)  {f  -j^)l {(g^ ^.h^)i^^cP)-  iabpq} . 

{1 +ad±V(aa- 1) (6«- l)i/(a  +  6) ; 

{1  -  aft±V(a2-l)(62-i)}/(o -  6) ;  two  solutions. 

{c±Vc(crf-4a6)/rf}/2a ; 

{c=F  &c.  }/26. 

a;=±V{(325±3Vn721)/68},     t//ar  =  (-107dbVll721)/2. 

(14.)  5,   -3;  (15.)  ±aV(a^  +  ^)/*; 

-  3,      5.  db  6  V(a2  +  ftS)/^ ;  two  solutions. 

(17.)  ±iV3(26-a),  ±at; 

±JV3(2a-6),  =F&i. 
0,  Jfl6(6«  +  a«'); 

0,  Ja6(6w  -  aw^) ;  where  w'=l. 
±  {2/(a V  +  6'^)/(;'*  -  g^)}  * ;  (20. )  f ,  -  f         (21. )  8,  - 1 ; 

±{2^(aV+^^)/(l?*-^)}*;  4  solutions.  1,  -8. 

4,  3,  -6,  -2;  (23.)  db(V3±V2),  ±(9V3±11V2) ;  4  solutions. 
3,  4,  -  2,  -  6. 

±3,  ±2;  (25.)  6,  -2  ;  (26.)  3,  6,  3«.  6«,  3«»,  6w*; 

±2,  ±3;  4  solutions.  2,  -6.  6,  3,  6w,  3w,  6w*,  3w'. 

2,  8,  2«,  8w,  2w2,  3«3  ;  (28.)  ±aV*- w&¥,  ±w6*(a*-«6*)* 

3,  2,  3w,  2w,  8(ir*,  2«'. 

5,  2,  -5,  -2;  (30.)  2,  4,  2w,  4w,  2«3,  4w*; 

2,  6,  -  2,  -  5.  4,  2,  4w,  2w,  4«2,  2w». 

i[6±V{-3&2±2V(2a*  +  26*)}]; 
i[*=FV{-362±2V(2rt*  +  26*)}]. 

3,  2,  4(5±  V15H) ;  _2a . 

2,  3,  4(5T\/1510.  ^      '  ^-2±»±V(F*  +  4)' 

1,  2,  J(3±V19^') ;  (S»-)  (2^  +  2C  +  w2)/2*; 

2,  1,  4(3T\/190.  <^/2*. 
5u,  2i;' ;  where  u*=  +1,                 (37.)  A(17±\/510  ; 


8.) 
9.) 
10.) 


12. 
13. 

16. 
18. 

19. 

22. 
24. 

27. 
29. 
31. 
32. 

34. 


2v,  W ; 


t;'»=-l. 


/,(17T\/510. 


If  v  =  ylXf  then  u(l  +  ir^)  =  a'(l  +  v*),  a  reciprocal  biquadratic 

^3,  ±2;>     ,  ^.  ,_  .        ,      x  +  2/=±V(-14db6V7); 

±2,  ±8^«tions;  and  8  more  given  by  ^4^±^(_  H:f6V7). 

±aVa6/(o2  +  d2)^  ±ia\/^6/(^2^62);  (41.)  2,  8  ; 

±h\/abj{c^TV),  ipiWa^/CaH^).  8i  2. 

Bationalise  the  first  equation,  using  the  seeond  in  the  process,  and  thus 
find  a  quadratic  for  xy,         (43.)  {a^-l^)l2a  ;  {a^  +  ft^i V(a*-  6a«6»  +  &*)}/4a. 
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(44.)  10,13;  (U.)  9,  Si 

13,  10.  8,  2. 

(47.)  We  can  deriTS  ix-yf~2a{x+i/)    +a»  =0  ; 

(«  -  V)*  -  Va6(a! + y) + VSoi  -  i»=  0. 
(48.)  ±bi,  V2«+6(W»)! 

^^ai,  v'2*  +  o{bU). 
(4>.)  If  u=zir/ai,  v=;^la*  +  i^llf,  »e  <wn  derire 

(m-a)u'  +  2(Bi-»)H+{Bi-2)  +  )tr=0; 
n»u'+2(in+)»)tt+m-(it+2)e=0. 
(M.)  ±aMa+8)!  (Bl.)|i 

TftMo  +  ft)-  I- 

(63.)  Oiie  real  solution  U  i{la+I±  VfSa-f  1)) ; 
H     -1tV{8«+1)|. 
Another  is  given  by  s*  +  2ai^  +  l  =  0,  x=y-'. 


XXXIV. 


^1* 


{l.)x=+i'>-  c)/(afc)',  y  =  +  (<;  -  fl)/(aic)' 

g!=«(6-c)/(aJc)*,  y=<-(«-a)/«.Sc)* 

3!=u=(i-c)/(ak)*,  t,=ftc.  :=4c.; 

where  w'=  +  l.       (1.)  Elim ia ate  s  between  the  Rnt  two  cqiiationis  and  put 

(=x-e,  Ti  =  y-c     The  following  aro  aoluliona:  — 

x=  {h'+i?  -a{b  +  c)]l{b-i-c-a),       i,=kc.,'        ;  =  Jic 
(a.)x=2,   y=3,   :  =  1;    or  x=-6,   y=-7,   i=-6.  (4.)  ^=3,   !/  =  2, 

i  =  \.  (e.)  z  =  ±tV(H>01),  !/  =  ±iVv'(1001),  1=  ±Vr\/(l*>01),  two  solutwns. 
(8.)a:  =  y=:  =  ±v'2/2.  (T.)  3:  =  ±(a'6^  +  a'e'-6'c=)/2ai(,  !/=  iSo.,  s=  ±&c, 
two  BolutioDs.  (S.)  We  derive  by  subtraction  from  tho  first  two  equations 
(z-y)(o-:)  =  Oi  and  from  tho  first  and  third  (E-z)(a-y)  =  0.  Combining 
these  two  with  one  of  tbo  original  cquationa,  we  obtain  the  following  fire 
solutions  (tho  Inst  three  twice  over)  i — 

x  =  a,p,        (!>'-«')/«,  «,  a; 

y=<L,p,  «,  (p=-«=)/r.,  a; 

i=a,j3,  <i,  a,(p'-«>)/<.; 

where  a  nnd  j9  are  the  roots  of  x^  +  nj:-y  =  0.      (B.)  Eight  solotions,   as 

follows : —  

3:=j  =  (±5  +  Vi09)/3,  l(=(TlO  +  V409)/3i 

^=:  =  (±6-Vi09)/3.  y=(±10-\/409)/3; 

a'  =  (±Vl635  +  i"3V3a)/a,  :T^(±\/i635-!3V^3)/fi, 

!,^.±v'(163.-iV«; 
.<:  =  (±v'riJ35-<'3VaTt7e,  t  =  (±VnntG+i3V33)/6, 

i/=±V(lR3r.^/G; 
upper  signs  (o^jother  and  lower  tnyctln'r  thnin^jhoiit. 


B0.)..±(l  +  !.),»(iH 


\i 


=  i;c.. 


(11.)  If  • 
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three  equations,   we  obtain  the  equation  {a+h+e){x+y+z)  =  S{x-^y+z)\ 

Hence  x+y+z=0,  or  =(a+6+c)/8.     The  three  equations  can  therefore  be 

replaced  by  three  linear  equations :  aj=0,  y=0,  2=0,  and  x=(dbe  +  2ca+ab 

+  b^-(^)l2(be+ca+db)f  &c.,  are  solutions.     (12.)  The  equations  are  linear  in 

a^-ys,  T^ - zx,  s^ - xy.    Solving,  we  obtain,  sfi-yz-p,  y^-zx=q,  s^-xy=r, 

say.     If  we  now  put  x=uzy  y=vz,  we  obtain  the  following  biquadratics  for 

u  and  V : — 

{r^  -  pq)'u!^  -  (p^  -  qr)u^  -  {j^  --pqyu  +  ip^  -  qr)  =  0, 

(r*  -^) V* -  ( q^ -  rp)t^  -  (r^  -pq)v  +  {  q^  -  rp)  =  0. 

We  thus  find  the  following  values  for  u  and  v : — 

w=l,     w,      0)2,     {p^-qr)/{r^-j)q), 
t>=l,     «2,     w,      (^-7y)/(r2-j)j). 

The  first  three  pairs  give  a!=oo,  y=oo,  z=oo.  The  last  pair  gives 
x=±(p^'-qr)l»^{p^+f  +  r^-Spqri  2/=±&c.,  2=±&c.  (13.)  From  the  first 
equation  we  see  that  x=pa{b-c){(r+a),  y=pb{c-a){<r-\-b)t  2=&c.,  where  p 
and  0-  are  arbitrary.  The  second  equation  gives  the  following  quadratic  for  0-, 
{2a»  -  26c}  <r*  +  {La\h + c)  -  6al>c}  cr  +  {2 W  -  fl2w2a}  =  0.  When  (t  is  known,  the 

third  equation  gives  p=±l/V2a2(6-c)*(<r+ a)'.  Hence  we  obtain  four  sets 
of  values  for  as,  y,  2.  (14.)  From  the  first  three  equations  we  have  x+yz 
=plaf  &c.  From  these,  squaring  and  using  the  last  equation,  we  deduce 
(\-y^){\~7?)=.f?la\  &c.  From  these  last  we  deduce  x=dk*i^{l± pa/be), 
±&c.  db&c.  Substituting  these  values  in  the  last  equation  we  find  p=0 
and  p=db(2a*-22d*c')/4a&j.  Hence  x=y=z=  -1  ;  and  x=  -(a^-h^-(?)l 
26c,  y=  -&c..  2=  -&c 
(15.)  a;=0,  4a,         |a,     -a,      -a; 

y=0,  4a,       -a,      |a,     -a; 

2=0,  4a,       -a,     -a,       |a. 

(16.)  The  given  equations  may  be  written  (a;-y)2  +  (y-2)2=a',  &c.    Hence 

we  have  (y  -  2)^ = (6^ + c»  -  o2)/2,  &c  Hence  y-z=±  V(6--f  c=*-a'-')/2,  &c.  The 
system  is  therefore  insufficient  to  determine  the  three  variables  ;  in  fact  it  will 
not  be  a  consistent  system  unless  2a*  -  ^br^cr =0,  (17. )  If  p = a:y2,  ar = m2,  y = iw, 
we  may  write  the  equations  ap=(t?  +  l)/u,  6p=(u-l)/v,  ep=u+v.  Elim- 
inating u  and  V  we  find  fP={b+e-a)labc  ;  and  so  on,  (18.)  If  a;  be 
eliminated,  the  resulting  equations  may  bo  written 

2^77  +  17*- 1417-28^-81  =  0, 
i^-il-7)'  =0, 

where  ^=y2,  i7=y2  +  22;  one  set  of  solutions  is  x=8,  y=l,  2=2;  another 
a;=3,  y=2,  2=1;  &c.  (19.)  From  the  given  equations  wo  can  deduce 
(6*y-c*2)/(y-2)  =  &c.'=&c.  =<r,  say.  Whence  (a*-<r)a;  =  (6^-<r)y  =  (c*-<r)2 
=r,  say.  We  can  then  determine  <r  and  r  by  means  of  the  given  equations. 
Result,  a;=p{n(a8-6«c*)}*/(a«-6*c*)(2a^3_3„454c4)i^  ^here  p  is  any  one  of 
the  4th  roots  of  +1.  (20.)  The  equations  can  be  written  xy+oas-yz 
=pla\  &c.,  where  p=ix^:^l{yz+zx+xy).  Result,  x=±2b€(Zb^(P)^/a{bi^+(^), 
y=  db&c,  2=  ±&c.,  two  solutions.     (21.)  aj=  ±  V2aVc*(6  +  c)/{2a'(6  +  c)5}*, 


r. 
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■.kc.f  z=±k\       (22.)    '•     .'/     :  -vS  ;  and  ./'--(•),//-- .1,  c= -2.      (23.) 
[6-a)/(c  -  d),     y  =  c{h  -  <i];{r     ./),     c  ^.  }>{r  -  (/)/(/>  -  a),    u  =  a{c  -  (i)/{b  -  a). 
,)  The  real  solutioiiB  are  2-= 3,  1,  2  ; 

y=2,  8,  1 ; 

W.)  We  have  (ar»-y2)2-(y»-2a:)(2^-a;y)=a*- W. 

[ence  a; = p{a*  -  6*c*),     y = p(6*  -  ^*),  &c. 

a:=db(a*-6V)M2a^-8aWc»),  &0. 


XXXV.  j 

(1.)  [(a^){(a(n  +  (6^)}-(«^{(adO  +  (ftcO}]x[(ftcn{(«0  +  (»0^  1 

{(flKr)  +  (ft<r)}]=[(a<r')(6cr)-(rt<0(W)]«.     (a.)  (P+m«-l)>(a+6)«-(P+m«-l)  '^ 

{(P-m«)2-P-m2}(a>-62)3^.p^i(a_5)j^0.      (8.)  «*+&*= e^fl^+J^      (4.)  * 

8rf«=n(6»+(r»-o').    (5.)i?+g+r=0.    (8.)  c(a-*)*-2cO>+5rK«- V+(^-rt  ^ 

(p-cg)=0.     (9.)  Eliminate  s,  and  put  (=a;+y,  fi^xy^  in  the  three  reralthig 

equations,  then  eliminate  {,  and  there  results  two  qnadratics  m  %kc    (10.) 

Za'63=5a^6'c3.     (11.)  Put  u^Zas,  vssjaey^  io^xyM,  eliminate  «  and  io,  and 

reduce  the  resulting  equations  to  two  quadratics  in  i«.    (18.)  Let  ^=x-¥a^ 

i7=y  +  6,  f=2+c,  then  ^iyi*=a&j.     We  have  irr-(6+c)(i>+ft=<^-(6+c)*, 

&c.    These  give  (,  17,  ^  in  terms  of  17J;  ^,  ^.    Again  multiplying  the  latt 

three  equations  by  {,  97,  ^,  we  have  a^-(6+e)(^+^.    These  give  (,  iy,  i 

again  in  terms  of  17^,  ^,  ^.    We  thus  get  three  linear  equations  for  ^,  i|^  ^, 

&c.       (13.)  We  can  deduce as^e^ +y^M= const siX:n*  My;  i(¥EW+y«yl•=siw^ 

.  .  . ;  and  finally  Xn-i2n+y«.iyn=ii-iX:n^    Now  either  n^i^^=J^\  in  which 

case  the  system  is  indeterminate,  or  «-lik|•*4>iE^^  in  which  case  the  system 

is  inconsistent 

XXXVI. 

(1.)    -.j/i  +  Sp'q^Spf.      (8.)  {l/^-6p'q  +  9p'f'2q^)l{l^'iq).      (8.)  (-p» 
+  5p'q-5pq')lf.        (4.)  ±{p'-Sp'q+q'W{p'-4q)lgf^,        (5.)   {-l>(l^-3^) 

±(p'-g')V(;^-4gr)}/T;Kp"-?)(i^-8g)V(l^-42').  (e.)  ;)«-25r+2;)5r  +  V. 
(7.)  8Aa:»-3ASa:  +  A»-B»=0.  (9.)  aiP-{2h^  +  2ph-{-j^-2q)x+h*'{-2ph*  +  (f^ 
+  2q)h}-\-2pqh  +  f=0.    (12.)  4aaVa)  +  («'*^)  =  0.    (14.)  (j?i'-8pii>a  +  8|»,)/pi. 

(16.)  {pJ'-Spipz^  +  Spi^PiPi^'^SpiW-^PiPJ'VPs'''  (!«•)  PiW'W 
-2pi»ps  +  4pipa;>3-;?3^  (17.)  {&PiPiPi-Ihf -pi^Vipfys-p-j^-  (18.)  2pi» 
-6ft.  (19.)i>i*-6pi«p2  +  9i?2'.  (20.)  2pi»-3pi;?2-8ps.  (21.)  i>i*-4piVj 
+  2^3"  +  4piP8  -  4p4.  (22. )  (3pip4'  -  ^PaPaPi  +Pif)lp^-  (23. )  p^  -  2pip, 

+  2i>4.  (24.);>iP5-4;)4.  (25.)  8pi*-8;>i^  +  4p8«-4i>ift  +  16/>4.  (26.) 
a:»-i>5,a:2  +  (^^_4p^)a._^a^^  +  4^^^_^2=0.     (80.)  2i>2'  +  2pa-i?ij;i'.     (81.) 

=  2(j»i2+V) - 4(ft+ft') -2pift'.  (82.)  (pj-ftT  +i>iK(l^+l^')+l>iV 
+Vi>a.  (36.)  a^-4acc+4a2cP+4W-468rf«=0.  (37.)  a26'  +  o'6*=2aa'c. 
(88.)  The  roots  are  \,  |,  |.  (4kO.)  The  rooU  are  -7,  8±V15.  (46.)  From 
the  first  two  equations  we  deduce  Pi=PiV\/Qt  8pj=(8/V6  -  l)pi*i  &c.  (49.) 
l*-h3m*-6Pm^+Sln^'-6p^=0.     (50.)  (2a*-&*+2a=6»-c*)a=4d«(o«+2ft>). 
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XXXVII. 

(1.)  Roots  real,  +,  +.  (2.)  Roots  real,  +(niiin.  greater),  -.  (8.)  Roots 
imaginary.  (4.)  Roots  equal,  +.  (5.)  Roots  real,  +(uum.  greater),  -. 
(6.)  Roots  real,  - ,  - .  (7.)  Roots  real  +,  -  (num.  greater).  (8.)  V  6*-  4ac, 
-  ;  a  +  c,  +.  2°  Ir^-iac,  +.  3*  b^-icu:,  -  ;  a-fc,  -.  4"  6=0,  a  =  c. 
5'a  +  c=0.  (9.)  D  (the  discriminant)  = -4(p-^)'.  (10.)  D=-4(c-6)'» 
{a-b)K  (11.)  D  =  22(6-c)».  (12.)  D  =  2Xa^b-c)\  (IS.)  4^  +  27r»=0. 
(14.)  The  roots  are  ^,  f,  f  (16.)  256ae^-27d^=0.  (18.)  ar^-x=0.  (19.) 
6ar»  +  ar-2  =  0.  (20.)  ar*-6a;  +  7  =  0.  (21.)  ar» - 2(2a« -  l)a;+ 1  =  0.  (22.) 
ar»-2oa;  +  o»+/39=0.     (28.)  ar*-4ar»-4a:«+16a;-8  =  0.     (24.)  a:*  +  2ar=  +  25  =  0. 

(28.)  a:«-2ic»-a^  +  ir»-2r-l  =  0. 

c-x  b  a 

(29.)        aj»     c-x  h    -0. 

bp         ap     c-x 
(81.)  4a:»-77.     (82.)  -12iB»  +  118ar»-372a:  +  386. 


(27.) 


-x 

1 

1 

1 

qr 

-X 

? 

r 

rp 

P 

-ar 

r 

m 

P 

9' 

-X 

=0. 


(80.)  (aj-;j)a«+i-gS^i=0. 


XXXIX. 

(1.)  8  seconds.  (2.)  84.  (8.)  13s.  9d.,  7.  (4.)  1-72%.  (6.)  2^  hours. 
(6.)  9.  (7.)  64gallons.  (8.)  8h.  27  m.  168ec.  +  .  (9.)  100  yards  per  minute ; 
150  yards  per  minute.  (10.)  5s.  lOd.  (11.)  15,  12.  (12.)  pqjh,  P^l^-p* 
(18. )  a\/ml(l  +  \/m),  a/(l  +  \/m).  (14. )  1021  pence.  (15. )  He  was  43  years 
of  age  in  the  year  1849.  (16.)  {ac - bd)l(a -b  +  c-d),  (17. )  7  miles.  (18.) 
A  at  10  A.M.,  B  at  9.30  A.M.  (19.)  {q - p)/2r  +  dl2,  (20.)  £14,800.  (21.) 
a;=fm  +  n  +  2)/(m»-l).  (22.)  9:1.  (28.)  35,  25.  (24.)  25i,  18,  67J. 
(26.)  10-088",  10-288".  (26.)  106  yards,  very  nearly.  (27.)  ctjib  +  c),  bt/lb  +  c), 
a(l^-c^l2bct,  (28.)  10815:10827.  (29.)  aba'b\a-a'){b'-b')l{ab' -a'b)\ 
(80.)  In  A  100m(n+l)/(2mn+m+n),inBl00w(m+l)/(2mn  +  m  +  w).  (81.) 
20,  30.  (82.)  The  distances  from  XII  are  given  by  a;=60p/ll,  where ^  =  0, 
1,  2,  .  .  .,  11.  (88.)  If  A,  B,  C  lose  in  order,  they  had  originally  £13a/8, 
£7«/8,  £4a/8.  (84.)  3  hours,  and  4  hours.  (85.)  £20.  (86.)  8.  (37.)  80. 
(88.)  60  quarts.  (89.)  1,  2,  3,  4  ;  or  5,  6,  7,  8.  (40.)  The  duties  corre- 
sponding to  maximum  and  minimum  revenues  are  100(p-a)/3a%  and 
100(p -a)/a%  respectively.       (41.)  79.       (42.)  1,3,  5.      (48.)  ia-V{2(ft* 

-  M},  K  \CL+  V{2(ft»-  4a')}.     («.)  r+A[ldbV{2-(l  +  2r/A)S}]/2,r=(V2 
-l)A/2. 

XL. 

(1.)  495.  (2.)  807i.  (8.)  86.  (4.)  -V-  (5.)  J(n«-3n  +  4).  (6.) 
w{a2+n(n-3)a  +  n2}.  (7.)  (3;  +  ?  +  5P-/4)/2(l-r^).  (8.)  8998148,V. 
(9.)  3.  (10.)  1000.  (11.)  Any  A. P.  whose  first  term  is  a  and  whose  CD. 
is  2a/(m  + 1)  has  the  required  property.  (12.)  £2131 :  5s,  (13. )  50, 500  yards. 
(14. )  2526  yards.  (15.)  9.  (16. )  Ijc.  (17. )  |f i  W.  &c.  (18. )  -  fi,  -  f},  &c. 
(19.)  20.  (20.)  20.  (22.)  1.  5,  9,  13.  (24.)  8w(3h  +  5).  (26.)  &  +  («-& 
-4r6)w  +  lrW.     (26.)  3,  2.     (28.)  (2n)»=4  +  12  +  .  .  .  +  (8»-4),  (2»  +  l)2-l 
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=  8  +  16  +  .  .  .  +  S/^  (29.)  The  first  odd  iniiiilM-r  is /i'-^-?t  +  l.  The  second 
part  follows  from  §  7.  (SO.)  TH=i(~  l}"-'/<;/t  rl);2:„=  -.i/<(" +  2)orK«  +  ln 
according  as  n  is  even  or  odd.    (81.)  i«(/i  +  l).     (33.)"*.     (34.)  A/j(G«''^  +  ir./t 

+  11).  (85.)  nSi-nH'n^+n.  (86.)  (P'q){P'-242)n  +  q{2j)-S<j)nSi  +  f»<2' 
(37.)  -2n'-«.  (38.)  (a-&)^  +  3J(a-6)',A+8&'(a-6)itS»+^iA.  (39.) 
J(/i-l)n(n  +  l)(;i  +  2).      (40.)  A«(«  +  l)(»+2)(3»+5).     (41.)  Jn(n  +  1)(6»« 

-2;i-l).  (42.)  4n(«n»+82««+88n-8).  (48.)  An(n+l)"(H+2).  (44.)4960. 
(45.)  iw("i  +  l)(2m+l).    (46.)  J/(Z+l)(8m+2Z-2). 

XLI. 

(L)  3"-8.  (2.)  -K8».8).  (8.)  l(l-lAn  (*.)  t{l-(-l)"/n 
(5.)  V{1-(2W«}.  (6.)  J(8  +  v^){l-(V8-l)»}.  (T.)Kl-l/8-).  (8.)  |. 
(9.)  l/(l+x).  (10.)2V2.  (11.)  f  (12.)  (a+a)»/2(a-«)(a«+afl.  (18.) 
(l+x)l(l+x^,       (14.)  (a!^-y»")/(«+y)a^*^.      (15.)  a!(l-aJ»)/(«-y)(l-aj) 

-y(i-y-)/(«-y)(i-y).     (x«.)  A'i^w-i/io+iAo^H.     (it.)  V{«"-1). 

(18.)  a:»(a:^-l)/(aj»-l)-Jn(n+l)(2n+l).  (It.)  {(a|f)**^-.(a!y)-}/(a|f-l) 
-W.r/y)--y(y/x)*}/(sr-y).  (20.)i^V-l)/(i^-l)-«^«*'-l)/(5*-l).  («!.) 
|6»-2»  +  f.  (22.)-a^(l-(-l)-a»")/(l+a»).  (28.)  2ii+(r*»+l/f*^(r»»-l)/ 
(r»-l).  (24.)n+2(l-r-)/(r-l)+(l-r-*«)/(r»-l).  (26.)a(r«-l)(f'-l)/ 
(r-l)«.  (28.)2:^={l-(-)«(H+l)a-»-(-)"iuJ^}/(l+a;)«,2«=l(l+a!)«.  (29.) 
2i.=  t  +  (-)"-'(«»+l)/9.2'^S  2«=|.  (80.)  2»=.^+(-)-»(9ii»+12»+2)/ 
27.2«-i,  S«,  =^.  (81.)2„=l+2aj»/(»-l)«-.  {(«*+n)iB»-(2n«-2)«+(n»-n)}/ 
af*-\x-lf,  S«=l+2a:»/(»-l)».  (82.)  2„=(l  +  4a!+a»)/(l-«)*.  (88.)  2« 
=  11/57.  (84.)  (or«+6r+c)(l-r-*«)/(r«-l).  (85.)  £6826:8  rS^.  (86.) 
100(t;/V)".  (37.)JAi.  (88. )aV(o- 6).  (8».)««P-(l-o«)E/(l-o),  whei«o=l 
-(<;;-&)/100.  (41.)  7.  (42.)  180/121.  (48.)-|or|.  (44.)6,or-6.  (45.)  6. 
(46.)  2(5'»-  1),  or  t(5iO- 1).  (47.)  f  (48.)  |,  |,  1.  (49.)  4,  8,  16,  82.  (50.) 
12^45.  (51.)  3,  48.  (52.)  11,  33,  99,  297;  or  -22,  66,  -198,  694.  (58.) 
{ac  -  lP)l(2b  -a-c).  (54. )  6,  10 ;  or  -  25/3,  -  970/3.  (55. )  If  ;>  and  q  be  the 
given  sums,  the  results  are  2j)5/(j>^  +  y),  (l>'-j)/(l^+j).  (58.)  (1+a) 
{l-(ac)»}/(l-ac).     (60.)  aV/(l+r)(l-r)2(l -»•»).  ^ 

XLII. 

(1.)  h  i ;  w,  w.  &c.  (2.)  n,  m-  (3.)  V,  V,  v,  ¥.  v-,  v,  - v,  &c. 

(4.)  For  the  corres[>onding  A. P.  a=ir,  6= -A*  (6.)  For  the  correspond- 
ing A.P.  a={{p-l)V-(q-l)Q}l{p-q)VQ,  b={Q-V)l{p-q)?Q.  (8.) 
i  {i'  -  VCl'^  -  900) } ,  15,  J  {i> + V(P^  -  SOO)} ,  where  p  is  arbitrary. 

XLIII. 

(1.)  4,  5,  3,  4.     (2.)  4,  8,  3,  4.     (8.)  3J.     (4.)  5*1871 .  . .     (5.)  32617-105. 

(6.)  -00794818.      (7.)  8144-973.      (8.)  1-3800812.      (9.)  •0...(22  cyphers) 

433352.       (10.)  -2674734.       (11.)  '979467.       (12.)  7*7794.        (13.)  38*37. 

^4.)  48-3.        (15.)  4*81213.        (16.)  282361500.        (17.)  8*560625.        (18.) 

-  ^tio  U 1-079188.     (19.)  1*2921592.     (20.)  86*833432.     (21.)  20. 
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(22.)  35.  (23.)  1-041393.  (24.)  2482,  number  of  digits  19.  (26.)  5.  (26.) 
13-73464.  (27.)  f  (28.)  '98897.  (29.)  -47320.  (30.)  2-10372, -1-10872. 
(31.)  a;=-3-313811,  y  = -000627696.  (82.)  1-49947.  (33.)  ar= '76028, 
y='02060.  (34.)  1-24207.  (35.)  log(a»-6»)/2log(a+6).  (86.)a:+y=±2a, 
a:=y».     (37.)  2-793925. 

XLIV. 

(1.)  8  months.  (2.)  £1660  :  12  :  10.  (3.)  £225  :  4  :  10.  (4.)  12  years. 
(5.)  254  years.  (6.)  7s.,  78.  6d.  (7.)  15  years.  (11.)  P(l+nr)/(l+nr')  if 
the  surplus  interest  be  not  reinvested  ;  otherwise  P{(1  -r/r')/(l+r')*+r/r'}. 
(12.)  4-526%.  (18.)  6%.  (14.)  £41,746,  £48,837,  £59,417.  (15.)  2A,nr/SA^, 
(logZA,-  log2A3-*')/logR.  (16.)  £1107  :  3  :  7.  (17.)  £10  :  5  :  6.  (W.) 
£8078.  (20.)  £11,231.  (21.)  £1801  :  14  :  10.  (22.)  4  %.  (23.)  £479  :  14  :  11. 
(24.)  10  years.  (26.)  £75  :  12  :  10.  (26.)  A(l  -R-»")/2(R  +  l).  (27.) 
£2904:2:5.  (28.)  AR».  (29.)  20  years.  (30.)  {log2-log(l  +  R-«^)}/ 
logRyears.  (32.) £1912:8: 11.  (33.)  Present  value=a/(R-l)  +  &(l -R-*^-')/ 
(R_1)S_  {a  +  (7i-l)&}R-«/(R-l).    (34.)Presentvalue=a{l-(6/R)»}/(R-6). 

(86.)  A{mRC»+i)«-(m+l)R»»«-2Rr  +  l}/R'»«(R«-l)(R-l). 


END  OF  PART  I. 


Printed  ^  R.  &  R.  Clakk,  Efftnbufgk, 
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'  ''^    Stanford  Unherslly  Lilirani 

Stanford,  California 


In  order  that  others  may  use  this  bonk, 
please  return  it  as  soon  as  possible,  but 
not  later  than  the  date  due. 


